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Abstract – Based on the mode-expansion method under single-mode approximation, we ob-
tained explicit expressions for the scattering coefficients of an array of subwavelength cylinders
with general cross-sections and material properties. Mapping such an inhomogeneous system to
an effective homogeneous medium exhibiting the same scattering coefficients, we established an
effective medium theory for such a complex system. Our theory is justified by comparing with full
wave simulations on realistic structures, and it is found to work well in a much more expanded
parameter space than the standard Maxwell-Garnett theory.

Copyright c© EPLA, 2016

Introduction. – Owing to their strong capabilities
to manipulate electromagnetic (EM) waves, metamateri-
als (MTMs), artificial materials constructed by subwave-
length microstructures with tailored EM properties, have
recently drawn much attention [1–17]. In this field, typ-
ically researchers first study physical effects based on
hypothetical media with certain permittivity (ε) and per-
meability (μ) distributions, and then design MTMs to re-
alize the predicted effects. Therefore, the effective medium
theory (EMT) is crucial in MTM research because it links
theoretical predictions with practical realizations. A good
EMT can not only greatly simplify the designing pro-
cesses, but also help catch the essential physics. Hence,
an EMT with validity region as wide as possible is always
highly desired.

Among different candidates, the two-dimensional (2D)
array of subwavelength cylinders is a type of widely
adopted MTM structures in the past decade [1,18–26].
When the lattice constant of a 2D array is much smaller
than the wavelength of interest, such a complex struc-
ture can be viewed as a homogenous medium with ef-
fective parameters determined by the properties of the
cylinder and its surrounding medium. Various EMTs
are available to homogenize such kind of MTMs, includ-
ing the S-parameter retrieval method [27], the Maxwell-
Garnett theory (MGT) [7,24,25,28], and other formulas
based on multiple scattering theory (MST) [29–32] or

(a)E-mail: phzhou@fudan.edu.cn

coherent potential approximation (CPA) [22,33–35]. How-
ever, all these theories exhibit certain limitations. For ex-
ample, the retrieval method is physically non-transparent
and exhibits multi-solution problems. While the MGT
performs well for evaluating εeff of the composite medium,
it always assumes that μeff = 1 if the system is composed
by non-magnetic components. However, we will show in
this paper that this assumption is valid only in the strict
long-wavelength limit; in general, the system can exhibit
a non-negligible magnetic response. Although the MST-
based and the CPA-based EMTs [22,29–35] can correctly
capture such magnetic effects, they are unfortunately lim-
ited to MTMs composed by cylinders in circular cross-
sections.

Here, we develop an EMT for MTMs composed by
cylinders in arbitrary 2D shape and with arbitrary ma-
terial properties. Compared with the existing EMTs, our
EMT exhibits a significantly enlarged validity region in
the whole material/geometry parameter space, demon-
strated by detailed comparisons with finite-difference–
time-domain1 (FDTD) simulations on realistic MTM
structures. We first derive our EMT and justify its va-
lidity in the next section, and then compare it with other
theories in the third section. In the fourth section, we ex-
tend our EMT to study a MTM with cylinders in more
complex shapes and under oblique-incidence excitations.
We conclude our paper in the fifth section.

1Simulations were performed using the package CONCERTO 7.0,
Vector Field Limited, England (2008).
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Fig. 1: (Colour online) (a) Schematics of the structure un-
der study and the computational strategy. (b) The effective
medium representation of the periodic structure shown in (a).
The two systems are assumed to exhibit identical zero-order
reflection/transmission characteristics.

The effective medium theory. – The structure that
we consider consists of a periodic array of cylinders (with
a lattice constant P ), as shown in fig. 1(a). Here we as-
sume a square lattice for definiteness although our theory
works for arbitrary lattices. Without loss of generality, we
assume that the cylinders can take arbitrary cross-sections
and are formed by arbitrary materials. To find the effec-
tive medium representation (see fig. 1(b)) of such inhomo-
geneous system (see fig. 1(a)), we first shine a plane wave
onto both structures to study the corresponding scattering
parameters of two systems, and then determine the effec-
tive parameters of the composite medium by equating the
zero-order scattering parameters obtained with these two
systems. As shown in fig. 1(a), since the xy-plane on which
the incident wave strikes is periodic, all diffractions that
satisfy the Bloch condition should be considered. Based
on a rigorous mode-expansion method (MEM) [36–39], we
expand EM fields to combinations of eigenmodes in dif-
ferent regions, and then determine those expansion coef-
ficients by matching appropriate boundary conditions at
the interface.

