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Topology-Induced Phase Transitions in Spin-Orbit Photonics

Xiaohui Ling, Fuxin Guan, Xiaodong Cai, Shaojie Ma, He-Xiu Xu, Qiong He, Shiyi Xiao,*
and Lei Zhou*

Spin-controlled vortex generation and spin-Hall effect, two distinct effects
discovered in optics, have been extensively studied recently. However, while
physical origins of two effects are both due to spin-orbit interactions, their
inherent connections remain obscure which also hinders further explorations
on the manipulations of them. Here, in studying the scattering of a
spin-polarized light beam at sharp interfaces, an intriguing phase transition
between vortex generation and spin-Hall shift trigged by varying the incidence
angle is revealed. After reflection/refraction, the beam contains two
components: normal and abnormal modes acquiring spin-redirection-Berry
phases and Pancharatnam–Berry phases, respectively. Inside the abnormal
beam, two classes of wave components gain Pancharatnam–Berry phases
with distinct topological natures, generating intrinsic and extrinsic orbital
angular momenta (OAM), respectively. Enlarging incidence angle changes the
relative portions of these two contributions, making the abnormal beam
undergo a phase transition from vortex generation to spin-Hall shift. Such
intriguing effect is experimentally observed at a purposely designed
metamaterial slab, exhibiting efficiency enhanced by several-thousand times
compared to that at a conventional slab. These findings unify two previously
discovered effects in a single framework, reinterpret previous results with
clearer pictures, and shed light on understanding other physical effects
involving the competition between intrinsic and extrinsic OAM.

1. Introduction

Light possesses both spin angular momentum (SAM) and orbital
angular momentum (OAM), and many spin-orbit-interaction
(SOI)-induced effects were discovered recently.[1–3] Distinct from
a rigid particle, light can exhibit two different types of OAMs,
i.e., the extrinsic OAM (EOAM) describing the rotating motions
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of a light beam as a whole and the
intrinsic OAM (IOAM) describing the
wave motions inside a light beam.[4]

Such increased degree of freedom has
generated more fascinating effects in
light waves than those discovered on
electrons.[5] For example, a conversion
from SAM to EOAM takes place as a
light beam propagates along a slowly
varying path, resulting in photonic spin-
Hall effect.[6–8] Meanwhile, a conver-
sion from SAM to IOAM can hap-
pen as a circularly polarized light beam
passes through a Q-plate made of inho-
mogeneous anisotropic medium, man-
ifested by the generation of an optical
vortex.[9–12] Such effect can never hap-
pen in rigid particles, but is solely deter-
mined by the wave nature of light, well
explained by the Pancharatnam–Berry
phase mechanism.[13,14]

Recently, these two distinct effects,
previously discovered in different sys-
tems interpreted by different mecha-
nisms, surprisingly appear in the same
optical process. In 2004, Onoda et al.[15]

predicted that, as a light beam with
linear polarization (LP) strikes a sharp

interface, beams with different spins reflected/refracted from the
interface can exhibit opposite spin-Hall shifts (Figure 1). Such
effect was originally explained by a semi-classical theory[6–8] in
analogy to the electron case, and soon re-examined by Bliokh
et al.[16,17] who proposed a more accurate wave theory, which
was quickly verified by Hosten et al. in experiments.[18,19] The
physics is dictated by SOI arising as light changes its propagation
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Figure 1. Two distinct effects happen as a light beam strikes an optical interface: a) an optical vortex is generated at normal incidence while b) the
transmitted beams exhibit spin-Hall shifts (±∆y) at large incidence angles. |±⟩: CPs with different handedness; LP: linear polarization.
direction.[1,6–8] Obviously, such effect can only happen in oblique-
incidence case where refraction can change the light propagation
direction. On the other hand, some recent studies[20–22] showed
that an optical vortex can be generated as a spin-polarized beam
normally strikes an optical interface (Figure 1). Given two such
distinct effects discovered in the same optical process, related to
the conversion from SAM to OAM of different types, naturally
one is curious to know the inherent connections between them
and the way to control them in a desired manner.
In this work, we establish a unified theory to understand the

