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We establish a generalized 4�4 transfer-matrix method to study the scatterings of electromagnetic �EM�
waves by anisotropic metamaterials, with incident waves taking arbitrary polarizations and propagation direc-
tions. Employing this method, we illustrate how to manipulate EM wave polarizations freely through reflec-
tions by metamaterials. In particular, we show that it is possible to rotate the EM wave polarization direction
by an arbitrary angle using a planar metamaterial reflector, in contrast to the conventional Faraday effect
requiring a bulk medium. Finite-difference-time-domain simulations on realistic structures are performed to
verify all theoretical predictions.
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I. INTRODUCTION

Metamaterials are artificial electromagnetic �EM� materi-
als composed by subwavelength local resonance structures of
electric and/or magnetic type, and thus possess arbitrary val-
ues of permittivity and permeability dictated by such reso-
nance structures.1 Many novel EM properties were predicted
or discovered based on metamaterials, including the negative
refraction,2 the zero-refraction-index band gap,3 the super-
lensing effect,4 etc. After realizing that the unit resonance
structures of metamaterials are usually anisotropic,5,6 people
became interested in the anisotropic properties of such new
materials and revealed many intriguing phenomena in differ-
ent kinds of anisotropic metamaterials.7–10

We note that many previous studies on anisotropic
metamaterials considered a relatively simple situation that
either the E field or H field of the EM wave is polarized
along an optical axis of the anisotropic metamaterial.5–12

However, generally speaking, the incident EM wave can take
arbitrary polarizations and propagation directions, which are
not necessarily along the optical axes of the anisotropic ma-
terial. Many new exciting physics appear in the general situ-
ation. The most famous example is the double refraction, that
is, a beam of light incident from air could generate two light
beams inside the anisotropic medium after refraction at the
interface. More recently, we reported experimental and simu-
lation results that a specific type of anisotropic metamaterial
system could be employed to manipulate the polarization
state of an incident EM wave, with all kinds of polarizations
�circular, elliptic, and linear� realizable via adjusting material
parameters.13 In particular, we showed that a linearly polar-
ized light could convert its polarization completely to the
cross direction after reflection by the metamaterial slab under
certain conditions.13 These results offer the metamaterials
new applications as polarization manipulators, being comple-
mentary to the conventional methods such as using optical
gratings, dichroic crystals,14 recently studied planar chiral
structures,15 etc.

Theoretical calculations for such a general case are much
more complicated than that for the isotropic case and for the
simplified anisotropic problems.7–12 For EM waves traveling

inside an isotropic media, one can always write down the
wave solution as a combination of two independent modes,
i.e., the s and p modes, with electric or magnetic field paral-
lel to a prefixed planar interface. Polarizations are conserved
as EM wave passes across the interface for each mode, and
therefore, one can study the propagations of the two modes
separately employing the standard 2�2 transfer-matrix
method �TMM�.16,17 Similarly, the 2�2 TMM was also ap-
plicable in dealing with the simplified anisotropic problems
where the polarization is still conserved.7–12 However, the
same thing cannot be done in a general anisotropic problem,
and thus the standard 2�2 TMM should be generalized to a
4�4 version when considering the wave transmission and/or
reflection in such a situation. While formalisms were previ-
ously available for an anisotropic medium with an aniso-
tropic �J tensor,16 those formulas cannot be directly applied to
the present metamaterial problems where both �J and �J could
be anisotropic tensors.

The aim of the present paper is to establish a generalized
4�4 TMM to study the EM wave scatterings by layered
anisotropic metamaterials and to employ this method to
study the polarization manipulation effects13 in detail. This
paper is organized in the following way. We first present the
formalisms of the 4�4 TMM for an arbitrary stratified an-
isotropic medium in Sec. II, and then employ the method to
study the EM wave scatterings by several types of aniso-
tropic metamaterials in Sec. III, with attention mainly fo-
cused on the polarization manipulation effect. We will illus-
trate the ideas with three examples, namely, an anisotropic
interface, a single anisotropic metamaterial slab, and a
double-plate metamaterial reflector, and will perform finite-
difference-time-domain �FDTD� simulations18 to verify all
the conclusions drawn from the TMM calculations. We fi-
nally summarize our results in the last section.

II. COMPUTATIONAL METHODOLOGY

As shown in Fig. 1, we consider a stratified medium con-
sisting of homogeneous but anisotropic metamaterial layers,
with the z axis chosen normal to the interfaces. We will first
study the wave propagations inside a single layer, and then
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set up a transfer matrix to connect the fields belonging to
different layers, and finally derive the formulas to calculate
the transmission and/or reflection coefficients.

A. Propagations of plane waves in a homogeneous
anisotropic medium

We start from studying the propagations of plane waves in
a homogeneous anisotropic medium, with permittivity tensor
and permeability tensor given by

�J = ��x 0 0

0 �y 0

0 0 �z
�, �J = ��x 0 0

0 �y 0

0 0 �z
� .