Suppose the incident wave is a plane wave (PW) with
polarization σ̄ (s or p for transverse electric (TE) or trans-
verse magnetic (TM) polarization) and parallel wave vec-

tor �k
(0,0)
‖ = (k0

x, k0
y), then the allowed EM eigenmodes in

region I are just PWs with parallel wave vectors �k
(m,n)
‖ =

(k0
x + 2mπ/P, k0

y + 2nπ/P ) and with two different polar-
izations. The explicit forms of the tangential E fields in
these eigenmodes are

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

�EI;±
m,n;s;‖ =

(−êx sin θm,n + êy cos θm,n)e
i�k

(m,n)

‖
·�r‖e±ik(m,n)

z
z/P,

�EI;±
m,n;p;‖ =

(êx cos θm,n + êy sin θm,n)e
i�k

(m,n)

‖
·�r‖e±ik(m,n)

z
z/P,

(1)

where θm,n = tan−1(kn
y /km

x ), k
(m,n)
z =

√

(ω/c)2 − |�k(m,n)
‖ |2, and the sign in front of k

(m,n)
z

is determined by the propagation direction. Here ω and

c are the frequency and the speed of light, respectively.
The corresponding H fields can be derived from eq. (1)
by Maxwell’s equations. These eigenmodes satisfy the
following orthonormal conditions:

∫

u.c.

( �EI;±
m,n;σ;‖)

∗ · �EI;±
m′,n′;σ′;‖dxdy = δσσ′δmm′δnn′ , (2)

where the integrals are performed within a unit cell.
In region II, the modes are EM eigenmodes of the pe-

riodic structure which should satisfy the Bloch condi-
tion. We only need to consider those eignmodes exhibiting
the same Bloch K vector as that of the incident wave.
Due to the translational invariance along the z-direction,
these modes can be generally written as �EII;±

q (�r) =

�EII
q (x, y)e±ikII

q
z, �HII;±

q (�r) = �HII
q (x, y)e±ikII

q
z, with explicit

forms of �EII
q (x, y) and �HII

q (x, y) obtainable from numeri-
cal simulations. Generally, these modes do not necessarily
exhibit well-defined polarizations, so that we have to in-
clude all of them into our mode-expansion formalism. In
addition, these modes satisfy the following orthonormal
conditions [40]:

∫

u.c.

[ �EII;±
q;‖ (x, y) × ( �HII;±

q′;‖ (x, y))∗]·ẑ dxdy = δqq′ . (3)

The E fields in regions I and II can be expanded into linear
combinations of the corresponding eigenmodes as

�EI = �EI;+
0,0;σ̄ +

∑

m,n,σ
rσ
m,n

�EI;−
m,n;σ,

�EII =
∑

q
tq �EII;+

q ,
(4)

where �EI;+
0,0;σ̄ stands for the normally incident PW with

polarization σ̄, rσ
m,n denotes the reflection coefficient for

the diffraction mode with index {m,n} and polarization
σ, and tq denotes the transmission coefficient for the q-th
eigenmode in region II. Again, H fields can be derived
from eq. (4) based on Maxwell’s equations.

Matching the boundary conditions at z = 0, i.e., �EI
‖ =

�EII
‖ , �HI

‖ = �HII
‖ , and further applying the orthonormal con-

ditions, eqs. (2) and (3), to the above equations, we get
the following linear equations to determine all coefficients:

⎧

⎨

⎩

SH;σ̄
0,0;q −

∑

m,n,σ
(rσ

m,nSH;σ
m,n;q) = tq,

δm0δn0δσσ̄ + rσ
m,n =

∑

q
tqS

E;σ
m,n;q

(5)

with the S-parameters defined by

⎧
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⎨
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⎪
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⎪

⎩

SE;σ
m,n;q =

∫

u.c.
d�r‖( �EI;+

m,n;σ;‖)
∗ · �EII;+

q,‖
∫

u.c.
d�r‖| �EI;+

m,n;σ;‖|2
,

SH;σ
m,n;q =

∫

u.c.
d�r‖[ �H

I;+
m,n;σ;‖ × ( �EII;+

q,‖ )∗] · ẑ
∫

u.c.
d�r‖[ �H

II;+
q,‖ × ( �EII;+

q,‖ )∗] · ẑ
,

(6)

where we have set z = 0 in the calculations and the in-
tegrals are performed within a unit cell. Obviously, such
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S-parameters denote the couplings between modes in two
regions.

