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波动

声波

地震波水波

机械波：波在媒介（空气、水、地壳）中传播，

在波传播过程中媒介中的物质作某种振动。

电磁波：可以在真空中传播。
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地震的P波和S波

P波 S波

P波传播比S波快
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15.1 Types of Mechanical Waves
A mechanical wave is a disturbance that travels through some material or sub-
stance called the medium for the wave. As the wave travels through the medium,
the particles that make up the medium undergo displacements of various kinds,
depending on the nature of the wave.

Figure 15.1 shows three varieties of mechanical waves. In Fig. 15.1a the
medium is a string or rope under tension. If we give the left end a small upward
shake or wiggle, the wiggle travels along the length of the string. Successive
sections of string go through the same motion that we gave to the end, but at suc-
cessively later times. Because the displacements of the medium are perpendicular
or transverse to the direction of travel of the wave along the medium, this is
called a transverse wave.

In Fig. 15.1b the medium is a liquid or gas in a tube with a rigid wall at the
right end and a movable piston at the left end. If we give the piston a single
back-and-forth motion, displacement and pressure fluctuations travel down the
length of the medium. This time the motions of the particles of the medium are back
and forth along the same direction that the wave travels. We call this a
longitudinal wave.

In Fig. 15.1c the medium is a liquid in a channel, such as water in an irrigation
ditch or canal. When we move the flat board at the left end forward and back
once, a wave disturbance travels down the length of the channel. In this case the
displacements of the water have both longitudinal and transverse components.

Each of these systems has an equilibrium state. For the stretched string it is the
state in which the system is at rest, stretched out along a straight line. For the
fluid in a tube it is a state in which the fluid is at rest with uniform pressure. And
for the liquid in a trough it is a smooth, level water surface. In each case the wave
motion is a disturbance from the equilibrium state that travels from one region of
the medium to another. And in each case there are forces that tend to restore the
system to its equilibrium position when it is displaced, just as the force of gravity
tends to pull a pendulum toward its straight-down equilibrium position when it is
displaced.

Motion of the wave
Particles of the string

Particles of the fluid

Surface particles of the liquid
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As the wave passes, each
particle of the string moves up
and then down, transversely to
the motion of the wave itself.

As the wave passes, each
particle of the fluid moves
forward and then back, parallel
to the motion of the wave itself.

As the wave passes, each
particle of the liquid surface
moves in a circle.

(a) Transverse wave on a string

(b) Longitudinal wave in a fluid

(c) Waves on the surface of a liquid

15.1 Three ways to make a wave that moves to the right. (a) The hand moves the string up and then returns, producing a
transverse wave. (b) The piston moves to the right, compressing the gas or liquid, and then returns, producing a longitudinal
wave. (c) The board moves to the right and then returns, producing a combination of longitudinal and transverse waves.

Application Waves on a 
Snake’s Body
A snake moves itself along the ground by 
producing waves that travel backward 
along its body from its head to its tail. The
waves remain stationary with respect to the
ground as they push against the ground, so
the snake moves forward.

ActivPhysics 10.1: Properties of Mechanical
Waves

横波

纵波

横波
+ 
纵波

波传播能量，不传播物质。
http://v.youku.com/v_show/id_XMzg1NTQ1NTQ0.html
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15.1 Types of Mechanical Waves
A mechanical wave is a disturbance that travels through some material or sub-
stance called the medium for the wave. As the wave travels through the medium,
the particles that make up the medium undergo displacements of various kinds,
depending on the nature of the wave.

Figure 15.1 shows three varieties of mechanical waves. In Fig. 15.1a the
medium is a string or rope under tension. If we give the left end a small upward
shake or wiggle, the wiggle travels along the length of the string. Successive
sections of string go through the same motion that we gave to the end, but at suc-
cessively later times. Because the displacements of the medium are perpendicular
or transverse to the direction of travel of the wave along the medium, this is
called a transverse wave.

In Fig. 15.1b the medium is a liquid or gas in a tube with a rigid wall at the
right end and a movable piston at the left end. If we give the piston a single
back-and-forth motion, displacement and pressure fluctuations travel down the
length of the medium. This time the motions of the particles of the medium are back
and forth along the same direction that the wave travels. We call this a
longitudinal wave.

In Fig. 15.1c the medium is a liquid in a channel, such as water in an irrigation
ditch or canal. When we move the flat board at the left end forward and back
once, a wave disturbance travels down the length of the channel. In this case the
displacements of the water have both longitudinal and transverse components.

Each of these systems has an equilibrium state. For the stretched string it is the
state in which the system is at rest, stretched out along a straight line. For the
fluid in a tube it is a state in which the fluid is at rest with uniform pressure. And
for the liquid in a trough it is a smooth, level water surface. In each case the wave
motion is a disturbance from the equilibrium state that travels from one region of
the medium to another. And in each case there are forces that tend to restore the
system to its equilibrium position when it is displaced, just as the force of gravity
tends to pull a pendulum toward its straight-down equilibrium position when it is
displaced.
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(c) Waves on the surface of a liquid

15.1 Three ways to make a wave that moves to the right. (a) The hand moves the string up and then returns, producing a
transverse wave. (b) The piston moves to the right, compressing the gas or liquid, and then returns, producing a longitudinal
wave. (c) The board moves to the right and then returns, producing a combination of longitudinal and transverse waves.

Application Waves on a 
Snake’s Body
A snake moves itself along the ground by 
producing waves that travel backward 
along its body from its head to its tail. The
waves remain stationary with respect to the
ground as they push against the ground, so
the snake moves forward.
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Waves

These examples have three things in common. First, in each case the distur-
bance travels or propagates with a definite speed through the medium. This speed
is called the speed of propagation, or simply the wave speed. Its value is deter-
mined in each case by the mechanical properties of the medium. We will use the
symbol for wave speed. (The wave speed is not the same as the speed with
which particles move when they are disturbed by the wave. We’ll return to this
point in Section 15.3.) Second, the medium itself does not travel through space;
its individual particles undergo back-and-forth or up-and-down motions around
their equilibrium positions. The overall pattern of the wave disturbance is what
travels. Third, to set any of these systems into motion, we have to put in energy
by doing mechanical work on the system. The wave motion transports this
energy from one region of the medium to another. Waves transport energy, but
not matter, from one region to another (Fig. 15.2).

v
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15.2 “Doing the wave” at a sports 
stadium is an example of a mechanical
wave: The disturbance propagates through
the crowd, but there is no transport of 
matter (none of the spectators moves 
from one seat to another).

Test Your Understanding of Section 15.1 What type of wave is “the wave”
shown in Fig. 15.2? (i) transverse; (ii) longitudinal; (iii) a combination of transverse and
longitudinal. !

15.2 Periodic Waves
The transverse wave on a stretched string in Fig. 15.1a is an example of a wave
pulse. The hand shakes the string up and down just once, exerting a transverse
force on it as it does so. The result is a single “wiggle,” or pulse, that travels
along the length of the string. The tension in the string restores its straight-line
shape once the pulse has passed.

A more interesting situation develops when we give the free end of the string
a repetitive, or periodic, motion. (You may want to review the discussion of
periodic motion in Chapter 14 before going ahead.) Then each particle in the
string also undergoes periodic motion as the wave propagates, and we have a
periodic wave.

Periodic Transverse Waves
In particular, suppose we move the string up and down with simple harmonic
motion (SHM) with amplitude A, frequency angular frequency and
period Figure 15.3 shows one way to do this. The wave that
results is a symmetrical sequence of crests and troughs. As we will see, periodic

T = 1>ƒ = 2p>v.
v = 2pƒ,ƒ,

The SHM of the spring and mass generates a sinusoidal
wave in the string.  Each particle in the string exhibits the
same harmonic motion as the spring and mass;  the
amplitude of the wave is the amplitude of this motion.

Crest

Trough

Amplitude AMotion of the wave

Amplitude A

15.3 A block of mass m attached to a spring undergoes simple harmonic motion, pro-
ducing a sinusoidal wave that travels to the right on the string. (In a real-life system a
driving force would have to be applied to the block to replace the energy carried away by
the wave.)

脉冲波

定态波

周期波
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15.3 Mathematical Description of a Wave
Many characteristics of periodic waves can be described by using the concepts of
wave speed, amplitude, period, frequency, and wavelength. Often, though, we
need a more detailed description of the positions and motions of individual parti-
cles of the medium at particular times during wave propagation.