According to the Maxwell equations, we find the E field
inside such a medium to satisfy

k� � ���J−1� · �k� � E� �� +
�2

c2 �J · E� = 0, �1�

where � and k� denote the angular frequency and wave vec-
tor, respectively. In an explicit form, Eq. �1� can be rewritten
as

���/c�2�x − �z
−1ky

2 − �y
−1kz

2 �z
−1kxky �y

−1kxkz

�z
−1kxky ��/c�2�y − �z

−1kx
2 − �x

−1kz
2 �x

−1kykz

�y
−1kxkz �x

−1kykz ��/c�2�z − �y
−1kx

2 − �x
−1ky

2��
Ex

Ey

Ez
� = 0. �2�

In order to have nontrivial plane-wave solutions, the deter-
minant of the matrix in Eq. �2� must vanish. With kx and ky

prefixed and applying the constrain � · ��J·E� �=0, we get the
following equation:

��

c
�4

�x�y�z − � 	
i�j�l

�i�� j� j
−1 + �l�l

−1�ki
2���

c
�2

+ �1

2 	
i�j�l

�i
−1� j

−1kl
2�	

i

�iki
2 = 0 �3�

to determine the dispersion relation between � and kz, where
i , j , l=x ,y ,z. Equation �3� has four roots, denoted by

kz1 ,kz2=−kz1 ,kz3 ,kz4=−kz3� and corresponding to two inde-
pendent modes propagating forwardly and backwardly. For

each solution, we get the electric field distribution through
solving Eq. �2� with the solution of kz inserted. In general,
the wave solution inside the anisotropic medium must be a
linear combination of these four modes, so that the EM fields
can be written as

E� �r�,t� = 	
�=1

4

E�ê�e−i�kxx+kyy+kz�z−�t�, �4�

where E� are the expansion coefficients and ê� are the
E-field unit vectors given by

ê� = �X�
2 + 1 + Z�

2�−1/2�X�x̂ + ŷ + Z�ẑ� , �5�

and

X� =
�x
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−1kxkykz�

2 − �z
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FIG. 1. �Color online� Geometry of a stratified structure consist-
ing of N layers of anisotropic metamaterials embedded inside air.
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The H field is easily obtained from the Maxwell equations as

H� �r�,t� = 	
�=1

4

E�ĥ�e−i�kxx+kyy+kz�z−�t�, �8�

where

ĥ� =
1

�
�J−1 · �k� � ê�� . �9�

We note that ĥ� are not necessarily unit vectors.

B. 4Ã4 transfer matrix

We now impose the boundary conditions to get a transfer
matrix. The EM waves in the nth layer are expressed as

�E� �n�

H� �n�
� = 	

�=1

4

E�
�n�� ê�

�n�

ĥ�
�n� �e−i�kxx+kyy+kz�

�n��z−zn�−�t�, �10�

where 
E1
�n� ,E2

�n� ,E3
�n� ,E4

�n�� is a set of expansion coefficients

to be determined, ê�
�n�, ĥ�

�n�, and kz�
�n� are the field vectors and

wave vectors calculated in the nth layer, and zn is the starting
position of the nth layer. Imposing the condition that the

tangential components of E� and H� should be continuous at
the boundary z=zn+1, we find that

	
�=1

4

E�
�n�ê�
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�n� · x̂e−ikz�
�n�dn = 	

�=1

4

E�
�n+1�ĥ�
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4
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�n� · ŷe−ikz�
�n�dn = 	

�=1

4
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�=1

4

E�
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�n� · x̂e−ikz�
�n�dn = 	

�=1

4

E�
�n+1�ê�

�n+1� · x̂ �11�

where dn=zn+1−zn. Equations �11� can be simplified as a
matrix equation,

�
E1

�n+1�

E2
�n+1�

E3
�n+1�

E4
�n+1�

� = Dn+1
−1 DnPn�

E1
�n�

E2
�n�

E3
�n�

E4
�n�
� = Mn+1,nPn�

E1
�n�

E2
�n�

E3
�n�

E4
�n�
� ,

�12�

with

Dn =�
ê1

�n� · ŷ ê2
�n� · ŷ ê3

�n� · ŷ ê4
�n� · ŷ

ĥ1
�n� · x̂ ĥ2

�n� · x̂ ĥ3
�n� · x̂ ĥ4

�n� · x̂

ĥ1
�n� · ŷ ĥ2

�n� · ŷ ĥ3
�n� · ŷ ĥ4

�n� · ŷ

ê1
�n� · x̂ ê2

�n� · x̂ ê3
�n� · x̂ ê4

�n� · x̂
� , �13�

and

Pn =�
e−ikz1

�n�dn

e−ikz2
�n�dn

e−ikz3
�n�dn

e−ikz4
�n�dn

� . �14�

We note that in the absence of magnetic anisotropy �i.e.,
�x=�y =�z=��, matrices Dn and Pn recover the results ob-
tained previously �Eqs. �17� and �18� in Ref. 16�. When both
the magnetic and electric anisotropies are absent �i.e., �x
=�y =�z=� and �x=�y =�z=��, the 4�4 transfer matrix
Mn+1,n is reduced to two independent 2�2 transfer matrixes,
recovering the isotropic medium case �see the Appendix�. Pn
is the usual propagation matrix to describe how EM wave
propagates in the nth anisotropic layer �with a distance dn�.
According to Eq. �12�, we find that expansion coefficients in
an arbitrary layer �say, the nth layer� can be related to those
in the first layer via applying Eq. �12� iteratively,

�
E1

�n�

E2
�n�

E3
�n�

E4
�n�
� = Mn,n−1Pn−1Mn−1,n−2Pn−2 ¯ M2,1P1�

E1
�1�

E2
�1�

E3
�1�

E4
�1�
� ,

�15�

and the EM fields in the nth layer can be calculated from Eq.
�10� after the expansion coefficients are known.