Although the mode-expansion formalisms are rigorous,
they are too complicated to obscure the simple physics.
As P ≪ λ, we can retain only the fundamental modes in
both regions to simplify eq. (5), which can help us map
the inhomogeneous system (fig. 1(a)) to a homogeneous
one (fig. 1(b)), and, in turn, determine the effective pa-
rameters of the system. Such a single-mode approxima-
tion is justified by the facts that 1) all high-order modes in
region I are evanescent and 2) the overlapping integrals be-
tween two fundamental modes are much larger than those
involving high-order modes. Retaining only the two fun-
damental modes, we can solve eq. (5) to get the following
expression for the specular reflection coefficient:

rσ̄
0,0 = [(Sσ̄

0 )2 − 1]/[(Sσ̄
0 )2 + 1], (7)

where (Sσ̄
0 )2 = SE;σ̄

0,0;0 · SH;σ̄
0,0;0.

We consider the normal-incidence case to establish the
EMT. Now only the parallel components of the effective
parameters are relevant, which are denoted as εeff and μeff

without causing confusions. The reflection coefficient for
the effective medium model (fig. 1(b)) can be generally
written as

r0 = (Zeff − 1)/(Zeff + 1), (8)

where Zeff =
√

μeff/εeff is the effective impedance of the
model system. Equating eq. (7) and eq. (8) yields

Zeff = (S0)
2, (9)

where the polarization index has been omitted.
On the other hand, within the single-mode approxima-

tion, the wave vector for wave transporting inside the effec-
tive medium model keff = k0

√
εeff · μeff should equal that

of the fundamental mode in the realistic system, which is

keff = kII
0 , (10)

where kII
0 can be obtained from numerical calculations.

Combining eqs. (9)–(10), we finally obtain

εeff = kII
0 /k0(S0)

2, μeff = kII
0 (S0)

2/k0. (11)

We employed our EMT to study a typical example with
cylinders taking circular cross-sections. We assume that
the material forming the cylinder can be described by a
Drude model εcyl = 1 − f2

p /f2 with fp = 2c/3P . At a
frequency f = 0.05c/P , we first employed FDTD simula-
tions to compute the eigenfield distribution and the corre-
sponding wave vector (i.e., kII

0 ) of the fundamental mode
in a typical system with d/P = 1/2. As we can see from
fig. 2(a), the fundamental mode resembles a dipole field,
with E fields mainly distributing outside of cylinders while
H fields penetrate into the cylinders due to the skin effect.
With these fields in hand, we then computed (S0)

2 based
on eq. (6). Figure 2(b) shows clearly that (S0)

2 is a de-
creasing function of d/P . This is quite physical since (S0)

2

Fig. 2: (Colour online) (a) Field distributions of the fundamen-
tal mode in the cylinder array with d/P = 1/2. (b) Normalized
wave vector kII

0 /k0 and coupling strength (S0)
2 as functions of

the cylinder diameter, obtained by FDTD simulations (sym-
bols) and our model (dotted line). (c) εeff and μeff of the
cylinder array as functions of k0P/2π, calculated by our EMT.
(d) Transmission/reflection spectra for a slab of the cylinder
array calculated by our EMT on model systems (lines) and
FDTD simulations on realistic structures (symbols).

represents the overlapping between the external PW and
the inner mode so that it must approach to zero as the
inner free volume diminishes. To further understand the
physics, we derive a simple model to analytically compute
(S0)

2. Due to the large negative value of εcyl, E fields
inside the cylinders are very small and their contributions
to (S0)

2 can be neglected. In the lowest-order approx-
imation, we can neglect the non-uniform fluctuations in
field distribution and replace the complex eigenfield dis-
tribution (see fig. 2(a)) by a uniform one. Under such an
approximation, we find from eq. (6) that

(S0)
2 ≈ 1 − πd2/4P 2. (12)

With this analytical formula, we re-computed (S0)
2 for the

same set of systems and depicted the results in fig. 2(b)
by a dotted line. It is clear that such a rough estimation
has captured the essential physics, as shown by the good
agreement between the analytical results (dotted line) and
the FDTD ones (open circles) in fig. 2(b).