As a specific example, let’s look at waves on a stretched string. If we ignore
the sag of the string due to gravity, the equilibrium position of the string is along
a straight line. We take this to be the x-axis of a coordinate system. Waves on a
string are transverse; during wave motion a particle with equilibrium position x
is displaced some distance y in the direction perpendicular to the x-axis. The
value of y depends on which particle we are talking about (that is, y depends on x)
and also on the time t when we look at it. Thus y is a function of both x and t;

We call the wave function that describes the wave. If we
know this function for a particular wave motion, we can use it to find the dis-
placement (from equilibrium) of any particle at any time. From this we can find
the velocity and acceleration of any particle, the shape of the string, and anything
else we want to know about the behavior of the string at any time.

Wave Function for a Sinusoidal Wave
Let’s see how to determine the form of the wave function for a sinusoidal wave.
Suppose a sinusoidal wave travels from left to right (the direction of increasing x)
along the string, as in Fig. 15.8. Every particle of the string oscillates with simple
harmonic motion with the same amplitude and frequency. But the oscillations of
particles at different points on the string are not all in step with each other. The
particle at point B in Fig. 15.8 is at its maximum positive value of y at and
returns to at these same events occur for a particle at point A or
point C at and exactly one half-period later. For any two particles
of the string, the motion of the particle on the right (in terms of the wave, the
“downstream” particle) lags behind the motion of the particle on the left by an
amount proportional to the distance between the particles.

Hence the cyclic motions of various points on the string are out of step with
each other by various fractions of a cycle. We call these differences phase differ-
ences, and we say that the phase of the motion is different for different points.
For example, if one point has its maximum positive displacement at the same
time that another has its maximum negative displacement, the two are a half-
cycle out of phase. (This is the case for points A and B, or points B and C.)

Suppose that the displacement of a particle at the left end of the string
where the wave originates, is given by

(15.2)

That is, the particle oscillates in simple harmonic motion with amplitude A, fre-
quency and angular frequency The notation reminds us
that the motion of this particle is a special case of the wave function that
describes the entire wave. At the particle at is at its maximum posi-
tive displacement and is instantaneously at rest (because the value of y
is a maximum).

The wave disturbance travels from to some point x to the right of the
origin in an amount of time given by where is the wave speed. So the
motion of point x at time t is the same as the motion of point at the earlier
time Hence we can find the displacement of point x at time t by simplyt - x>v.

x = 0
vx>v,

x = 0

1y = A2 x = 0t = 0
y1x, t2y1x = 0, t2v = 2pƒ.ƒ,

y1x = 0, t2 = Acosvt = Acos2pft

1x = 02,

t = 6
8 T,t = 4

8 T
t = 2

8 T;y = 0
t = 0

y1x, t2y = y1x, t2.

t 5 0

T1
8t 5

T2
8t 5

T3
8t 5

T4
8t 5

T5
8t 5

T6
8t 5

T7
8t 5

Tt 5

The string is shown at time intervals of      period
for a total of one period T.

1
8

Three points on the string,
one half-wavelength apart

Point A Point C

Point B

Oscillator
generating wave
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15.8 Tracking the oscillations of three
points on a string as a sinusoidal wave
propagates along it.

Test Your Understanding of Section 15.2 If you double the wave-
length of a wave on a particular string, what happens to the wave speed and the
frequency (i) doubles and is unchanged; (ii) is unchanged and doubles;
(iii) becomes one-half as great and is unchanged; (iv) is unchanged and becomes
one-half as great; (v) none of these. !
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平面波、柱面波、球面波

平面波：

球面波：

柱面波：
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波动方程
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magnitude but opposite directions at the ends (this ensures that the object has no
tendency to move left or right). We say that the object is in tension. We’ve already
talked a lot about tension in ropes and strings; it’s the same concept here. The sub-
script is a reminder that the forces act perpendicular to the cross section.

We define the tensile stress at the cross section as the ratio of the force to
the cross-sectional area A:

(11.8)

This is a scalar quantity because is the magnitude of the force. The SI unit of
stress is the pascal (abbreviated Pa and named for the 17th-century French scien-
tist and philosopher Blaise Pascal). Equation (11.8) shows that 1 pascal equals 1
newton per square meter 

In the British system the logical unit of stress would be the pound per square foot,
but the pound per square inch or psi) is more commonly used. The con-
version factors are

The units of stress are the same as those of pressure, which we will encounter
often in later chapters. Air pressure in automobile tires is typically around

and steel cables are commonly required to withstand
tensile stresses of the order of 

The object shown in Fig. 11.13 stretches to a length when under
tension. The elongation does not occur only at the ends; every part of the bar
stretches in the same proportion. The tensile strain of the object is equal to the
fractional change in length, which is the ratio of the elongation to the original
length

(11.9)

Tensile strain is stretch per unit length. It is a ratio of two lengths, always meas-
ured in the same units, and so is a pure (dimensionless) number with no units.

Experiment shows that for a sufficiently small tensile stress, stress and strain
are proportional, as in Eq. (11.7). The corresponding elastic modulus is called
Young’s modulus, denoted by Y:

(11.10)

Since strain is a pure number, the units of Young’s modulus are the same as
those of stress: force per unit area. Some typical values are listed in Table 11.1.

Y = Tensile stress
Tensile strain

=
F!>A
¢l>l0

=
F!

A
l0

¢l
  (Young’s modulus)

Tensile strain =
l - l0

l0
= ¢l

l0

l0:
¢l

¢l
l = l0 + ¢l

108 Pa.
3 * 105 Pa = 300 kPa,

1 psi = 6895 Pa  and  1 Pa = 1.450 * 10-4 psi

(lb>in.2

1 pascal = 1 Pa = 1 N>m2

1N>m22:
F!

Tensile stress =
F!

A

F!

!

F!

Table 11.1 Approximate Elastic Moduli

Material Young’s Modulus, Y (Pa) Bulk Modulus, B (Pa) Shear Modulus, S (Pa)

Aluminum

Brass

Copper

Crown glass

Iron

Lead

Nickel

Steel 7.5 * 101016 * 101020 * 1010

7.8 * 101017 * 101021 * 1010

0.6 * 10104.1 * 10101.6 * 1010

7.7 * 101016 * 101021 * 1010

2.5 * 10105.0 * 10106.0 * 1010

4.4 * 101014 * 101011 * 1010

3.5 * 10106.0 * 10109.0 * 1010

2.5 * 10107.5 * 10107.0 * 1010

l0

Dl

l

Area A

F' F'

Tensile stress 5
F'
A Tensile strain 5

Dl
l0

Initial state
of the object

Object under
tensile stress

A

11.13 An object in tension. The net
force on the object is zero, but the object
deforms. The tensile stress (the ratio of the
force to the cross-sectional area) produces
a tensile strain (the elongation divided by
the initial length). The elongation is
exaggerated for clarity.

¢l

Anterior tibial tendon

Application Young’s Modulus of a
Tendon
The anterior tibial tendon connects your foot
to the large muscle that runs along the side 
of your shinbone. (You can feel this tendon at
the front of your ankle.) Measurements show
that this tendon has a Young’s modulus of 
1.2 ! 109 Pa, much less than for the solid
materials listed in Table 11.1. Hence this ten-
don stretches substantially (up to 2.5% of its
length) in response to the stresses experi-
enced in walking and running.

354 CHAPTER 11 Equilibrium and Elasticity

(This table also gives values of two other elastic moduli that we will discuss later
in this chapter.) A material with a large value of Y is relatively unstretchable; a
large stress is required for a given strain. For example, the value of Y for cast
steel is much larger than that for rubber 

When the forces on the ends of a bar are pushes rather than pulls 
(Fig. 11.14), the bar is in compression and the stress is a compressive
stress. The compressive strain of an object in compression is defined in the
same way as the tensile strain, but has the opposite direction. Hooke’s law and
Eq. (11.10) are valid for compression as well as tension if the compressive stress
is not too great. For many materials, Young’s modulus has the same value for
both tensile and compressive stresses. Composite materials such as concrete and
stone are an exception; they can withstand compressive stresses but fail under
comparable tensile stresses. Stone was the primary building material used by
ancient civilizations such as the Babylonians, Assyrians, and Romans, so their
structures had to be designed to avoid tensile stresses. Hence they used arches in
doorways and bridges, where the weight of the overlying material compresses the
stones of the arch together and does not place them under tension.