two effects within a single framework, and uncover the physics
governing their relations and intertransitions. We find that the
light beam refracted by an optical interface contains a spin-
maintained normal component and a spin-reversed abnormal
one, with OAM properties dictated by the spin-redirection-Berry
and Pancharatnam–Berry mechanisms, respectively. Wave com-
ponents inside the abnormal beam can acquire Pancharatnam–
Berry phases of different topological natures, which can generate
either IAOM or EAOM, respectively. Varying the incidence an-
gle can change the relative strengths of these two contributions,
and thereby drive such SOI-induced effect transiting from the
IAOM-related vortex generation to the EAOM-related spin-Hall
shifts, passing through an intermediate regime where two effects
co-exist. We finally design a realistic metamaterial slab and ex-
perimentally demonstrate such fascinating effect on such a slab
with much enhanced efficiency (several thousand times larger
than that of a slab made of conventional material). Our findings
provide a unified explanation on diversified effects discovered in
such a system, and can shed light on understanding many other
SOI-related effects.

2. Theory and Results

2.1. Full-Wave Theory of Beam Scattering at Sharp Interfaces

We first establish a rigorous theory to study the scatterings of
a light beam with circular polarization (CP) striking an air-
dielectric interface at arbitrary angles (Figure 2a). We set the lab-
oratory co-ordinate system as xyz and the local co-ordinate sys-
tem as xayaza with za parallel to the beam propagation direction.
Here, y and ya point to the same direction, and a = {i,r,t} label in-
cidence, reflection, and transmission, respectively. In general, the
incident/reflected/ transmitted beams can be expanded as linear
combination of plane waves

Ea(ra) = ∫ d2ka
⊥
eik

a⋅ra
[
ua+(k

a)v̂+(k
a) + ua−(k

a)v̂−(k
a)
]

(1)

where ka ⋅ ra = ka
⊥
⋅ ra

⊥
+ kazz

a with kaz =
√
(ka)2 − (ka

⊥
)2 and ka

and ra denoting the wave vector and position vector in local coor-
dinate system, v̂

𝜎
(ka) = [v̂TM(k

a) + 𝜎iv̂TE(k
a)]∕

√
2(𝜎 ∈ {+,−})

denote unit vectors of left (+) and right (−) CPs with
v̂TE(k

a) = ẑ × ka∕|ẑ × ka| and v̂TM(k
a) = v̂aTE × ka∕ka being

the unit polarization vectors of transverse-electric (TE) and
transverse-magnetic (TM) waves[23] defined in the laboratory
co-ordinate system, and ua±(k) are the expansion coefficients.
We use 𝜃aK to denote the directions of the central wave vector
Ka and 𝜃ak to denote the direction of an arbitrary plane wave
(see Section S1, Supporting Information) inside the light beams
(Figure 2b).
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Figure 2. Spin-Hall shifts and evolution of intensity patterns. a) Scattering of a spin-polarized beam at an air/dielectric interface. Inset: E-field and
polarization distribution of the incident beamon its waist plane (zi =−10𝜆). (b) Schematic of angles and incident planes of the central (Ki) and noncentral
plane waves (ki). Spin-Hall shifts of the normal/abnormal modes in the beams transmitted through c) a single interface and d) a thin dielectric slab.
∆ỹ+: shifts calculated by previous theory. Insets: Transverse-field patterns of the abnormal/normal modes in the transmitted beams at a reference plane
(zt = 10𝜆). Refractive index of the dielectric medium is set as 1.5, the slab’s thickness h = 0.5𝜆, and w0 = 55𝜆. 800 ×: Data are magnified by 800 times.

For present scattering problem, we have(
ur,t+ (k

r,t)

ur,t− (k
r,t)

)
= F(r,t)(k||)

(
ui+(k

i)

ui−(k
i)

)
(2)

to connect ur,t± (k
r,t) and ui±(k

i) with kr ,t and ki interconnected by
Snell’s law, where F(r,t)(k||) are 2 × 2 matrices with elements
F(r,t)
𝜎𝜎′
(k||) (𝜎′ ∈ {+,−}) being Fresnel’s coefficients of waves with

tangential wave vector k||defined in the laboratory coordinate
system.[23] To benefit further computations, we formally rewrite
the E-field distributions on the reference planes (za = da) as

Ea
⊥
(ra

⊥
) = ∫ d2ka

⊥
eik

a⋅ra
[
Ua

+(k
a)v̂+(K

a) +Ua
−(k

a)v̂−(K
a)
]

(3)

where all wave components are assumed to take the spin-vector
of the central Ka-vector. Here,Ua

±(k
a) are related to ua±(k

a) defined
in Equation (1) via (see Section S2, Supporting Information for
details)(
Ua