With both (S0)
2 and kII

0 known (see fig. 2(b)), we em-
ployed eq. (11) to calculate εeff and μeff of a typical system
with d/P = 2/3, and depicted the results in fig. 2(c). The
most remarkable observation is that the system exhibits
diamagnetic effects (μeff < 1), even though the materi-
als are all non-magnetic. Such a diamagnetic effect origi-
nates from the induced currents on the metallic cylinders,
which is crucial to remedy the problem of conventional
EMTs [7,24,25] which typically neglect the diamagnetic
responses.

We now validate our EMT by comparing the calcula-
tions based on EMT with FDTD simulations on a slab
of such cylinder array with d/P = 2/3 and h/P = 15.
The transmission and reflection spectra calculated by the
EMT and FDTD simulations are compared in fig. 2(d).
Perfect agreement between the two calculations justified
our theory.

48002-p3
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Fig. 3: (Colour online) εeff (a), (b), μeff (c), (d) and ΔT (e), (f)
as functions of both d/P and εcyl calculated by our EMT and
the MGT.

Comparisons with the Maxwell-Garnett theory.

– We compare our EMT with other EMTs to highlight the
advantages of the newly developed theory. Among differ-
ent well-established EMTs, here we choose the MGT to
compare with, since the MGT is not only a well-accepted
one but also an analytical approach similar to ours. Other
EMTs are either the numerical retrieval method or they
are valid only in limited situations.

To be as general as possible, we employ our EMT to
calculate the effective parameters of a series of samples
with εcyl varying from −105 to 102 and d/P varying from
0.1 to 0.9, at a typical frequency k0P/2π = 0.05. εEMT

eff

and μEMT
eff computed by our EMT are shown in fig. 3(a)

and fig. 3(c), respectively. For comparison, we also used
the MGT [7] to calculate the effective medium parame-
ters of the same set of systems, and depict the results in
fig. 3(b) and fig. 3(d). Comparisons between two theories
show that while εeff calculated by both methods match
quite well, μeff obtained by the two methods differ a lot.
In particular, our EMT predicts that the system can ex-
hibit paramagnetic or diamagnetic responses in different
parameter regimes, especially for the cases with large d/P ,
while the MGT always predicts the system to be strictly
nonmagnetic.

To see which theory is better, we study three typical
examples with parameters A) d/P = 0.8, εcyl = −105,
B) d/P = 0.6, εcyl = −102 and C) d/P = 0.8, εcyl =
102, respectively. The locations of these three systems
are denoted by circles in fig. 3(c). Figure 4 compares
the transmittance spectra calculated by both theories
on the above-mentioned three systems at the frequency
k0P/2π = 0.05, together with the corresponding FDTD
results on realistic structures. Obviously, in all cases stud-
ied, whereas our EMT can always yield nearly identical
results with the FDTD ones, the deviations are significant
for the spectra calculated with MGT.

Fig. 4: (Colour online) The transmission spectra for cylinder
arrays with (a) d/P = 0.8, εcyl = −105, (b) d/P = 0.6, εcyl =
−102 and (c) d/P = 0.8, εcyl = 102 as functions of h/P . Solid
lines are for our EMT, dashed lines are for MGT and symbolic
lines are for FDTD simulations.

To quantitatively check which theory is better and iden-
tify the applicable regimes of different EMTs, here we de-
fine a quantity ∆T which measures the difference between
the calculations with EMT on model systems and FDTD
simulations on realistic systems. To suppress the oscil-
lations caused by Fabry-Perot resonances in finite-sized
slabs, we take slabs with height h/P varying from 0.5 to
15 to perform the calculations and finally do an average
over the obtained results. Specifically, we define a quantity

∆T =

h/P=15
∫

h/P=0.5

‖tEMT|2 − |tFDTD|2|dh

14.5P · (|tFDTD,max|2 − |tFDTD,min|2)
, (13)

where |tFDTD,max|2 and |tFDTD,min|2 denote, respec-
tively, the maximum and minimum values of the FDTD-
calculated transmittances for slabs with different heights.
Figures 3(e) and (f) compare the ∆T calculated by our
EMT and the MGT for samples with different d/P and
εcyl. In most parameter regions, our EMT works quite
well as indicated by the small value of ∆TEMT. In con-
trast, MGT only works in the region when both d/P and
|εcyl| are not too large. This is not surprising since the
MGT is derived under the long-wavelength limit assum-
ing weak scatterings from the inhomogeneity. When |εcyl|
and/or d/P get too large, wave scatterings from cylinders
become too strong, and thus the MGT becomes inaccu-
rate. Obviously, the failure of MGT is caused by its com-
pletely neglecting the effective magnetic responses of the
studied systems, as can be well seen in fig. 3(c).