In many situations, bodies can experience both tensile and compressive stresses
at the same time. As an example, a horizontal beam supported at each end sags
under its own weight. As a result, the top of the beam is under compression, while
the bottom of the beam is under tension (Fig. 11.15a). To minimize the stress and
hence the bending strain, the top and bottom of the beam are given a large cross-
sectional area. There is neither compression nor tension along the centerline of the
beam, so this part can have a small cross section; this helps to keep the weight of
the bar to a minimum and further helps to reduce the stress. The result is an I-beam
of the familiar shape used in building construction (Fig. 11.15b).

¢l

15 * 108 Pa2.12 * 1011 Pa2

l0

Dl

A

Area A

F' F'

5
Compressive
stress

F'
A

Compressive
strain

5
Dl
l0

l

Initial state
of the object

Object under
compressive
stress

11.14 An object in compression. The
compressive stress and compressive strain
are defined in the same way as tensile
stress and strain (see Fig. 11.13), except
that now denotes the distance that the
object contracts.

¢l

(a) (b)

Top of beam is
under compression.

The top and bottom of an I-beam are broad
to minimize the compressive and tensile
stresses.

The beam can be
narrow near its
centerline, which
is under neither
compression nor
tension.

Beam’s centerline is
under neither tension
nor compression.

Bottom of beam is under tension.

11.15 (a) A beam supported at both
ends is under both compression and 
tension. (b) The cross-sectional shape of
an I-beam minimizes both stress and
weight.

Example 11.5 Tensile stress and strain

A steel rod 2.0 m long has a cross-sectional area of . It is
hung by one end from a support, and a 550-kg milling machine is
hung from its other end. Determine the stress on the rod and the
resulting strain and elongation.

SOLUTION

IDENTIFY, SET UP, and EXECUTE: The rod is under tension, so we can
use Eq. (11.8) to find the tensile stress; Eq. (11.9), with the value of
Young’s modulus Y for steel from Table 11.1, to find the corre-
sponding strain; and Eq. (11.10) to find the elongation :¢l

0.30 cm2

EVALUATE: This small elongation, resulting from a load of over
half a ton, is a testament to the stiffness of steel.

= 19.0 * 10-4212.0 m2 = 0.0018 m = 1.8 mm

 Elongation = ¢l = 1Strain2 * l0

 Strain = ¢l
l0

= Stress
Y

= 1.8 * 108 Pa

20 * 1010 Pa
= 9.0 * 10-4

 Tensile stress =
F!

A
=
1550 kg219.8 m>s22

3.0 * 10-5 m2
= 1.8 * 108 Pa

Bulk Stress and Strain
When a scuba diver plunges deep into the ocean, the water exerts nearly uniform
pressure everywhere on his surface and squeezes him to a slightly smaller volume
(see Fig. 11.12b). This is a different situation from the tensile and compressive

?压缩拉伸
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magnitude but opposite directions at the ends (this ensures that the object has no
tendency to move left or right). We say that the object is in tension. We’ve already
talked a lot about tension in ropes and strings; it’s the same concept here. The sub-
script is a reminder that the forces act perpendicular to the cross section.

We define the tensile stress at the cross section as the ratio of the force to
the cross-sectional area A:

(11.8)

This is a scalar quantity because is the magnitude of the force. The SI unit of
stress is the pascal (abbreviated Pa and named for the 17th-century French scien-
tist and philosopher Blaise Pascal). Equation (11.8) shows that 1 pascal equals 1
newton per square meter 

In the British system the logical unit of stress would be the pound per square foot,
but the pound per square inch or psi) is more commonly used. The con-
version factors are

The units of stress are the same as those of pressure, which we will encounter
often in later chapters. Air pressure in automobile tires is typically around

and steel cables are commonly required to withstand
tensile stresses of the order of 

The object shown in Fig. 11.13 stretches to a length when under
tension. The elongation does not occur only at the ends; every part of the bar
stretches in the same proportion. The tensile strain of the object is equal to the
fractional change in length, which is the ratio of the elongation to the original
length

(11.9)

Tensile strain is stretch per unit length. It is a ratio of two lengths, always meas-
ured in the same units, and so is a pure (dimensionless) number with no units.

Experiment shows that for a sufficiently small tensile stress, stress and strain
are proportional, as in Eq. (11.7). The corresponding elastic modulus is called
Young’s modulus, denoted by Y:

(11.10)

Since strain is a pure number, the units of Young’s modulus are the same as
those of stress: force per unit area. Some typical values are listed in Table 11.1.
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11.13 An object in tension. The net
force on the object is zero, but the object
deforms. The tensile stress (the ratio of the
force to the cross-sectional area) produces
a tensile strain (the elongation divided by
the initial length). The elongation is
exaggerated for clarity.

¢l

Anterior tibial tendon

Application Young’s Modulus of a
Tendon
The anterior tibial tendon connects your foot
to the large muscle that runs along the side 
of your shinbone. (You can feel this tendon at
the front of your ankle.) Measurements show
that this tendon has a Young’s modulus of 
1.2 ! 109 Pa, much less than for the solid
materials listed in Table 11.1. Hence this ten-
don stretches substantially (up to 2.5% of its
length) in response to the stresses experi-
enced in walking and running.
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magnitude but opposite directions at the ends (this ensures that the object has no
tendency to move left or right). We say that the object is in tension. We’ve already
talked a lot about tension in ropes and strings; it’s the same concept here. The sub-
script is a reminder that the forces act perpendicular to the cross section.

We define the tensile stress at the cross section as the ratio of the force to
the cross-sectional area A:

(11.8)

This is a scalar quantity because is the magnitude of the force. The SI unit of
stress is the pascal (abbreviated Pa and named for the 17th-century French scien-
tist and philosopher Blaise Pascal). Equation (11.8) shows that 1 pascal equals 1
newton per square meter 

In the British system the logical unit of stress would be the pound per square foot,
but the pound per square inch or psi) is more commonly used. The con-
version factors are

The units of stress are the same as those of pressure, which we will encounter
often in later chapters. Air pressure in automobile tires is typically around

and steel cables are commonly required to withstand
tensile stresses of the order of 

The object shown in Fig. 11.13 stretches to a length when under
tension. The elongation does not occur only at the ends; every part of the bar
stretches in the same proportion. The tensile strain of the object is equal to the
fractional change in length, which is the ratio of the elongation to the original
length

(11.9)

Tensile strain is stretch per unit length. It is a ratio of two lengths, always meas-
ured in the same units, and so is a pure (dimensionless) number with no units.

Experiment shows that for a sufficiently small tensile stress, stress and strain
are proportional, as in Eq. (11.7). The corresponding elastic modulus is called
Young’s modulus, denoted by Y:

(11.10)

Since strain is a pure number, the units of Young’s modulus are the same as
those of stress: force per unit area. Some typical values are listed in Table 11.1.
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magnitude but opposite directions at the ends (this ensures that the object has no
tendency to move left or right). We say that the object is in tension. We’ve already
talked a lot about tension in ropes and strings; it’s the same concept here. The sub-
script is a reminder that the forces act perpendicular to the cross section.

We define the tensile stress at the cross section as the ratio of the force to
the cross-sectional area A:

(11.8)

This is a scalar quantity because is the magnitude of the force. The SI unit of
stress is the pascal (abbreviated Pa and named for the 17th-century French scien-
tist and philosopher Blaise Pascal). Equation (11.8) shows that 1 pascal equals 1
newton per square meter 

In the British system the logical unit of stress would be the pound per square foot,
but the pound per square inch or psi) is more commonly used. The con-
version factors are

The units of stress are the same as those of pressure, which we will encounter
often in later chapters. Air pressure in automobile tires is typically around

and steel cables are commonly required to withstand
tensile stresses of the order of 

The object shown in Fig. 11.13 stretches to a length when under
tension. The elongation does not occur only at the ends; every part of the bar
stretches in the same proportion. The tensile strain of the object is equal to the
fractional change in length, which is the ratio of the elongation to the original
length

(11.9)

Tensile strain is stretch per unit length. It is a ratio of two lengths, always meas-
ured in the same units, and so is a pure (dimensionless) number with no units.

Experiment shows that for a sufficiently small tensile stress, stress and strain
are proportional, as in Eq. (11.7). The corresponding elastic modulus is called
Young’s modulus, denoted by Y:

(11.10)

Since strain is a pure number, the units of Young’s modulus are the same as
those of stress: force per unit area. Some typical values are listed in Table 11.1.
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force on the object is zero, but the object
deforms. The tensile stress (the ratio of the
force to the cross-sectional area) produces
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the initial length). The elongation is
exaggerated for clarity.
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magnitude but opposite directions at the ends (this ensures that the object has no
tendency to move left or right). We say that the object is in tension. We’ve already
talked a lot about tension in ropes and strings; it’s the same concept here. The sub-
script is a reminder that the forces act perpendicular to the cross section.