+(k
a)

Ua
−(k

a)

)
= P(a)

(
ua+(k

a)

ua−(k
a)

)
(4)

where P(a)
𝜎𝜎′

= [v̂
𝜎
(Ka)]∗ ⋅ v̂

𝜎′
(ka) are the elements of P(a), represent-

ing a projection between spin-vectors of a wave with ka and the
center oneKa. Combining Equations (2) and (4), we finally obtain

(
Ur,t

+ (k
r,t)

Ur,t
− (k

r,t)

)
= M(r,t)

(
Ui

+(k
i)

Ui
−(k

i)

)
(5)

where M(r,t) = P(r,t) ⋅ F(r,t) ⋅ (P(i))−1 (see Section S2, Supporting In-
formation). Equation (5) is important, since it connects Ur,t

± (k
r,t)

withUi
±(k

i), which dictate the transverse patterns of the scattered
and incident beams, respectively.
We assume that the incident beam is a Gaussian one with E-

field on the waist-plane being

Ei
⊥
(ri

⊥
) ||zi=di = exp[−(ri

⊥
∕w0)

2]v̂+(K
i) (6)

where w0 is the beam width. Combining this equation with
Equation (3), we get Ui

−(k
i) ≡ 0 and the expression of Ui

+(k
i) =

w20
2
exp[−(ki

⊥
w0)

2∕4] via Fourier transforming the Gaussian term.
Put Ui

±(k
i) to Equation (5) to get Ur,t

± (k
r,t), we finally ob-

tain the E-field distributions on the reference planes of re-
flected/transmitted beams via putting Ur,t

± (k
r,t) into Equation (3).

2.2. Spin-Hall Shifts and Evolution of Intensity Patterns

Our theory can be used to describe the beam scatterings at
arbitrary sharp interfaces with rotational invariance respect
to z-direction, including single interfaces composed of two
semi-infinite materials and the case of multi-layered media (e.g.,
an optical thin slab placed in air). We first employ the theory to
rigorously study the intensity evolutions and spin-Hall shifts of
transmitted beams as a single interface is illuminated at arbitrary
incident angles 𝜃iK. Generally, matrixM(r ,t) contains off-diagonal
terms, so that the transmitted beam has two components, one
with spin conserved (𝜎 = +) defined as the normal mode and the
other with spin reversed (𝜎 = −) called the abnormal one. Inset
to Figure 2c depicts the computed transverse field patterns of the
normal/abnormal modes of the transmitted beam at different
𝜃iK. As 𝜃iK increases, while the normal mode always exhibits a
well-defined Gaussian profile, the abnormal mode has very in-
triguing field-pattern evolutions showing a topological transition
from vortex generation to spin-Hall shifts. Quantitatively, we
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Figure 3. Two types of geometric phase and two OAMs. a) A spin-redirection-Berry phase is gained as a spin-polarized wave with ki is refracted to that
with kt, which is the integration of Berry curvature along the path 1-2-3. b) A PB phase is gained as a spin-up plane wave with k undergoes a spin-reversed
scattering, which is half of the solid angle Ω of the shaded area enclosed by two paths connecting the north and south poles on the Poincaré sphere. c)
Total OAM (L̃tot) of the abnormal mode in the beam transmitted through a single interface (upper) and a slab (lower), calculated by the full theory and
Equation (9), respectively. Inset: L̃tot of the normal mode with its value being magnified by 104 times. d) L̃in,ex of the abnormal mode for single-interface
(upper) and slab (lower) cases.

numerically evaluated the transverse shifts of beam centroids of
two modes (∆ynor and ∆yabn) with the following formula

Δy =
∬ ya|Ea|2dxadya
∬ |Ea|2dxadya (7)

and depict in Figure 2c how ∆ynor and ∆yabn vary against 𝜃
i
K. We

find ∆yabn is nearly 1000 times larger than ∆ynor, and exhibits
intriguing 𝜃iK-dependence compared to ∆ynor. Moreover, the ∆ỹ+
∼𝜃iK curve calculated by previous theory

[16–18] is very similar to the
∆ynor ∼ 𝜃iK line obtained here.
We next repeat our calculations on an optically thin slab placed

in air, and depict the corresponding results in Figure 2d. Com-
pared to the single-interface case, here the normal and abnormal
modes exhibit quite similar properties except that now ∆ynor ≡

0 is independent of 𝜃iK, in consistency with the computed pat-
terns depicted in the inset. Intriguingly, the ∆ỹ+ ∼𝜃iK curve cal-
culated by previous theory[16–18] is completely different from the
two curves calculated by our theory, even with opposite evolution
trend.