C. Transmission and reflection coefficients

With the transfer-matrix technique presented above, we
can study both the photonic band structures and the scatter-
ing problems for any layered system consisting of aniso-
tropic metamaterials. To calculate the band structure, one
needs to diagonalize the transfer matrix calculated across a
unit cell to get the Bloch wave vectors. The calculations for
the transmission and/or reflection coefficients are a bit com-
plicated, and we describe the main calculation procedures in
what follows.

Suppose the system consists of N layers of anisotropic
metamaterials, embedded inside an isotropic homogeneous
reference medium �say, air�. We label the semi-infinite refer-
ence medium on the left �right� hand side of the system as
the zeroth ��N+1�th� layer �see Fig. 1�. Assume a light is
incident from the zeroth layer and we want to calculate the
reflected waves in this layer and the transmitted wave in the
last layer. Apparently, the eigenmodes in the reference me-
dium are just the conventional s and p modes that we defined
for the isotropic medium �see the Appendix�. Let Es

i , Ep
i , Es

r,
Ep

r , and Es
t , Ep

t denote the complex amplitudes of the s and p
modes of the incident, reflected, and transmitted waves, re-
spectively. Applying the techniques described previously, we
relate the field inside the last layer �determined by the pa-
rameters Es

t and Ep
t � to those inside the zeroth layer �deter-

mined by the parameters Es
i , Es

r, Ep
i , and Ep

r � by a transfer
matrix as
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�
Es

t

0

Ep
t

0
� = Q�

Es
i

Es
r

Ep
i

Ep
r
� =�

Q11 Q12 Q13 Q14

Q21 Q22 Q23 Q24

Q31 Q32 Q33 Q34

Q41 Q42 Q43 Q44

��
Es

i

Es
r

Ep
i

Ep
r
� ,

�16�

where

Q = MN+1,NPNMN,N−1PN−1 ¯ M2,1P1M1,0P0. �17�

The reflection and transmission coefficients can then be cal-
culated as

rss = �Es
r

Es
i �

Ep
i =0

=
Q24Q41 − Q21Q44

Q22Q44 − Q24Q42
, �18�

rsp = �Ep
r

Es
i �

Ep
i =0

=
Q21Q42 − Q22Q41

Q22Q44 − Q24Q42
, �19�

tss = �Es
t

Es
i �

Ep
i =0

= Q11

+
Q12�Q24Q41 − Q21Q44� + Q14�Q21Q42 − Q22Q41�

Q22Q44 − Q24Q42
,

�20�

tsp = �Ep
t

Es
i �

Ep
i =0

= Q31

+
Q32�Q24Q41 − Q21Q44� + Q34�Q21Q42 − Q22Q41�

Q22Q44 − Q24Q42
,

�21�

rps = � Es
r

Ep
i �

Es
i=0

=
Q24Q43 − Q23Q44

Q22Q44 − Q24Q42
, �22�

rpp = �Ep
r

Ep
i �

Es
i=0

=
Q23Q42 − Q22Q43

Q22Q44 − Q24Q42
, �23�

tps = � Es
t

Ep
i �

Es
i=0

= Q13

+
Q12�Q24Q43 − Q23Q44� + Q14�Q23Q42 − Q22Q43�

Q22Q44 − Q24Q42
,

�24�

tpp = �Ep
t

Ep
i �

Es
i=0

= Q33

+
Q32�Q24Q43 − Q23Q44� + Q34�Q23Q42 − Q22Q43�

Q22Q44 − Q24Q42
.

�25�

Here, rss and rpp are the direct reflection coefficients measur-

ing the reflected waves with polarizations conserved,
whereas rsp and rps are the cross-reflection coefficients de-
noting the reflected waves with polarizations converted.
Similarly, tss and tpp are the direct transmission coefficients,
while tsp and tps denote the cross-transmission coefficients.
In the absence of anisotropy where Q matrix is block diago-
nalized �i.e., Q13=Q14=Q23=Q24=Q31=Q41=Q32=Q42=0�,
we find the polarization-converted terms become exactly
zero, rsp=rps= tsp= tps=0, and the polarization-conserved co-
efficients recover those derived for the isotropic case19

rss = − Q21/Q22, �26�

tss = Q11 − Q12Q21/Q22. �27�

The analytical forms of the coefficients defined in Eqs.
�18�–�25� are usually too complicated to derive for an arbi-
trary anisotropic layered system, so that one needs to per-
form numerical computations.

III. APPLICATIONS OF THE GENERALIZED 4Ã4
TRANSFER-MATRIX METHOD

We now apply the method to study the EM wave scatter-
ings in three different cases, with main attention focused on
the polarization manipulation phenomena.

A. Scattering by an interface between air and anisotropic
metamaterial

We first study the EM wave scatterings by an interface
between air and the anisotropic metamaterial. Although the
assumption of a semi-infinite sample is not quite realistic,
this is the simplest model to study which yields several ana-
lytical results, from which many physical insights can be
gained. Unlike the reflection by an isotropic interface which
conserves the polarization, here in the presence of aniso-
tropy, an incident wave with a definite polarization could
generate a reflected wave with another polarization because
of the fact rsp, rps�0. Let us define a polarization conversion
ratio �PCR� as

PCR = rsp
2 /�rss

2 + rsp
2 � , �28�

which measures the energy portion transformed from the
original polarization, assumed as the s polarization for defi-
niteness, to the other polarization �p polarization� after re-
flection. Obviously, this ratio depends on the direction �� ,��
of the incident wave vector k�in, which is given by k�in
= �� /c��sin � cos �x̂+sin � sin �ŷ+cos �ẑ�.