We note that both ∆TEMT and ∆TMGT become very
large in the triangle shaded region near εcyl ≈ −10, in-
dicating that both theories do not work well here. The
inherent reason is that εeff of the system, if it exists, is

48002-p4
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Fig. 5: (Colour online) (a) Field distributions for the funda-
mental modes with polarization �E‖x̂ (upper line) and polariza-
tion �E‖ŷ (lower line), obtained by FDTD simulations. (b) ε‖
(red lines) and μ‖ (blue lines) of the anisotropic inhomoge-
neous structure vs. frequency, calculated by our EMT. The
inset shows the cross-section of our cylinder with parameters
a : b : d : P = 3 : 2 : 1 : 4. (c) Transmission spectra through
a slab of the system with height h/P = 15, calculated by our
EMT on a homogeneous medium (lines) and FDTD simulations
on a realistic structure (symbols). (d) Transmittance through
a slab with height h/P = 5 vs. incidence angle under two po-
larizations at a frequency k0P/2π = 0.05, obtained by EMT
(lines) and FDTD simulations (symbols).

so large (see in fig. 3(a)) that the effective wavelength in-
side the medium λeff = λ0/

√
εeff is too short to violate

the subwavelength condition. In other words, the system
does not have a valid effective medium description in this
region since waves can “see” the microstructures.

Extensions to arbitrary cross-sections and

oblique incidence. – We now extend our EMT to study
the systems with cylinders in arbitrary cross-sections and
the oblique-incidence situations. Assuming our cylin-
ders exhibit an anisotropic cross shape (see the inset to
fig. 5(b)) and are formed by plasmonic metals described
by Drude model with plasmon frequency fp = 3c/2P , we
study the effective medium properties of a system com-
posed by a periodic array of such cylinders. At a fre-
quency k0P/2π = 0.05 and under the normal-incidence
condition, the FDTD-simulated eigen wave functions of
the fundamental modes inside the cylinder array with two
different polarizations (i.e., �E‖x̂ and �E‖ŷ) are depicted
in fig. 5(a). With this information, we employed the ap-
proach established in the second section to calculate the
effective parameters of the systems at different frequen-
cies, and depicted the results in fig. 5(b). The differences
between the effective parameters for two polarizations are
the manifestation of the anisotropic geometric structure.
We next performed FDTD simulations to study the trans-
mission spectrum of a slab of such structure with height
h/P = 15. The FDTD-calculated transmission spectra for
two polarizations are shown in fig. 5(c) as open symbols,
which are in perfect agreement with EMT calculations

(lines) on a homogeneous slab with the same thickness
described by the effective parameters shown in fig. 5(b).

Our EMT can also be extended to oblique-incidence
cases. With parallel components of the effective parame-
ters known from the normal-incidence computations, we
can choose an arbitrary incidence angle (θi) to deter-
mine the perpendicular effective parameters εz and μz, by
equating the wave vectors calculated by numerical simula-
tions in realistic systems (for the fundamental mode) and
the effective medium model, under two different polariza-
tions. We choose a frequency k0P/2π = 0.05 to illustrate
how the above approach works. Once we set θi = 45

◦

, sim-
ple calculations yield that εz = −424.4, μz = 0.92. The
parallel effective parameters can be read from fig. 5(b).
With all the effective parameters known, we calculated
the angle-dependent transmittances of a slab of such struc-
ture, under both TE and TM polarizations. The EMT re-
sults agree very well with FDTD simulations on realistic
structures within the entire angle range (fig. 5(d)). Such
a perfect agreement not only further justifies our EMT,
but also implies that the non-local effect is negligible in
such a case. However, we emphasize that the non-local ef-
fect might become significant when the cylinders are thin
enough and at higher frequencies [18].

Conclusions. – In summary, we established an EMT
to homogenize a particular type of MTMs consisting
of cylindrical arrays with arbitrary shape and material
parameters. Compared with other well-accepted theories,
the newly established one works well in a much enlarged
material/geometrical parameter space, which is verified by
detailed comparisons with full wave simulation results.
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