3. Underlying Physics of the Topology-Induced
Phase Transitions

3.1. Beam Deflection and Spin Reversal: Two Types of Berry
Phase

We now simplify the full-wave theory based on the Berry phase
concept.[24,25] Under the paraxial-wave approximation, we find
the projection matrix P(a) is nearly diagonalized. Neglecting the
off-diagonal elements, we get (see Section 3, Supporting Infor-
mation)

P(a) ≈
[
exp(iΦa

+)
exp(iΦa

−)

]
(8)

whereΦa
+(k

a) = −Φa
−(k

a) measures the phase difference between
two CP unit-vectors associated with ka and Ka, which is the Berry
phase gained in the adiabatical process of a spin rotating from
the direction of ka to Ka (Figure 3a).[1,25] Putting P(a) intoM(t), we
finally get

⎧⎪⎨⎪⎩
Et
++(r

t
⊥
) = ∫ d2kt

⊥
eik

t ⋅rt t++(k∥)e
iΦnor

B (kt)Ui
+(k

i)

Et
−+(r

t
⊥
) = ∫ d2kt

⊥
eik

t ⋅rt t−+(k∥)e
iΦabn

B (kt)Ui
+(k

i)
(9)

to determine the fields of the normal and abnormalmodes inside
the transmitted beam. Here, t++ and t−+ are the spin-maintained
and spin-reversed transmission coefficients, and

Φnor
B = Φt

+ − Φi
+, Φabn

B = Φt
− − Φi

+ (10)

are two Berry phases gained by a wave with ka inside the nor-
mal and abnormal modes, respectively. Careful analyses show
that these two Berry phases have distinct origins. For the normal
mode, Φnor

B is a spin-redirection-Berry phase gained by the wave
with ki undergoing the refraction process (i.e., the path 1-2-3 de-
fined in Figure 3a), and can be rewritten as

Φnor
B (kt) = ∫1−2−3 A(k) ⋅ dk

= −∫
𝜙k

0
Ai

𝜙k
(ki) sin 𝜃ikd𝜙k + 0 + ∫

𝜙k

0
At

𝜙k
(kt)kt sin 𝜃tkd𝜙k,

= −𝜎
(
cos 𝜃tk − cos 𝜃ik

)
𝜙k (11)
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where Aa(ka) = −i(v̂a
𝜎
)∗ ⋅ (∇k)v̂

a
𝜎
is the Berry connection with

solely azimuthal component Aa
𝜙k
(ka) = −𝜎 cot 𝜃a

k

ka
ê𝜙k
.[1,24,25] Obvi-

ously, Φnor
B is nonzero only as light changes its propagation di-

rection, but disappears when 𝜃tK = 𝜃iK (e.g., normal incidence or
the slab case) which explains why we have ∆ynor ≡ 0 in the slab
case.
Meanwhile, rewriting Φabn

B as

Φabn
B =

(
Φt

+ − Φi
+

)
+ 2Φt

− = Φnor
B + 2Φt

− (12)

we find that Φabn
B is dominated by 2Φt

− because of spin-reversal
of the abnormal mode, which persists even without beam deflec-
tion. This term is a Pancharatnam–Berry phase,[1,9–14] represent-
ing the geometric phase gained by a spin associated with kmov-
ing from the north (south) pole to the south (north) one on the
Poincaré sphere along different paths (Figure 3b).
It is intriguing to see that, even for the simple case of light

scatterings at a single interface, two different Berry phases co-
exist and are collectively responsible for the physics governing the
fascinating behaviors of the abnormal mode (see Figure 2c,d). In
contrast, the physics of abnormal mode in the slab case is solely
dictated by the Pancharatnam–Berry phase since the light does
not change its propagation direction after passing through the
slab.