Consider first the normal incidence case ��=0° �, which
can be solved analytically. While � is meaningless to define
the direction of k�in in this case, it is still meaningful to dif-
ferentiate two polarizations. In consistency with the ��0°

case,20 we define that the s-polarized wave has E�  ês

= �−sin �x̂+cos �ŷ� and the p-polarized one has E�  êp

= �cos �x̂+sin �ŷ� in the �=0° case. Straightforward calcu-
lations yield that
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rsp =
���x

��x − ��y
��y�sin�2��

���y + ��x����x + ��y�
, �29�

rss =
��x

��y − ��x
��y + ���x

��x − ��y
��y�cos�2��

���y + ��x����x + ��y�
, �30�

PCR =
���y

��y − ��x
��x�2 sin2�2��

���y
��y − ��x

��x�2 + ���x
��y − ��x

��y�2 − 2���y
��y − ��x

��x����x
��y − ��x

��y�cos�2��
. �31�

Analyzing Eqs. �29�–�31� provides us several interesting
conclusions. First, we note that all these quantities only de-
pend on �x, �y, �x, and �y, but have nothing to do with �z
and �z since here we study the normal incidence situation.
Second, we find that the polarization conversion effect dis-
appears �rsp�0� in the absence of anisotropy ��x=�y =�
and �x=�y =��, and the reflection coefficient becomes

rss =
��/�� − 1
��/�� + 1

, �32�

recovering the standard result for an isotropic case.14

With the anisotropy tuned on, rsp could take a nonzero
value, but the polarization conversion effect is strongly de-
pendent on the parameter �. When �=0° or �=90°, we get
rigorously that rsp�0 indicating that the polarization conver-
sion effect vanishes. This is reasonable since both E and H
fields of the incident wave are parallel to a coordinate axis
so that the EM wave cannot detect the anisotropy of the
medium. Meanwhile, the polarization-converted reflectance
�rsp�2 is maximized when �=45°. However, a complete po-
larization conversion �i.e., PCR=1� does not necessarily ap-
pear at �=45° since the polarization-conserved reflectance
�rss�2 is also a function of �. Recalling the definition of PCR
in Eq. �28�, we find that realizing PCR=1 requires that rss
=0, leading to the following condition:

cos�2�� =
��x

��y − ��x
��y

��y
��y − ��x

��x

. �33�

Equation �33� shows that, for any value of �, we can always
choose appropriate material constants �x, �y, �x, and �y to
achieve a complete polarization conversion effect.

We now perform numerical calculations to illustrate the
above analytical results. Since all metamaterials are intrinsi-
cally frequency dispersive, we assume the metamaterial un-
der study to have the following typical response functions:

�x = 1 +
70

12.712 − f2 , �y = 1 +
22

6.802 − f2 ,

�x = �y = �z = �z = 1, �34�

where f is the linear frequency measured in gigahertz.21 The
calculated results of rsp

2 , rss
2 , and PCR are shown in Figs.

2�a�–2�c� as functions of frequency calculated with different

values of �. We generally find that the reflectances �both rsp
2

and rss
2 � are significantly enhanced around the two resonance

frequencies �6.8 and 12.71 GHz, see Eq. �34��, and the
polarization-converted reflectance rsp

2 is the largest at �
=45°, in consistency with our above theoretical analysis. An
interesting observation is that while the PCR can reach 1 at
some particular frequencies for �=45° and 75°, the same is
not true for �=5° and 15°. To understand this point, we put
the frequency-dependent forms of �x, �y, �x, and �y �Eq.
�34�� into Eq. �33� to calculate the value of � at which a
complete polarization conversion effect is realized and de-
picted the curve �� f in Fig. 3. Indeed, for the model
adopted here, we only have a specific regime of polarization
angle �21°–76°� inside which a complete polarization con-
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FIG. 2. �Color online� rsp
2 , rss

2 , and PCR as functions of fre-
quency for different values of �, when EM waves are incident from
air on the surface of a semi-infinite anisotropic metamaterial
medium.
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version effect is realizable via adjusting frequency.
We turn to study the oblique angle incidence case, which

is much more complex. Figure 4�a� shows the calculated
PCR as a function of f and �, with � fixed as �=15°. We
note that the trajectory connecting those maximum PCR
points looks very similar to the �� f curve, as shown in Fig.
3, which is calculated in the normal incidence case. The
physics is that both of them are dictated by the frequency
dispersion of the material �Eq. �34��. Fixing the frequency as
f =6.81 and 12.75 GHz, we calculated the PCR as functions
of � and � and depicted the patterns in Figs. 4�b� and 4�c�,
respectively. We find that the PCR cannot reach 1 in oblique
angle incidence case. For f =6.81 GHz, we find that the value
of � to realize a maximum PCR increases toward 90° as �
increases, indicating that at glancing incidence we can rotate

H� toward ŷ to maximize the polarization conversion effect.
An opposite behavior of � was found for another resonance
�see Fig. 4�c�� since the resonances at f =6.8 GHz and f
=12.71 GHz belong to different directions. In fact, we find
that all these features are kept in the examples studied sub-
sequently, so that we will not repeat the discussions there.