We define the tensile stress at the cross section as the ratio of the force to
the cross-sectional area A:

(11.8)

This is a scalar quantity because is the magnitude of the force. The SI unit of
stress is the pascal (abbreviated Pa and named for the 17th-century French scien-
tist and philosopher Blaise Pascal). Equation (11.8) shows that 1 pascal equals 1
newton per square meter 

In the British system the logical unit of stress would be the pound per square foot,
but the pound per square inch or psi) is more commonly used. The con-
version factors are

The units of stress are the same as those of pressure, which we will encounter
often in later chapters. Air pressure in automobile tires is typically around

and steel cables are commonly required to withstand
tensile stresses of the order of 

The object shown in Fig. 11.13 stretches to a length when under
tension. The elongation does not occur only at the ends; every part of the bar
stretches in the same proportion. The tensile strain of the object is equal to the
fractional change in length, which is the ratio of the elongation to the original
length

(11.9)

Tensile strain is stretch per unit length. It is a ratio of two lengths, always meas-
ured in the same units, and so is a pure (dimensionless) number with no units.

Experiment shows that for a sufficiently small tensile stress, stress and strain
are proportional, as in Eq. (11.7). The corresponding elastic modulus is called
Young’s modulus, denoted by Y:

(11.10)

Since strain is a pure number, the units of Young’s modulus are the same as
those of stress: force per unit area. Some typical values are listed in Table 11.1.
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exaggerated for clarity.
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(This table also gives values of two other elastic moduli that we will discuss later
in this chapter.) A material with a large value of Y is relatively unstretchable; a
large stress is required for a given strain. For example, the value of Y for cast
steel is much larger than that for rubber 

When the forces on the ends of a bar are pushes rather than pulls 
(Fig. 11.14), the bar is in compression and the stress is a compressive
stress. The compressive strain of an object in compression is defined in the
same way as the tensile strain, but has the opposite direction. Hooke’s law and
Eq. (11.10) are valid for compression as well as tension if the compressive stress
is not too great. For many materials, Young’s modulus has the same value for
both tensile and compressive stresses. Composite materials such as concrete and
stone are an exception; they can withstand compressive stresses but fail under
comparable tensile stresses. Stone was the primary building material used by
ancient civilizations such as the Babylonians, Assyrians, and Romans, so their
structures had to be designed to avoid tensile stresses. Hence they used arches in
doorways and bridges, where the weight of the overlying material compresses the
stones of the arch together and does not place them under tension.

In many situations, bodies can experience both tensile and compressive stresses
at the same time. As an example, a horizontal beam supported at each end sags
under its own weight. As a result, the top of the beam is under compression, while
the bottom of the beam is under tension (Fig. 11.15a). To minimize the stress and
hence the bending strain, the top and bottom of the beam are given a large cross-
sectional area. There is neither compression nor tension along the centerline of the
beam, so this part can have a small cross section; this helps to keep the weight of
the bar to a minimum and further helps to reduce the stress. The result is an I-beam
of the familiar shape used in building construction (Fig. 11.15b).
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11.14 An object in compression. The
compressive stress and compressive strain
are defined in the same way as tensile
stress and strain (see Fig. 11.13), except
that now denotes the distance that the
object contracts.
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The top and bottom of an I-beam are broad
to minimize the compressive and tensile
stresses.

The beam can be
narrow near its
centerline, which
is under neither
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Beam’s centerline is
under neither tension
nor compression.

Bottom of beam is under tension.

11.15 (a) A beam supported at both
ends is under both compression and 
tension. (b) The cross-sectional shape of
an I-beam minimizes both stress and
weight.

Example 11.5 Tensile stress and strain

A steel rod 2.0 m long has a cross-sectional area of . It is
hung by one end from a support, and a 550-kg milling machine is
hung from its other end. Determine the stress on the rod and the
resulting strain and elongation.

SOLUTION

IDENTIFY, SET UP, and EXECUTE: The rod is under tension, so we can
use Eq. (11.8) to find the tensile stress; Eq. (11.9), with the value of
Young’s modulus Y for steel from Table 11.1, to find the corre-
sponding strain; and Eq. (11.10) to find the elongation :¢l

0.30 cm2

EVALUATE: This small elongation, resulting from a load of over
half a ton, is a testament to the stiffness of steel.

= 19.0 * 10-4212.0 m2 = 0.0018 m = 1.8 mm

 Elongation = ¢l = 1Strain2 * l0

 Strain = ¢l
l0

= Stress
Y

= 1.8 * 108 Pa

20 * 1010 Pa
= 9.0 * 10-4

 Tensile stress =
F!

A
=
1550 kg219.8 m>s22

3.0 * 10-5 m2
= 1.8 * 108 Pa

Bulk Stress and Strain
When a scuba diver plunges deep into the ocean, the water exerts nearly uniform
pressure everywhere on his surface and squeezes him to a slightly smaller volume
(see Fig. 11.12b). This is a different situation from the tensile and compressive

?压缩

拉伸

不变

354 CHAPTER 11 Equilibrium and Elasticity

(This table also gives values of two other elastic moduli that we will discuss later
in this chapter.) A material with a large value of Y is relatively unstretchable; a
large stress is required for a given strain. For example, the value of Y for cast
steel is much larger than that for rubber 

When the forces on the ends of a bar are pushes rather than pulls 
(Fig. 11.14), the bar is in compression and the stress is a compressive
stress. The compressive strain of an object in compression is defined in the
same way as the tensile strain, but has the opposite direction. Hooke’s law and
Eq. (11.10) are valid for compression as well as tension if the compressive stress
is not too great. For many materials, Young’s modulus has the same value for
both tensile and compressive stresses. Composite materials such as concrete and
stone are an exception; they can withstand compressive stresses but fail under
comparable tensile stresses. Stone was the primary building material used by
ancient civilizations such as the Babylonians, Assyrians, and Romans, so their
structures had to be designed to avoid tensile stresses. Hence they used arches in
doorways and bridges, where the weight of the overlying material compresses the
stones of the arch together and does not place them under tension.

In many situations, bodies can experience both tensile and compressive stresses
at the same time. As an example, a horizontal beam supported at each end sags
under its own weight. As a result, the top of the beam is under compression, while
the bottom of the beam is under tension (Fig. 11.15a). To minimize the stress and
hence the bending strain, the top and bottom of the beam are given a large cross-
sectional area. There is neither compression nor tension along the centerline of the
beam, so this part can have a small cross section; this helps to keep the weight of
the bar to a minimum and further helps to reduce the stress. The result is an I-beam
of the familiar shape used in building construction (Fig. 11.15b).
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Example 11.5 Tensile stress and strain

A steel rod 2.0 m long has a cross-sectional area of . It is
hung by one end from a support, and a 550-kg milling machine is
hung from its other end. Determine the stress on the rod and the
resulting strain and elongation.

SOLUTION

IDENTIFY, SET UP, and EXECUTE: The rod is under tension, so we can
use Eq. (11.8) to find the tensile stress; Eq. (11.9), with the value of
Young’s modulus Y for steel from Table 11.1, to find the corre-
sponding strain; and Eq. (11.10) to find the elongation :¢l
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(This table also gives values of two other elastic moduli that we will discuss later
in this chapter.) A material with a large value of Y is relatively unstretchable; a
large stress is required for a given strain. For example, the value of Y for cast
steel is much larger than that for rubber 

When the forces on the ends of a bar are pushes rather than pulls 
(Fig. 11.14), the bar is in compression and the stress is a compressive
stress. The compressive strain of an object in compression is defined in the
same way as the tensile strain, but has the opposite direction. Hooke’s law and
Eq. (11.10) are valid for compression as well as tension if the compressive stress
is not too great. For many materials, Young’s modulus has the same value for
both tensile and compressive stresses. Composite materials such as concrete and
stone are an exception; they can withstand compressive stresses but fail under
comparable tensile stresses. Stone was the primary building material used by
ancient civilizations such as the Babylonians, Assyrians, and Romans, so their
structures had to be designed to avoid tensile stresses. Hence they used arches in
doorways and bridges, where the weight of the overlying material compresses the
stones of the arch together and does not place them under tension.