3.2. Competition between intrinsic and Extrinsic Orbital Angular
Momenta

We next use the simplified model [Equation (9)] to explore the
underlying physics. Figure 3c compares the total OAMs (L̃tot) per
photon in the zt-direction calculated by the simplified and the full
theory [Equations (9) and (3)] for twomodes[3,4,26] (see Section S4,
Supporting Information for detailed derivation), in both single-
interface and slab cases. The simplifiedmodel has reproduced all
salient features of the rigorous results. In particular, both formu-
las yield L̃tot ≡ 0 for the normal mode in the slab case, which are
not shown here. While certain deviations exist between two theo-
ries in the abnormalmode for the single-interface case, caused by
neglecting the off-diagonal terms in P(i ,t), the same is not true for
the slab case where influences of these off-diagonal terms cancel
each other because of 𝜃tK ≡ 𝜃iK.
We subsequently focus on the abnormal mode, which exhibits

much more fascinating OAM properties than the normal mode.
For the abnormal beam, the transverse field pattern at 𝜃iK = 0◦

exhibits a donut shape, already implying the existence of IOAM,
also consistent with the calculated value L̃tot= 2h̄ (Figure 3c). This
can also be obtained simply by considering the conservation of
angularmomentum in the laboratory z-direction, that is, the spin
reversal changes the SAM of the abnormal mode from +h̄ to −h̄
per photon, which is converted into additional IOAM with +2h̄
per photon. To quantify the above arguments, we separately eval-
uated the IOAM (L̃in) and the EOAM (L̃ex) per photon

[3,4,26] for
the abnormal mode, and depict them as varying 𝜃iK in Figure 3d
for two studied cases. Again, the Berry-phase formulas [Equa-
tion (9)] have grasped the key physics, yielding nearly identical
results with the rigorous ones in the slab case. For both systems,
we find the following common features: i) only IOAM exists and
L̃in= 2h̄ at 𝜃iK = 0◦ implying the generation of an optical vortex;

ii) only EAOM exists at large 𝜃iK, consistent with the computed
spin-Hall shifts shown in Figure 2; iii) as 𝜃iK increases, IOAM
and EOAM compete with each other, eventually driving the sys-
tem from an IOAM-dominated phase to EAOM-dominated one.
We note that two distinct SOI-induced effects (vortex-

generation and spin-Hall effect) are now explained within a
unified theoretical framework connected to the competition of
IOAM and EOAM, while previously they are usually regarded as
different effects and were separately considered.[15–18,20–22]

3.3. Topology-Induced Transition of the Pancharatnam–Berry
Phase in Abnormal Mode

To explore the physics governing such a phase transition, we
study the slab configuration which is very “clean” as Φabn

B = 2Φt
−

only contains Pancharatnam–Berry phase. While Φabn
B exhibits a

complicated dependence on both Ki and ki, we find that it shows
a one-by-one correspondence with 𝜙k, which is the azimuthal an-
gle of ki in the laboratory system (Figure 4a). Under the paraxial-
wave approximation and with small 𝜃iK, we get Φ

abn
B ≈ 2𝜙k (see

Section S3, Supporting Information for details) which motivates
us to directly examine the properties of 𝜙k. Define the azimuthal
and polar angles of ki in the local system as 𝛼 and 𝛽 (Figure 4a)
and consider the rotation between local and laboratory systems,
we get 𝜙k = tan−1(ky∕kx) where (see Section 1, Supporting Infor-
mation){
kx = ki

(
sin𝛽 cos 𝛼 cos 𝜃iK + cos 𝛽 sin 𝜃iK

)
ky = kisin𝛽 sin 𝛼

(13)

Figure 4b depicts how the quantity kx+iky evolves as varying 𝛼
in the complex plane (i.e., the Smith curves) for 𝛽 taking three typ-
ical values, each representing a specific cone of ki vectors inside
the incident beam (Figure 4a). For the k-cone with 𝛽∕𝜃iK = −1,
we find a special solution kx = ky = 0 of Equation (13) in the case
of 𝛼 = 0˚, corresponding to the normally incident plane wave in
the laboratory system. Interestingly, such a singular point (SP)
separates all k-cones into two distinct classes, with Smith curves
enclosing or not enclosing the origin (Figure 4b), thus generating
Pancharatnam–Berry phases covering the full 4𝜋 range or only a
small range, respectively. Such a physical picture is verified by our
directly computedΦabn

B distributions (Figure 4c), where the phase
boundary (dotted lines) separating two classes of k-cones (regions
I and II) vary against 𝜃iK, as expected. In the lowest-order approx-
imation, we can approximate Φabn

B by 2𝛼 (vortex phase) in region
I and 2kty cot 𝜃

i
K∕k

i (kty-dependent gradient phase) in region II (in-
set to Figure 4d), which can be directly obtained by calculating
Equation (10) and Equation (S3.3) in Section S3 of the Supporting
Information. Clearly,Φabn