B. Scatterings by anisotropic metamaterial slabs

Although the single-interface model is intuitive, it is not
quite realistic in practice. In this section, we consider the EM
wave scatterings by a slab of anisotropic metamaterial which
is practically realizable. We adopt two examples to illustrate
the applications of the 4�4 TMM and perform brute-force
FDTD simulations on specifically designed samples to verify
all predictions based on the 4�4 TMM.22

The first example is a 1.6-mm-thick metamaterial slab
possessing magnetic responses along two in-plane
directions,21

�x = 1 +
15

12.492 − f2 +
100

25.732 − f2 ,

�y = 1 +
10

7.112 − f2 +
110

14.82 − f2 +
220

22.122 − f2 ,

�x = �y = �z = �z = 1. �35�

With all material and geometrical parameters known, we em-
ployed the 4�4 TMM to study the EM wave scatterings by
such a slab. Figure 5�a� shows the calculated results of rsp

2

and rss
2 versus frequencies for normal incidence with �

=45°. The corresponding PCRs are shown in Fig. 5�b� de-
noted by solid stars. We note that the spectrum calculated for
a finite-thickness slab resembles that of a single-interface
case �see Fig. 2� in many respects, although the details of the
two spectra are quite different. For example, the reflectances,
including both rsp

2 and rss
2 , reach their maximum values at the

two resonance frequencies, but the PCR reach their maxima
at different frequencies at which rss

2 are minimized.
We next study the second example, which is a metamate-

rial slab of the same thickness but possesses magnetic re-
sponse only along one direction,21
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FIG. 3. �Color online� Relation between the polarization angle �
and frequency f , at which a complete polarization conversion effect
�PCR=1� is realizable for the single-interface model.
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FIG. 4. �Color online� �a� PCR as a function f and � with �
=15°, calculated for the single-interface model. PCR as a function
of � and � �b� with f =6.81 GHz and �c� with f =12.75 GHz for the
single-interface model.
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�y = 1 +
10

7.062 − f2 +
110

14.542 − f2 +
220

22.562 − f2 ,

�x = �y = �z = �x = �z = 1. �36�

We employed the 4�4 TMM to study the scatterings by
such a metamaterial slab and depicted the normal-incidence
spectra of rsp

2 , rss
2 , and PCR in Fig. 6, calculated with differ-

ent values of �. While Figs. 6�a� and 6�b� show that the
spectra of rsp

2 and rss
2 are quite similar to those calculated for

sample I, here the PCR spectrum shown in Fig. 6�c� for
sample II looks quite unusual. In particular, we find that the
PCR is solely determined by the polarization angle �, but is

independent of frequency although the metamaterial is
highly dispersive �see Eq. �36��.

To understand such an intriguing phenomenon, we have
derived analytical expressions for the reflection coefficients
of such a slab under the normal incidence condition. After
some efforts, we find that

rsp =
sin�2���i��y − �x���x

��y sin�kz1d�cos�kz3d� − i��x
��y��x − �y�cos�kz1d�sin�kz3d� + ��x�x − �y�y�sin�kz1d�sin�kz3d��

�− 2i��y
��x cos�kz1d� + ��x + �y�sin�kz1d���− 2i��x

��y cos�kz3d� + ��y + �x�sin�kz3d��
,

�37�

rss =
2i��x

��y��y − �x�cos2 � sin�kz1d�cos�kz3d� + 2i��x
��y��x − �y�sin2 � sin�kz3d�cos�kz1d� + ��x�y − �x�y + ��x�x − �y�y�cos�2���sin�kz1d�sin�kz3d�

�− 2i��y
��x cos�kz1d� + ��x + �y�sin�kz1d���− 2i��x

��y cos�kz3d� + ��y + �x�sin�kz3d��
,

�38�

where kz1= �� /c���y�x and kz3= �� /c���x�y. Although expressions �37� and �38� appear quite complicated, we can still gain
a lot of physical insights via analyzing them. We see that rsp=0 in the cases of �=0° and 90° due to the same reasons
explained in the single-interface case. In addition, in the case of �=90° where the property is solely determined by �x and �y,
we get from Eq. �38� that
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FIG. 5. �Color online� �a� For sample I, the calculated rsp
2 and rss

2

as functions of frequency under the normal incidence condition
with �=45°. �b� PCR as a function of frequency, obtained by the
4�4 TMM �solid stars� and FDTD simulations �open triangles� for
the realistic metallic structure with unit cell depicted in Fig. 7�a�.

FIG. 6. �Color online� For sample II, the calculated �a� rsp
2 and

�b� rss
2 as functions of frequency under the normal incidence condi-

tion with different azimuth angles �. �c� PCR versus frequency
calculated under the normal incidence condition with different val-
ues of �, obtained by the 4�4 TMM �open squares, solid circles,
and open stars� and the FDTD simulation �open triangles� for the
realistic metallic structure with unit cell depicted in Fig. 7�b�.
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rss =
��y − �x�sin�kz3d�

�− 2i��x
��y cos�kz3d� + ��x + �y�sin�kz3d��

, �39�

which again goes back to the reflectance calculated for an
isotropic slab.