In many situations, bodies can experience both tensile and compressive stresses
at the same time. As an example, a horizontal beam supported at each end sags
under its own weight. As a result, the top of the beam is under compression, while
the bottom of the beam is under tension (Fig. 11.15a). To minimize the stress and
hence the bending strain, the top and bottom of the beam are given a large cross-
sectional area. There is neither compression nor tension along the centerline of the
beam, so this part can have a small cross section; this helps to keep the weight of
the bar to a minimum and further helps to reduce the stress. The result is an I-beam
of the familiar shape used in building construction (Fig. 11.15b).
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Example 11.5 Tensile stress and strain

A steel rod 2.0 m long has a cross-sectional area of . It is
hung by one end from a support, and a 550-kg milling machine is
hung from its other end. Determine the stress on the rod and the
resulting strain and elongation.

SOLUTION

IDENTIFY, SET UP, and EXECUTE: The rod is under tension, so we can
use Eq. (11.8) to find the tensile stress; Eq. (11.9), with the value of
Young’s modulus Y for steel from Table 11.1, to find the corre-
sponding strain; and Eq. (11.10) to find the elongation :¢l
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EVALUATE: This small elongation, resulting from a load of over
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Bulk Stress and Strain
When a scuba diver plunges deep into the ocean, the water exerts nearly uniform
pressure everywhere on his surface and squeezes him to a slightly smaller volume
(see Fig. 11.12b). This is a different situation from the tensile and compressive
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The reciprocal of the bulk modulus is called the compressibility and is
denoted by k. From Eq. (11.13),

(11.14)

Compressibility is the fractional decrease in volume, per unit increase
in pressure. The units of compressibility are those of reciprocal pressure,
or

Table 11.2 lists the values of compressibility k for several liquids. For exam-
ple, the compressibility of water is which means that the vol-
ume of water decreases by 46.4 parts per million for each 1-atmosphere increase
in pressure. Materials with small bulk modulus and large compressibility are eas-
ier to compress.

46.4 * 10-6 atm-1,

atm-1.Pa-1
¢p

- ¢V>V0,

k = 1
B

= -
¢V>V0

¢p
= - 1

V0

¢V
¢p

  (compressibility)

Table 11.2 Compressibilities 
of Liquids

Compressibility, k

Liquid

Carbon
disulfide

Ethyl
alcohol

Glycerine

Mercury

Water 46.4 * 10-645.8 * 10-11

3.8 * 10-63.7 * 10-11

21 * 10-621 * 10-11

111 * 10-6110 * 10-11

94 * 10-693 * 10-11

atm!1Pa!1

Example 11.6 Bulk stress and strain

A hydraulic press contains 250 L of oil. Find the decrease
in the volume of the oil when it is subjected to a pressure increase

(about 160 atm or 2300 psi). The bulk modu-
lus of the oil is (about ) and its
compressibility is 

SOLUTION

IDENTIFY, SET UP, and EXECUTE: This example uses the ideas of
bulk stress and strain. We are given both the bulk modulus and the
compressibility, and our target variable is Solving Eq. (11.13)
for we find

= -8.0 * 10-4 m3 = -0.80 L

¢V = -
V0 ¢p

B
= -

10.25 m3211.6 * 107 Pa2
5.0 * 109 Pa

¢V,
¢V.

k = 1>B = 20 * 10-6 atm-1.
5.0 * 104 atmB = 5.0 * 109 Pa

¢p = 1.6 * 107 Pa

210.25 m3 Alternatively, we can use Eq. (11.14) with the approximate unit
conversions given above:

EVALUATE: The negative value of means that the volume
decreases when the pressure increases. Even though the 160-atm
pressure increase is large, the fractional change in volume is very
small:

¢V
V0

= -8.0 * 10-4 m3

0.25 m3
= -0.0032  or  -0.32%

¢V

= -8.0 * 10-4 m3

¢V = -kV0 ¢p = -120 * 10-6 atm-1210.25 m321160 atm2

Shear Stress and Strain
The third kind of stress-strain situation is called shear. The ribbon in Fig. 11.12c is
under shear stress: One part of the ribbon is being pushed up while an adjacent
part is being pushed down, producing a deformation of the ribbon. Figure 11.17
shows a body being deformed by a shear stress. In the figure, forces of equal
magnitude but opposite direction act tangent to the surfaces of opposite ends of
the object. We define the shear stress as the force acting tangent to the surface
divided by the area A on which it acts:

(11.15)

Shear stress, like the other two types of stress, is a force per unit area.
Figure 11.17 shows that one face of the object under shear stress is displaced

by a distance x relative to the opposite face. We define shear strain as the ratio of
the displacement x to the transverse dimension h:

(11.16)

In real-life situations, x is nearly always much smaller than h. Like all strains,
shear strain is a dimensionless number; it is a ratio of two lengths.

Shear strain = x
h

Shear stress =
FŒ
A

FŒ

Shear stress 5
F||

A Shear strain 5
x
h

h

x
A

Area A

F||

F||

Initial state
of the object

Object under
shear stress

11.17 An object under shear stress.
Forces are applied tangent to opposite sur-
faces of the object (in contrast to the situa-
tion in Fig. 11.13, in which the forces act
perpendicular to the surfaces). The defor-
mation x is exaggerated for clarity.
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stresses and strains we have discussed. The stress is now a uniform pressure on
all sides, and the resulting deformation is a volume change. We use the terms
bulk stress (or volume stress) and bulk strain (or volume strain) to describe
these quantities.

If an object is immersed in a fluid (liquid or gas) at rest, the fluid exerts a
force on any part of the object’s surface; this force is perpendicular to the sur-
face. (If we tried to make the fluid exert a force parallel to the surface, the fluid
would slip sideways to counteract the effort.) The force per unit area that
the fluid exerts on the surface of an immersed object is called the pressure p in
the fluid:

(11.11)

The pressure in a fluid increases with depth. For example, the pressure of the
air is about 21% greater at sea level than in Denver (at an elevation of 1.6 km, or
1.0 mi). If an immersed object is relatively small, however, we can ignore pres-
sure differences due to depth for the purpose of calculating bulk stress. Hence we
will treat the pressure as having the same value at all points on an immersed
object’s surface.

Pressure has the same units as stress; commonly used units include 1 Pa
and (1 psi). Also in common use is the atmosphere, abbre-

viated atm. One atmosphere is the approximate average pressure of the earth’s
atmosphere at sea level:

CAUTION Pressure vs. force Unlike force, pressure has no intrinsic direction: The
pressure on the surface of an immersed object is the same no matter how the surface is ori-
ented. Hence pressure is a scalar quantity, not a vector quantity. !

Pressure plays the role of stress in a volume deformation. The corresponding
strain is the fractional change in volume (Fig. 11.16)—that is, the ratio of the vol-
ume change to the original volume 

(11.12)

Volume strain is the change in volume per unit volume. Like tensile or compres-
sive strain, it is a pure number, without units.

When Hooke’s law is obeyed, an increase in pressure (bulk stress) produces a
proportional bulk strain (fractional change in volume). The corresponding elastic
modulus (ratio of stress to strain) is called the bulk modulus, denoted by B.
When the pressure on a body changes by a small amount from to

and the resulting bulk strain is Hooke’s law takes the form

(11.13)

We include a minus sign in this equation because an increase of pressure always
causes a decrease in volume. In other words, if is positive, is negative.
The bulk modulus B itself is a positive quantity.

For small pressure changes in a solid or a liquid, we consider B to be constant.
The bulk modulus of a gas, however, depends on the initial pressure Table 11.1
includes values of the bulk modulus for several solid materials. Its units, force
per unit area, are the same as those of pressure (and of tensile or compressive
stress).

p0.

¢V¢p

B = Bulk stress
Bulk strain

= -
¢p

¢V>V0
  (bulk modulus)

¢V>V0,p0 + ¢p,
p0¢p,

Bulk (volume) strain = ¢V
V0

V0:¢V

1 atmosphere = 1 atm = 1.013 * 105 Pa = 14.7 lb>in.2

1 lb>in.21=1 N>m22

p =
F!

A
  (pressure in a fluid)

F!

Initial state
of the object

Object under
bulk stress

F' F'

F'

F'

F'

F'

Bulk stress 5 Dp Bulk strain 5
DV
V0

Pressure 5 p0

Pressure 5 p 5 p0 1 Dp

Volume
V0

Volume
V

V 5 V0 1 DV
(DV , 0)

11.16 An object under bulk stress.
Without the stress, the cube has volume 
when the stress is applied, the cube has a
smaller volume V. The volume change 
is exaggerated for clarity.