B consists of two parts with distinct topo-
logical properties: one is the vortex phase with a phase singular-
ity which contributes to the IOAM, while another is the gradient
phase without phase singularity which contributes to the EOAM.
Using such an approximate form of Φabn

B to calculate IOAM and
EOAM of the abnormal beam, we find that the obtained results
(dotted lines in Figure 4d) are in reasonable agreement with the
rigorous calculations (solid lines). The physics is thus clear: k-
cones exhibiting distinct topologies can generate either IOAM or
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Figure 4. Themechanism of topology-induced phase transitions. a) Fourier-representation of the incident beam containing two nested k-cones exhibiting
distinct topologies. b) Smith curves of three typical k-cones on the (kx, iky) plane exhibiting distinct topologies. c) PB phases of the abnormal modes at
four incident angles for the slab case. Dashed lines separate the whole space to two sub-regions (I and II). 3×: Data aremagnified by 3 times. d) L̃in,ex∕L̃tot
of the abnormally transmitted beam, obtained by the full theory (solid lines) and the lowest-order approximation (spheres). Inset: Approximated PB phase
distribution at 𝜃iK = 0.5◦. e) A phase diagram with the 𝜃ic − w0 line separating the whole space to two subregions with distinct OAM properties.

EOAM in the abnormal mode, with their relative strengths vary-
ing with 𝜃iK.
The established picture helps us to identify an important pa-

rameter to control such a phase transition. Figure 4e shows that
the critical angle 𝜃ic of the phase transition, defined as the angle
where L̃in∕L̃tot = 0.1, is a decreasing function of the beam width
w0. The physics is very clear: Increasing w0 effectively decreases
the cut-off values of ki in the incident beam, which diminishes
the vortex contribution of region I, finally leading to the decre-
ment of 𝜃ic.

4. Discussion and Extensions

4.1. Reinterpreting Results Computed by Previous Theories

We now reconcile the apparently different results on spin-Hall
shifts yielded by our theory and the previous one,[16–18] as shown
in Figure 2. Since our theory assumes a CP incidence, the
transmitted beam with respect to an LP incidence actually con-
tains four components—the normal and abnormal modes corre-
sponds to different CP incidence (see Figure 5a). Therefore, the
spin-polarized transmitted beam studied by previous theory is ac-
tually a linear combination of the normal and abnormal modes
corresponding to incident beams with opposite spins. This pro-

cess can be schematically illustruted in Figure 5a and qualita-
tively expressed as

Ei
+(x

i, yi) |+⟩ + Ei
−(x

i, yi) |−⟩ → Et
++(x

t, yt + Δynor) |+⟩
+Et

+−(x
t, yt + Δyabn) |+⟩ + Et

−+(x
t, yt − Δyabn) |−⟩

+Et
−−(x

t, yt − Δynor) |−⟩
= Et

+(x
t, yt − Δỹ+) |+⟩ + Et

−(x
t, yt − Δỹ−) |−⟩ (14)

Based on this picture, we find the spin-Hall shift ∆ỹ± under
LP incidence (e.g., with initial condition Ei

+ = Ei
−) can be rein-

terpreted as a weighted combination of our spin-Hall shifts (see
Section S5, Supporting information for detailed derivation)

Δỹ± ≈ ±Re
{
[t++(K

i)Δynor + t+−(K
i)Δyabn]∕[t++(Ki) + t+−(K

i)]
}
(15)

Calculated results with our theory are in excellent agreement
with the existing ones[16–18] (Figure 5b). In particular, we find

Δỹ± ≈ ±ΔyabnRe[t+−(Ki)∕t++(Ki)] (16)
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Figure 5. Reinterpreting the existing results with our theories. a) Schemat-
ics of using the CP-incidence results to reinterpret previous spin-Hall shifts
under LP incidence. This process is also expressed by Equation (14). b)
Spin-Hall shift ∆ỹ+ under LP incidence, obtained by reinterpretations with
our CP-based theory (solid lines) and direct calculations using previous
LP-based theory (spheres), in both single-interface and slab cases. Inset:
Re[t+−(K

i)/t++(K
i)] as a function of incident angle for the slab case.