The most interesting result appears when the condition
�x=�y =�x��y is satisfied. In this case, while both rss and
rsp strongly depend on the value of �x, �y, and d, such de-
pendences cancel each other in the expression of the PCR.
Specifically, we find through straightforward calculations
that

PCR =
rsp

2

rss
2 + rsp

2 =
sin2�2��

4 sin4 � + sin2�2��
= cos2 � �40�

in the case of ��0°. We note that the PCR cannot be de-
fined in the case of �=0°.

This peculiar property explains the intriguing behaviors of
the PCR as shown in Fig. 6�c� since the material properties
of sample II ��x=�y =�x=1, see Eq. �36�� obviously satisfy
the condition �x=�y =�x��y. This intriguing behavior could
find some applications in reality, in case that one wants to get
a broad band polarization manipulation effect in practice.

FDTD simulations23 were performed to verify these theo-
retical predictions obtained with the 4�4 TMM. With the
help of FDTD simulations, we have designed two realistic
metallic structures that exhibit the same material responses,
as shown in Eqs. �35� and �36�. As depicted in Figs. 7�a� and
7�b�, the unit cell of sample I is composed by two split-ring
resonators5 �SRR� of different sizes, which are perpendicular
to each other, while that of sample II consists of only one
single SRR. Repeat the unit cells along the x�y� direction
with periodicity 8 mm �5 mm�, we get two 1.6-mm-thick
slabs which correspond to the two samples specified by Eqs.

�35� and �36�. The EM wave normal transmission spectra
through the two samples were calculated through the FDTD
simulations, and results were shown by solid lines in Figs.

7�c� and 7�d� for two independent polarizations �E�  x̂ and

E�  ŷ�. We find excellent agreements between the spectra cal-
culated by the FDTD simulations �solid lines� and by the
TMM �open stars� based on the model systems represented
by Eqs. �35� and �36�. These excellent agreements demon-
strated that our designed structures can indeed be well de-
scribed by the effective medium models specified by Eqs.
�35� and �36�.

We then performed FDTD simulations to calculate the
PCR spectra with the designed systems and showed the re-
sults as open triangles in Figs. 5�b� and 6�c�, respectively.23

Compared with the PCR spectra calculated based on the 4
�4 TMM, the agreements are generally quite satisfactory. In
particular, we find that the FDTD simulations exactly repro-
duced the analytical results obtained for sample II �see Eq.
�40��, verifying the predictions that sample II can indeed
serve as a frequency-independent polarization manipulator.
However, the agreement is found to be not perfect near the
resonances of sample I. We suspect that such discrepancies
are caused by the finite-size effects since we have to adopt
finite-sized samples in our FDTD simulations.23

C. Scatterings by a double-layer metamaterial reflector

From the above discussions for a metamaterial slab, we
find that while the PCR value can be as high as 1, the re-
flected signal is usually weak ��rsp��1�, indicating that the
manipulation efficiency is low. The same is true for another
type of metamaterial slab with �J and �J interchanged due to
the EM symmetry. The reason is simply that such single-
layer slabs are usually not totally reflective for EM waves
with arbitrary incidence angles and polarizations.

The double-layer reflector proposed in Ref. 13, consisting
of a metamaterial slab and a perfect reflecting metal sheet,
can be employed to remedy this problem. With the metal
sheet on the back, the entire structure is always totally re-
flective for EM waves, independent of their incidence angles
and polarizations. Meanwhile, the anisotropic metamaterial
layer placed on top of the metal sheet still possesses the
polarization manipulation functionalities. In Ref. 13, we
have discussed several interesting phenomena related to such
double-layer reflectors, including the complete polarization
conversion, generalizations of arbitrary polarization states
�linear, circular, and elliptical�, etc. In this paper, we further
study another interesting phenomenon—we show that it is
possible to rotate the polarization direction of a linearly po-
larized incident EM wave by an arbitrary angle through re-
flections with such a double-plate reflector. We note that the
same polarization angle rotation effect can be achieved as
light travels across a magnetic-optical medium based on the
well known Faraday effect,24 but the Faraday effect requires
a bulk medium while our reflector can be made very thin
compared with wavelength. We now describe our results in
details.

Rewriting the reflection coefficients as rss= �rss�ei�s and
rsp= �rsp�ei�p, we get the reflected waves as

FIG. 7. �Color online� �a� Geometry of the unit cell of sample I,
with parameters given by Lx=7.4 mm and Ly =4 mm. Other details
are the same as sample II. �b� Geometry of the unit cell of sample I,
with parameters given by Lx=7.4 mm, d=1.6 mm, g=0.4 mm, and
b=w= t=0.2 mm. Transmission spectra for �c� sample I and �d�
sample II for normally incident EM waves with polarizations E�  x̂

and E�  ŷ, calculated by the TMM based on the effective-medium
models �open stars� and the FDTD simulations for realistic struc-
tures �solids lines�.
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E� r�r�,t� = ��rss�ei	�spês + �rsp�êp�ei�pe−i�k�r·r�−�t�, �41�

where the incident wave is assumed to be s polarized, k�r is
the wave vector of the reflected wave, and 	�sp=�s−�p de-
notes the relative phase between the s- and p-polarized
modes inside the reflected beam. One can easily find from
Eq. �41� that the reflected wave still takes a linear polariza-
tion if the condition