¢V

V0;

Application Bulk Stress on an
Anglerfish
The anglerfish (Melanocetus johnsoni) is found
in oceans throughout the world at depths as
great as 1000 m, where the pressure (that
is, the bulk stress) is about 100 atmospheres.
Anglerfish are able to withstand such stress
because they have no internal air spaces,
unlike fish found in the upper ocean where
pressures are lower. The largest anglerfish
are about 12 cm (5 in.) long.
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stresses and strains we have discussed. The stress is now a uniform pressure on
all sides, and the resulting deformation is a volume change. We use the terms
bulk stress (or volume stress) and bulk strain (or volume strain) to describe
these quantities.

If an object is immersed in a fluid (liquid or gas) at rest, the fluid exerts a
force on any part of the object’s surface; this force is perpendicular to the sur-
face. (If we tried to make the fluid exert a force parallel to the surface, the fluid
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will treat the pressure as having the same value at all points on an immersed
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viated atm. One atmosphere is the approximate average pressure of the earth’s
atmosphere at sea level:
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pressure on the surface of an immersed object is the same no matter how the surface is ori-
ented. Hence pressure is a scalar quantity, not a vector quantity. !

Pressure plays the role of stress in a volume deformation. The corresponding
strain is the fractional change in volume (Fig. 11.16)—that is, the ratio of the vol-
ume change to the original volume 

(11.12)

Volume strain is the change in volume per unit volume. Like tensile or compres-
sive strain, it is a pure number, without units.

When Hooke’s law is obeyed, an increase in pressure (bulk stress) produces a
proportional bulk strain (fractional change in volume). The corresponding elastic
modulus (ratio of stress to strain) is called the bulk modulus, denoted by B.
When the pressure on a body changes by a small amount from to

and the resulting bulk strain is Hooke’s law takes the form

(11.13)

We include a minus sign in this equation because an increase of pressure always
causes a decrease in volume. In other words, if is positive, is negative.
The bulk modulus B itself is a positive quantity.

For small pressure changes in a solid or a liquid, we consider B to be constant.
The bulk modulus of a gas, however, depends on the initial pressure Table 11.1
includes values of the bulk modulus for several solid materials. Its units, force
per unit area, are the same as those of pressure (and of tensile or compressive
stress).
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pressures are lower. The largest anglerfish
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magnitude but opposite directions at the ends (this ensures that the object has no
tendency to move left or right). We say that the object is in tension. We’ve already
talked a lot about tension in ropes and strings; it’s the same concept here. The sub-
script is a reminder that the forces act perpendicular to the cross section.

We define the tensile stress at the cross section as the ratio of the force to
the cross-sectional area A:

(11.8)

This is a scalar quantity because is the magnitude of the force. The SI unit of
stress is the pascal (abbreviated Pa and named for the 17th-century French scien-
tist and philosopher Blaise Pascal). Equation (11.8) shows that 1 pascal equals 1
newton per square meter 

In the British system the logical unit of stress would be the pound per square foot,
but the pound per square inch or psi) is more commonly used. The con-
version factors are

The units of stress are the same as those of pressure, which we will encounter
often in later chapters. Air pressure in automobile tires is typically around

and steel cables are commonly required to withstand
tensile stresses of the order of 

The object shown in Fig. 11.13 stretches to a length when under
tension. The elongation does not occur only at the ends; every part of the bar
stretches in the same proportion. The tensile strain of the object is equal to the
fractional change in length, which is the ratio of the elongation to the original
length

(11.9)

Tensile strain is stretch per unit length. It is a ratio of two lengths, always meas-
ured in the same units, and so is a pure (dimensionless) number with no units.

Experiment shows that for a sufficiently small tensile stress, stress and strain
are proportional, as in Eq. (11.7). The corresponding elastic modulus is called
Young’s modulus, denoted by Y:

(11.10)

Since strain is a pure number, the units of Young’s modulus are the same as
those of stress: force per unit area. Some typical values are listed in Table 11.1.

Y = Tensile stress
Tensile strain

=
F!>A
¢l>l0

=
F!

A
l0

¢l
  (Young’s modulus)

Tensile strain =
l - l0

l0
= ¢l

l0

l0:
¢l

¢l
l = l0 + ¢l

108 Pa.
3 * 105 Pa = 300 kPa,

1 psi = 6895 Pa  and  1 Pa = 1.450 * 10-4 psi

(lb>in.2

1 pascal = 1 Pa = 1 N>m2

1N>m22:
F!

Tensile stress =
F!

A

F!

!

F!

Table 11.1 Approximate Elastic Moduli

Material Young’s Modulus, Y (Pa) Bulk Modulus, B (Pa) Shear Modulus, S (Pa)

Aluminum

Brass

Copper

Crown glass

Iron

Lead

Nickel

Steel 7.5 * 101016 * 101020 * 1010

7.8 * 101017 * 101021 * 1010

0.6 * 10104.1 * 10101.6 * 1010

7.7 * 101016 * 101021 * 1010

2.5 * 10105.0 * 10106.0 * 1010

4.4 * 101014 * 101011 * 1010

3.5 * 10106.0 * 10109.0 * 1010

2.5 * 10107.5 * 10107.0 * 1010

l0

Dl

l

Area A

F' F'

Tensile stress 5
F'
A Tensile strain 5

Dl
l0

Initial state
of the object

Object under
tensile stress

A

11.13 An object in tension. The net
force on the object is zero, but the object
deforms. The tensile stress (the ratio of the
force to the cross-sectional area) produces
a tensile strain (the elongation divided by
the initial length). The elongation is
exaggerated for clarity.

¢l

Anterior tibial tendon

Application Young’s Modulus of a
Tendon
The anterior tibial tendon connects your foot
to the large muscle that runs along the side 
of your shinbone. (You can feel this tendon at
the front of your ankle.) Measurements show
that this tendon has a Young’s modulus of 
1.2 ! 109 Pa, much less than for the solid
materials listed in Table 11.1. Hence this ten-
don stretches substantially (up to 2.5% of its
length) in response to the stresses experi-
enced in walking and running.
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force on the object is zero, but the object
deforms. The tensile stress (the ratio of the
force to the cross-sectional area) produces
a tensile strain (the elongation divided by
the initial length). The elongation is
exaggerated for clarity.
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of your shinbone. (You can feel this tendon at
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The reciprocal of the bulk modulus is called the compressibility and is
denoted by k. From Eq. (11.13),

(11.14)

Compressibility is the fractional decrease in volume, per unit increase
in pressure. The units of compressibility are those of reciprocal pressure,
or

Table 11.2 lists the values of compressibility k for several liquids. For exam-
ple, the compressibility of water is which means that the vol-
ume of water decreases by 46.4 parts per million for each 1-atmosphere increase
in pressure. Materials with small bulk modulus and large compressibility are eas-
ier to compress.

46.4 * 10-6 atm-1,

atm-1.Pa-1
¢p

- ¢V>V0,

k = 1
B

= -
¢V>V0

¢p
= - 1

V0

¢V
¢p

  (compressibility)

Table 11.2 Compressibilities 
of Liquids

Compressibility, k

Liquid

Carbon
disulfide

Ethyl
alcohol

Glycerine

Mercury

Water 46.4 * 10-645.8 * 10-11

3.8 * 10-63.7 * 10-11

21 * 10-621 * 10-11

111 * 10-6110 * 10-11

94 * 10-693 * 10-11

atm!1Pa!1

Example 11.6 Bulk stress and strain

A hydraulic press contains 250 L of oil. Find the decrease
in the volume of the oil when it is subjected to a pressure increase

(about 160 atm or 2300 psi). The bulk modu-
lus of the oil is (about ) and its
compressibility is 

SOLUTION

IDENTIFY, SET UP, and EXECUTE: This example uses the ideas of
bulk stress and strain. We are given both the bulk modulus and the
compressibility, and our target variable is Solving Eq. (11.13)
for we find

= -8.0 * 10-4 m3 = -0.80 L

¢V = -
V0 ¢p

B
= -

10.25 m3211.6 * 107 Pa2
5.0 * 109 Pa

¢V,
¢V.