in the slab case since ∆ynor ≡ 0 and |t++| ≫ |t+−|. Such a formula
well explains the intriguing 𝜃iK-dependence of ∆ỹ+ compared to
∆yabn (Figure 2c), because Re[t+−(Ki)/t++(K

i)] behaves differently
as ∆yabn (inset to Figure 5b) and the competition between these
two terms yields the final ∆ỹ+ ∼𝜃iK relation.
Our reinterpretations suggest that previous spin-Hall shifts

obtained with LP incidences might not be fundamental quanti-
ties, and re-examining them under the CP bases could yield new
insights, especially in the cases where Fresnel’s coefficients ex-
hibit singular behaviors.[27–32] For example, the spin-Hall shifts
of reflected beam at incidence near Brewster angle is abnormally
enhanced under LP incidences, while its mechanism remains
obscure.[27–29] Employing our analyses using CP bases, we find
that the reflected light beam exhibits a severely deformed pattern
caused by the destructive interference between normal and ab-
normal modes, because of r+−(K

i) = −r++(Ki) at the Brewster an-
gle. As the result, the centroid shift of the reflected beam is then
anomalously increased.

4.2. Experimentally Demonstrating the Topology-Induced Phase
Transition with a 𝝐z→0 Metamaterial Exhibiting Much Enhanced
Efficiency

Since only the abnormal mode exhibits the topology-induced
phase transition, to observe such effect more clearly in experi-
ments, naturally one needs to enhance the generation efficiency
of abnormal mode as large as possible. Such a generation effi-
ciency is expressed as

𝜂 = Pt
z∕P

i
z ≈ |t−+(Ki)|2 = |tTM(Ki) − tTE(K

i)|2∕4 (17)

where Pa
z = ∫ ∞

−∞ ẑa ⋅ Re(E∗ ×H)dka are the powers carried by the
abnormal mode and the incident one. Equation (17) indicates
that, to get an 𝜂 value as large as possible, the interface should
exhibit the following two features: i) it is optically transparent
for incident light with different polarizations under certain in-
cident angles and ii) two transmission coefficients are nearly out

of phase. Unfortunately, these two requirements are conflicting
with each other at interfaces between air and isotropic dielectrics
(with permittivity 𝜖), since enlarging 𝜖 can enhance the response
difference but diminish the transmittance simultaneously. As a
result, the maximum efficiency achieved by a normal material
interface (e.g., a thin isotropic slab with 𝜖 = 2.25) is only in the
order of 10−5.
The conversion efficiency can be significantly enhanced on a

carefully designed metamaterial.[33,34] The key idea is to tune the
anisotropic responses of the metamaterial along perpendicular
(z) and in-plane (xy) directions, so as to largely enhance the dif-
ference in optical responses for two polarizations. Inspired by
this argument, we designed a metamaterial slab (see Figure 6a
for the picture of fabricated sample) with hollow-carved unit cell
depicted in Figure 6b, which consists of four H-shaped metallic
resonators embeded inside four dielectric side walls. A single H-
shaped resonator supports two electric resonances for excitation
fields polarized along z and x (or y) directions, while arranging
them in this way can ensure the whole system to exhibit identical
responses in the xy-plane. Therefore, adjusting the geometric pa-
rameters of these metallic resonantors to change their resonance
frequencies, we finally design and fabricate a metamaterial with
desired dielectric responses (i.e., 𝜖x = 𝜖y and 𝜖z), and in turn, the
desired optical responses at oblique incidences.
Figure 6c,d depict the experimentally measured transmission

spectra of the fabricated metamaterial slab at different inci-
dent angles (𝛽), for waves taking TE and TM polarizations, re-
spectively. Clearly, within the frequency range of interests (34–
36 GHz), TE-polarized waves can pass through the slab with
nearly 100% efficiency, insensitive to the incident angle 𝛽. In
contrast, we find that the transmission spectra of TM-polarized
waves at oblique incidences exhibit clear dips around a fre-
quency fm = 34.4 GHz, exhibiting distinct behaviors as their
TE counterparts. To reveal the underlying physics, we retrieve
the effective-medium parameters of the designed/fabricated
metamaterial from the transmission spectra obtained with
finite-element-method simulations. We find that 𝜖x = 𝜖y =
1.2−682/(f2−452+i0.159f) and 𝜖z = 1.2−15.12/(f2−31.482+i0.398f)
with f denoting frequency in unit of GHz. For the TM polariza-
tion, we get 𝜖z = 0.021+0.084i at the frequency fm, which is near
zero and responsible for blocking the TM-polarized wave which
can “see” this dielectric response. On the other hand, we have 𝜖x
= 𝜖y = 6.694+i0.036 and design the metamaterial thickness h =
1.61 mm to enable a Fabry–Perot transmission peak around the
working frequency fm, which also explains that the transmission
amplitude for TE-wave almost keeps around unity in the range
of incident angles of interest (since Fabry–Perot resonance is not
very sensitive to the incident angle). Putting these results into
Equation (17), we immediately see that generation efficiency (𝜂)
can be maximized at frequencies around fm where two polariza-
tions exhibit the largest anisotropic responses.
We now put the transmission coefficients {tTM(K