	�sp = 0 ° or 180° �42�

is fulfilled, but the polarization direction is rotated by an
angle

	
 = tan−1��rsp�/�rss�� �43�

as compared to that of the original wave. When the condition
PCR=1 is reached implying that �rss�=0, we get 	
=90°,
indicating that the original s polarization has been com-
pletely changed to the p polarization after reflection.25

To illustrate how condition �42� is met, we performed
numerical calculations with the 4�4 TMM on a model sys-
tem consisting of a 1.3-mm-thick anisotropic metamaterial
layer with

�xx = 1 +
70

12.712 − f2 , �yy = 1 +
22

6.802 − f2 , �zz = 1,

�xx = �yy = �zz = 1 �44�

put on top of a perfect metal sheet, which is the same model
system studied in Ref. 13. Again, first consider the normal
incidence case. Depicted in Fig. 8 is the calculated value of
	�sp as functions of frequency and the azimuth angle �. We
find that the condition �	�sp=0° or 180°� is satisfied at two
frequencies, 6.87 and 12.88 GHz, independent of the param-
eter �. This fact indicates that the reflected wave still takes a
linear polarization at these two frequencies. For the case of
oblique angle of incidence ���0° �, we have performed ex-
tensive numerical computations and found that condition
�42� can still be met at the vicinities of the two frequencies,
6.87 and 12.88 GHz.

We then choose one of those two frequencies to quantita-
tively study the rotation angle 	
 based on Eq. �43�. Setting
f =6.87 GHz, we calculated �rsp� and 	
 as functions of �
and � and drew the results in Figs. 9�a� and 9�b�. We find

that the pattern for 	
 resembles that of �rsp� very much, and
both of them are very complicated functions of the incidence
angle specified by � and �. The most important observation
is that an arbitrary rotation angle 	
 can be obtained via
adjusting the incidence direction, or equivalently speaking,
via rotating the reflector appropriately. This fact indicates
that we can freely rotate the polarization direction of a lin-
early polarized light by using our metamaterial reflector. This
is remarkable. Although the similar polarization-rotation ef-
fect can be achieved based on the Faraday effect,24 a thick
medium is usually required to achieve a large rotation angle
and also the efficiency is relatively low. In contrast, here our
reflector is much thinner than wavelength and the efficiency
is 100%.

Although the pattern of 	
��, � appears quite compli-
cated, we can derive an analytical formula for 	
 in the case
of normal incidence ��=0° �, with which many new under-
standings can be gained. In such a case, the incident
s-polarized EM wave can be written as

E� in�r�,t� = �− sin �x̂ + cos �ŷ�e−i��z/c−�t�,

H� in�r�,t� = �− cos �x̂ − sin �ŷ�e−i��z/c−�t�. �45�

A unique property in such a situation is that the EM wave
can be separated as two independent linearly polarized waves
as
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FIG. 8. �Color online� For the double-plate reflector model 	�sp

as functions of frequency and the azimuth angle � calculated with
the 4�4 TMM under the normal incident condition.

FIG. 9. �Color online� For the double-plate reflector model, val-
ues of �a� �rsp� and �b� 	
 as functions of � and � calculated with
the 4�4 TMM setting f =6.87 GHz.
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�E� in�r�,t�

H� in�r�,t�
� = − sin ��x̂

ŷ
�e−i��z/c−�t� + cos �� ŷ

− x̂
�e−i��z/c−�t�.

�46�

For each of these two linearly polarized waves, the reflection
coefficients, denoted by rx and ry, could take different values.
Since the Maxwell equations are linear ones, we find that the
reflected wave must be

E� r�r�,t� = �− rx sin �x̂ + ry cos �ŷ�ei��z/c+�t�. �47�

With a perfect-metal slab on the back, our double-layer re-
flector is always totally reflecting; that is to say, the ampli-
tudes of the reflection coefficients rx and ry are always abso-
lutely 1 but their phases could be different. Therefore, when
the condition

rx/ry = − 1 �48�

is satisfied, the reflected wave still takes a linear
polarization.26 As condition �48� is satisfied, the E vector of

the reflected wave would be E� r�−sin �x̂−cos �ŷ. As sche-
matically shown in Fig. 10, such an E vector has been ro-
tated by an angle

	
 = � 2� �0 ° � � � 45 ° �
180 ° − 2� �45 ° � � � 90 ° � � �49�

with respect to that of the incident wave, E� in�−sin �x̂
+cos �ŷ. Equation �49� thus provides us a rigorous and ana-
lytical formula to calculate the polarization rotation angle
under the normal incidence condition. Indeed, the 	
��
relation calculated by the 4�4 TMM is shown by solid stars
in Fig. 11, which is in excellent agreement with the analyti-
cal relation �Eq. �49�� represented by a solid line.

Again, these theoretical predictions were successfully
verified by FDTD simulations on realistic structures. As we

have designed in Ref. 13, a realistic metallic sandwich struc-
ture �see Fig. 1 of Ref. 13� for the model system, we then
performed FDTD simulations on that realistic metallic struc-
ture to study the polarization rotation effect under the normal
incidence condition. The FDTD calculated results of 	
 are
shown in Fig. 11 as a function of the polarization angle �,
represented by open triangles. We find perfect agreements
between the FDTD simulations and the model TMM results,
as well as the analytical relation �Eq. �49��.