k = 1>B = 20 * 10-6 atm-1.
5.0 * 104 atmB = 5.0 * 109 Pa

¢p = 1.6 * 107 Pa

210.25 m3 Alternatively, we can use Eq. (11.14) with the approximate unit
conversions given above:

EVALUATE: The negative value of means that the volume
decreases when the pressure increases. Even though the 160-atm
pressure increase is large, the fractional change in volume is very
small:

¢V
V0

= -8.0 * 10-4 m3

0.25 m3
= -0.0032  or  -0.32%

¢V

= -8.0 * 10-4 m3

¢V = -kV0 ¢p = -120 * 10-6 atm-1210.25 m321160 atm2

Shear Stress and Strain
The third kind of stress-strain situation is called shear. The ribbon in Fig. 11.12c is
under shear stress: One part of the ribbon is being pushed up while an adjacent
part is being pushed down, producing a deformation of the ribbon. Figure 11.17
shows a body being deformed by a shear stress. In the figure, forces of equal
magnitude but opposite direction act tangent to the surfaces of opposite ends of
the object. We define the shear stress as the force acting tangent to the surface
divided by the area A on which it acts:

(11.15)

Shear stress, like the other two types of stress, is a force per unit area.
Figure 11.17 shows that one face of the object under shear stress is displaced

by a distance x relative to the opposite face. We define shear strain as the ratio of
the displacement x to the transverse dimension h:

(11.16)

In real-life situations, x is nearly always much smaller than h. Like all strains,
shear strain is a dimensionless number; it is a ratio of two lengths.

Shear strain = x
h

Shear stress =
FŒ
A

FŒ

Shear stress 5
F||

A Shear strain 5
x
h

h

x
A

Area A

F||

F||

Initial state
of the object

Object under
shear stress

11.17 An object under shear stress.
Forces are applied tangent to opposite sur-
faces of the object (in contrast to the situa-
tion in Fig. 11.13, in which the forces act
perpendicular to the surfaces). The defor-
mation x is exaggerated for clarity.
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stresses and strains we have discussed. The stress is now a uniform pressure on
all sides, and the resulting deformation is a volume change. We use the terms
bulk stress (or volume stress) and bulk strain (or volume strain) to describe
these quantities.

If an object is immersed in a fluid (liquid or gas) at rest, the fluid exerts a
force on any part of the object’s surface; this force is perpendicular to the sur-
face. (If we tried to make the fluid exert a force parallel to the surface, the fluid
would slip sideways to counteract the effort.) The force per unit area that
the fluid exerts on the surface of an immersed object is called the pressure p in
the fluid:

(11.11)

The pressure in a fluid increases with depth. For example, the pressure of the
air is about 21% greater at sea level than in Denver (at an elevation of 1.6 km, or
1.0 mi). If an immersed object is relatively small, however, we can ignore pres-
sure differences due to depth for the purpose of calculating bulk stress. Hence we
will treat the pressure as having the same value at all points on an immersed
object’s surface.

Pressure has the same units as stress; commonly used units include 1 Pa
and (1 psi). Also in common use is the atmosphere, abbre-

viated atm. One atmosphere is the approximate average pressure of the earth’s
atmosphere at sea level:

CAUTION Pressure vs. force Unlike force, pressure has no intrinsic direction: The
pressure on the surface of an immersed object is the same no matter how the surface is ori-
ented. Hence pressure is a scalar quantity, not a vector quantity. !

Pressure plays the role of stress in a volume deformation. The corresponding
strain is the fractional change in volume (Fig. 11.16)—that is, the ratio of the vol-
ume change to the original volume 

(11.12)

Volume strain is the change in volume per unit volume. Like tensile or compres-
sive strain, it is a pure number, without units.

When Hooke’s law is obeyed, an increase in pressure (bulk stress) produces a
proportional bulk strain (fractional change in volume). The corresponding elastic
modulus (ratio of stress to strain) is called the bulk modulus, denoted by B.
When the pressure on a body changes by a small amount from to

and the resulting bulk strain is Hooke’s law takes the form

(11.13)

We include a minus sign in this equation because an increase of pressure always
causes a decrease in volume. In other words, if is positive, is negative.
The bulk modulus B itself is a positive quantity.

For small pressure changes in a solid or a liquid, we consider B to be constant.
The bulk modulus of a gas, however, depends on the initial pressure Table 11.1
includes values of the bulk modulus for several solid materials. Its units, force
per unit area, are the same as those of pressure (and of tensile or compressive
stress).
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p =
F!

A
  (pressure in a fluid)

F!

Initial state
of the object

Object under
bulk stress

F' F'

F'

F'

F'

F'

Bulk stress 5 Dp Bulk strain 5
DV
V0

Pressure 5 p0

Pressure 5 p 5 p0 1 Dp

Volume
V0

Volume
V

V 5 V0 1 DV
(DV , 0)

11.16 An object under bulk stress.
Without the stress, the cube has volume 
when the stress is applied, the cube has a
smaller volume V. The volume change 
is exaggerated for clarity.

¢V

V0;

Application Bulk Stress on an
Anglerfish
The anglerfish (Melanocetus johnsoni) is found
in oceans throughout the world at depths as
great as 1000 m, where the pressure (that
is, the bulk stress) is about 100 atmospheres.
Anglerfish are able to withstand such stress
because they have no internal air spaces,
unlike fish found in the upper ocean where
pressures are lower. The largest anglerfish
are about 12 cm (5 in.) long.
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固体棒中的声速
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magnitude but opposite directions at the ends (this ensures that the object has no
tendency to move left or right). We say that the object is in tension. We’ve already
talked a lot about tension in ropes and strings; it’s the same concept here. The sub-
script is a reminder that the forces act perpendicular to the cross section.

We define the tensile stress at the cross section as the ratio of the force to
the cross-sectional area A:

(11.8)

This is a scalar quantity because is the magnitude of the force. The SI unit of
stress is the pascal (abbreviated Pa and named for the 17th-century French scien-
tist and philosopher Blaise Pascal). Equation (11.8) shows that 1 pascal equals 1
newton per square meter 

In the British system the logical unit of stress would be the pound per square foot,
but the pound per square inch or psi) is more commonly used. The con-
version factors are

The units of stress are the same as those of pressure, which we will encounter
often in later chapters. Air pressure in automobile tires is typically around

and steel cables are commonly required to withstand
tensile stresses of the order of 

The object shown in Fig. 11.13 stretches to a length when under
tension. The elongation does not occur only at the ends; every part of the bar
stretches in the same proportion. The tensile strain of the object is equal to the
fractional change in length, which is the ratio of the elongation to the original
length

(11.9)

Tensile strain is stretch per unit length. It is a ratio of two lengths, always meas-
ured in the same units, and so is a pure (dimensionless) number with no units.

Experiment shows that for a sufficiently small tensile stress, stress and strain
are proportional, as in Eq. (11.7). The corresponding elastic modulus is called
Young’s modulus, denoted by Y:

(11.10)

Since strain is a pure number, the units of Young’s modulus are the same as
those of stress: force per unit area. Some typical values are listed in Table 11.1.

Y = Tensile stress
Tensile strain

=
F!>A
¢l>l0

=
F!

A
l0

¢l
  (Young’s modulus)

Tensile strain =
l - l0

l0
= ¢l

l0

l0:
¢l

¢l
l = l0 + ¢l

108 Pa.
3 * 105 Pa = 300 kPa,

1 psi = 6895 Pa  and  1 Pa = 1.450 * 10-4 psi

(lb>in.2

1 pascal = 1 Pa = 1 N>m2

1N>m22:
F!

Tensile stress =
F!

A

F!

!

F!

Table 11.1 Approximate Elastic Moduli

Material Young’s Modulus, Y (Pa) Bulk Modulus, B (Pa) Shear Modulus, S (Pa)

Aluminum

Brass

Copper

Crown glass

Iron

Lead

Nickel

Steel 7.5 * 101016 * 101020 * 1010

7.8 * 101017 * 101021 * 1010

0.6 * 10104.1 * 10101.6 * 1010

7.7 * 101016 * 101021 * 1010

2.5 * 10105.0 * 10106.0 * 1010

4.4 * 101014 * 101011 * 1010

3.5 * 10106.0 * 10109.0 * 1010

2.5 * 10107.5 * 10107.0 * 1010

l0

Dl

l

Area A

F' F'

Tensile stress 5
F'
A Tensile strain 5

Dl
l0

Initial state
of the object

Object under
tensile stress

A

11.13 An object in tension. The net
force on the object is zero, but the object
deforms. The tensile stress (the ratio of the
force to the cross-sectional area) produces
a tensile strain (the elongation divided by
the initial length). The elongation is
exaggerated for clarity.