i), tTE(K
i)}

(Figure 6e) into Equation (1) to numerically reconstruct the trans-
mitted light beam. Insets to Figure 6f depicts the computed field
patterns of the normal and abnormal light beams, at a refer-
ence plane 10𝜆 below the slab. The expected topology-induced
phase transition is clearly shown in the evolutions of abnor-
mal mode. Moreover, 𝜂 of such effect realized at our metama-
terial slab reaches up to 5% (blue spheres in Figure 6f) as the
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Figure 6. Experimental verification of the topological-induced phase transition with a realistic metamaterial slab. a) Sample photo. b) A unit cell of the
metamaterial sample with thickness h = 1.61 mm. Yellow: copper pieces with thickness being 0.015 mm and its conductivity being 5.8 × 107 S m−1;
Gray: substrate with its permittivity being 3.66+0.0113i. The radius of the cylinder connecting the two arms of “H” is 0.15 mm. Other parameters: l1 =
2.075mm, l2 = 0.7125mm, l3 = 0.4mm, and the side length of the unit cell is 3.5mm (i.e., l1+2l2). c, d) Experimental measured transmission coefficients
of themetamaterial slab at 34–36GHz range. e)Measured transmission coefficients at 34.4 GHz frequency versus incident angle. f) Conversion efficiency
calculated from the experimental transmission coefficients (blue spheres and solid lines respectively represents the direct experimental efficiency and
calculated one from the retrieved effective permittivity) and a normal isotropic slab (orange line, 𝜖 = 2.25) with thickness h = 0.185 𝜆 and beam waist
w0 = 15 𝜆. Insets: computed intensity patterns of the abnormal mode for three angles, whose intensities have been normalized to the maximum values
of the respective normal modes.

incident angle is larger than 10˚, exhibiting several thousand
times enhancements compared to that at an isotropic dielectric
slab (𝜖 = 2.25). Analytical results (blue solid line) based on the re-
trieved effective-medium parameters of the metamaterial are in
excellent agreement with experimental results on realistic struc-
tures, and further reveal the underlying physics of the discovered
effect.

5. Conclusions

We have discovered a topology-induced phase transition in beam
scatterings at sharp optical interfaces. The OAM properties of
the abnormally scattered beams are dictated by Pancharatnam–
Berry phases gained by every wave components inside the beam,
which, depending on their relative angles with the central wave,
can either contribute to vortex generation or spin-Hall shift, ul-

timately dictated by their topological natures. Varying the inci-
dent angle of beam can change the relative portions of these two
contributions, driving the system to undergo a phase transition
from IOAM-dominated region to EOAM-dominated one. We fi-
nally designed/fabricated a realistic metamaterial slab and exper-
imentally illustrated such an intriguing effect which exhibits ef-
ficiencies several thousand times enhanced as compared to that
on an isotropic slab made of conventional materials.
Our findings provide a unified picture to understand two pre-

viously discovered effects on the same foot, and can be extended
to study other SOI-induced effects in light (e.g., spin-controlled
vortex generation[1,9–12] and spin-Hall momentum shift[35–39] in
inhomogeneous anisotropicmedia) and other waves (e.g., vortex-
bearing electron beams).[40,41] More importantly, as the SOI of
light plays an increasingly important role in nanophotonics,[42–48]

plasmonics,[49–51] and topological photonics,[52–55] our results

Laser Photonics Rev. 2021, 2000492 © 2021 Wiley-VCH GmbH2000492 (8 of 10)

http://www.advancedsciencenews.com
http://www.lpr-journal.org


www.advancedsciencenews.com www.lpr-journal.org

may pave the way for a variety of applications, such as precision
metrology,[56,57] edge detection,[58,59] particle manipulation,[60,61]

and various spin-photonic components.[42–45,62,63]

Supporting Information
Supporting Information is available from the Wiley Online Library or from
the author.
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