While the model we studied here is assumed to exhibit
magnetic response only, we emphasize that the polarization
manipulation effect is not strictly tied to such kind of mate-
rials. The only requirement is that the reflection phases of the
designed system should be different for two independently
polarized EM waves. In fact, we found that the polarization
rotation effect can still be realized if the anisotropic magnetic
capping material is replaced by an appropriately designed
anisotropic left-handed metamaterial whose permittivity and
permeability are both negative.

IV. CONCLUSIONS

In summary, we have established a generalized 4�4
transfer-matrix method to study the scatterings of EM waves
by layered anisotropic metamaterials, with incident waves
taking arbitrary incidence angles and polarizations. As the
illustrations, we have employed the method to study the EM
wave transmission and/or reflections for three different sys-
tems, namely, an anisotropic metamaterial interface, an an-
isotropic metamaterial slab, and a double-plate metamaterial
reflector. The obtained results show that we could manipulate
EM wave polarizations freely through reflections by such
anisotropic metamaterial reflectors. In particular, we show
that it is possible to achieve a broadband polarization ma-
nipulation effect using a specifically designed metamaterial
slab, even if the material forming the slab is highly fre-
quency dispersive. In addition, we show it is possible to
rotate the polarization direction of a linearly polarized EM
wave by an arbitrary angle using a planar reflector of thick-
ness much less than wavelength, in contrast to the conven-
tional Faraday effect requiring a bulk medium. Finite-
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FIG. 10. �Color online� Schematic picture showing relationships

among the E� in vector of the incident wave, the E� r vector of the
reflected wave, and the polarization rotation angle 	
, when an
EM wave normally strikes on the double-plate metamaterial
reflector.
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FIG. 11. �Color online� The polarization rotation angle 	
 as a
function of �, calculated under the normal incidence condition by
the 4�4 TMM �solid stars� on the model system, analytical relation
�Eq. �49�� �solid line�, and the FDTD simulations �open triangles�
on the realistic system.
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difference-time-domain simulations on realistic structures
are performed to successfully verify all theoretical predic-
tions.
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APPENDIX: TRANSFER-MATRIX FOR SPECIAL CASES

When EM wave propagates in an isotropic medium or in
an anisotropic medium but with E or H field polarized along
one of the optical axes, mathematical singularities of the type
0 /0 arise for the unit vectors ê� defined by Eqs. �5�–�7�. The
reason is that the solutions of kz are degenerate in such cases
�kz1=kz3� so that the unit vectors ê� cannot be determined
unambiguously by kz as we did in Eqs. �5�–�7� and thus we
have to define them explicitly. In consistency with the con-
ventional notation, we define the E field unit vector ês�k�� for
the s polarization as

ês�k�� = �− kyx̂ + kxŷ�/k , �A1�

with k =�kx
2+ky

2, and that for the p polarization as

êp�k�� = ês�k�� � k�/k = �kxkzx̂ + kykzŷ − k
2ẑ�/kk . �A2�

For H fields, we find that

ĥs�k�� =
1

��
�k� � ês�k��� =

1

��k

�− kxkzx̂ − kykzŷ + k
2ẑ� ,

�A3�

ĥp�k�� =
1

��
�k� � êp�k��� =

k

��k

�− kyx̂ + kxŷ� . �A4�

The matrix Dn can be written as

Dn =�
kx

�n�

k
�n�

kx
�n�

k
�n�

−
kx

�n�kz
�n�

���n�k
�n�

kx
�n�kz

�n�

���n�k
�n�

ky
�n�kz

�n�

k�n�k
�n� −

ky
�n�kz

�n�

k�n�k
�n�

−
ky

�n�k�n�

���n�k
�n� −

ky
�n�k�n�

���n�k
�n�

−
ky

�n�kz
�n�

���n�k
�n�

ky
�n�kz

�n�

���n�k
�n�

−
ky

�n�

k
�n� −

ky
�n�

k
�n�

kx
�n�k�n�

���n�k
�n�

kx
�n�k�n�

���n�k
�n�

kx
�n�kz

�n�

k�n�k
�n� −

kx
�n�kz

�n�

k�n�k
�n�

� .

�A5�

In the case of kx=k �ky =0�, the matrix Dn becomes auto-
matically block diagonalized and is given by

Dn =�
1 1

−
kz

�n�

���n�
kz

�n�

���n�

0

0

k�n�

���n�
k�n�

���n�

kz
�n�

k�n� −
kz

�n�

k�n�

� . �A6�

The transfer matrix Mn+1,n is then given by

Mn+1,n = Dn+1
−1 Dn =

1

2�
1 +

kz
�n���n+1�

kz
�n+1���n� 1 −

kz
�n���n+1�

kz
�n+1���n�

1 −
kz

�n���n+1�

kz
�n+1���n� 1 +

kz
�n���n+1�

kz
�n+1���n�

0

0

k�n���n+1�

k�n+1���n� +
kz

�n�k�n+1�

kz
�n+1�k�n�

k�n���n+1�

k�n+1���n� −
kz

�n�k�n+1�

kz
�n+1�k�n�

k�n���n+1�

k�n+1���n� −
kz

�n�k�n+1�

kz
�n+1�k�n�

k�n���n+1�

k�n+1���n� +
kz

�n�k�n+1�

kz
�n+1�k�n�

� = �Mn+1,n
s 0

0 Mn+1,n
p � ,

�A7�

with Mn+1,n
s and Mn+1,n

p the transfer matrices for s and p modes in a conventional case.16
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