¢l

Anterior tibial tendon

Application Young’s Modulus of a
Tendon
The anterior tibial tendon connects your foot
to the large muscle that runs along the side 
of your shinbone. (You can feel this tendon at
the front of your ankle.) Measurements show
that this tendon has a Young’s modulus of 
1.2 ! 109 Pa, much less than for the solid
materials listed in Table 11.1. Hence this ten-
don stretches substantially (up to 2.5% of its
length) in response to the stresses experi-
enced in walking and running.

纵波： 杨氏模量vp =

s
E

⇢
横波： 切变模量vs =

s
G

⇢
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弦横波

force times time) is equal to the change of transverse momentum of the moving por-
tion (mass times transverse component of velocity). The impulse of the transverse
force in time t is In Fig. 15.11b the right triangle whose vertex is at P, with
sides and is similar to the right triangle whose vertex is at the position of
the hand, with sides and F. Hence

and

The mass of the moving portion of the string is the product of the mass per unit
length and the length or The transverse momentum is the product of
this mass and the transverse velocity 

We note again that the momentum increases with time not because mass is mov-
ing faster, as was usually the case in Chapter 8, but because more mass is brought
into motion. But the impulse of the force is still equal to the total change in
momentum of the system. Applying this relationship, we obtain

Solving this for we find

(15.13)

Equation (15.13) confirms our prediction that the wave speed should increase
when the tension F increases but decrease when the mass per unit length 
increases (Fig. 15.12).

Note that does not appear in Eq. (15.13); thus the wave speed doesn’t
depend on Our calculation considered only a very special kind of pulse, but
we can consider any shape of wave disturbance as a series of pulses with differ-
ent values of So even though we derived Eq. (15.13) for a special case, it is
valid for any transverse wave motion on a string, including the sinusoidal and
other periodic waves we discussed in Section 15.3. Note also that the wave speed
doesn’t depend on the amplitude or frequency of the wave, in accordance with
our assumptions in Section 15.3.

Wave Speed on a String: Second Method
Here is an alternative derivation of Eq. (15.13). If you aren’t comfortable with
partial derivatives, it can be omitted. We apply Newton’s second law, 
to a small segment of string whose length in the equilibrium position is 
(Fig. 15.13). The mass of the segment is the forces at the ends are
represented in terms of their x- and y-components. The x-components have equal
magnitude F and add to zero because the motion is transverse and there is no com-
ponent of acceleration in the x-direction. To obtain and we note that the
ratio is equal in magnitude to the slope of the string at point x and that

is equal to the slope at point Taking proper account of signs, we
find

(15.14)
F1y

F
= - a 0y

0x
b

x
  F2y

F
= a 0y

0x
b

x+¢x

x + ¢x.F2y>FF1y>F F2y,F1y

m = m ¢x;
¢x

gF
S

! maS,

vy.

vy.
vy

m
v

v = AF
m
  (speed of a transverse wave on a string)

v,

F
vy

v
t = mvtvy

Fy

Transverse momentum = 1mvt2vy

vy:
mvt.vt,m

Transverse impulse = Fyt = F
vy

v
t

Fy

F
=

vyt

vt
  Fy = F

vy

v

Fy

vt,vyt
Fyt.Fy
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15.12 These cables have a relatively
large amount of mass per unit length 

and a low tension If the cables
are disturbed—say, by a bird landing on
them—transverse waves will travel
along them at a slow speed v = 2F>m.

1F2.1m2

There can be a net vertical
force on the segment, but
the net horizontal force is
zero (the motion is
transverse).

The string to the left of the segment (not
shown) exerts a force F1 on the segment.

S

The string to the right of the segment (not
shown) exerts a force F2 on the segment.

S

! xF1

F
F1y

x x + ! x

Equilibrium length of
this segment of the string

F

F2y

F2

15.13 Free-body diagram for a segment
of string. The force at each end of the
string is tangent to the string at the point of
application.
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气体中的声速

11.4 Stress, Strain, and Elastic Moduli 353

magnitude but opposite directions at the ends (this ensures that the object has no
tendency to move left or right). We say that the object is in tension. We’ve already
talked a lot about tension in ropes and strings; it’s the same concept here. The sub-
script is a reminder that the forces act perpendicular to the cross section.

We define the tensile stress at the cross section as the ratio of the force to
the cross-sectional area A:

(11.8)

This is a scalar quantity because is the magnitude of the force. The SI unit of
stress is the pascal (abbreviated Pa and named for the 17th-century French scien-
tist and philosopher Blaise Pascal). Equation (11.8) shows that 1 pascal equals 1
newton per square meter 

In the British system the logical unit of stress would be the pound per square foot,
but the pound per square inch or psi) is more commonly used. The con-
version factors are

The units of stress are the same as those of pressure, which we will encounter
often in later chapters. Air pressure in automobile tires is typically around

and steel cables are commonly required to withstand
tensile stresses of the order of 

The object shown in Fig. 11.13 stretches to a length when under
tension. The elongation does not occur only at the ends; every part of the bar
stretches in the same proportion. The tensile strain of the object is equal to the
fractional change in length, which is the ratio of the elongation to the original
length

(11.9)

Tensile strain is stretch per unit length. It is a ratio of two lengths, always meas-
ured in the same units, and so is a pure (dimensionless) number with no units.

Experiment shows that for a sufficiently small tensile stress, stress and strain
are proportional, as in Eq. (11.7). The corresponding elastic modulus is called
Young’s modulus, denoted by Y:

(11.10)

Since strain is a pure number, the units of Young’s modulus are the same as
those of stress: force per unit area. Some typical values are listed in Table 11.1.

Y = Tensile stress
Tensile strain

=
F!>A
¢l>l0

=
F!

A
l0

¢l
  (Young’s modulus)

Tensile strain =
l - l0

l0
= ¢l

l0

l0:
¢l

¢l
l = l0 + ¢l

108 Pa.
3 * 105 Pa = 300 kPa,

1 psi = 6895 Pa  and  1 Pa = 1.450 * 10-4 psi

(lb>in.2

1 pascal = 1 Pa = 1 N>m2

1N>m22:
F!

Tensile stress =
F!

A

F!

!

F!

Table 11.1 Approximate Elastic Moduli

Material Young’s Modulus, Y (Pa) Bulk Modulus, B (Pa) Shear Modulus, S (Pa)

Aluminum

Brass

Copper

Crown glass

Iron

Lead

Nickel

Steel 7.5 * 101016 * 101020 * 1010

7.8 * 101017 * 101021 * 1010

0.6 * 10104.1 * 10101.6 * 1010

7.7 * 101016 * 101021 * 1010

2.5 * 10105.0 * 10106.0 * 1010

4.4 * 101014 * 101011 * 1010

3.5 * 10106.0 * 10109.0 * 1010

2.5 * 10107.5 * 10107.0 * 1010

l0

Dl

l

Area A

F' F'

Tensile stress 5
F'
A Tensile strain 5

Dl
l0

Initial state
of the object

Object under
tensile stress

A

11.13 An object in tension. The net
force on the object is zero, but the object
deforms. The tensile stress (the ratio of the
force to the cross-sectional area) produces
a tensile strain (the elongation divided by
the initial length). The elongation is
exaggerated for clarity.

¢l

Anterior tibial tendon

Application Young’s Modulus of a
Tendon
The anterior tibial tendon connects your foot
to the large muscle that runs along the side 
of your shinbone. (You can feel this tendon at
the front of your ankle.) Measurements show
that this tendon has a Young’s modulus of 
1.2 ! 109 Pa, much less than for the solid
materials listed in Table 11.1. Hence this ten-
don stretches substantially (up to 2.5% of its
length) in response to the stresses experi-
enced in walking and running.

Ea = �p0

356 CHAPTER 11 Equilibrium and Elasticity

The reciprocal of the bulk modulus is called the compressibility and is
denoted by k. From Eq. (11.13),

(11.14)

Compressibility is the fractional decrease in volume, per unit increase
in pressure. The units of compressibility are those of reciprocal pressure,
or

Table 11.2 lists the values of compressibility k for several liquids. For exam-
ple, the compressibility of water is which means that the vol-
ume of water decreases by 46.4 parts per million for each 1-atmosphere increase
in pressure. Materials with small bulk modulus and large compressibility are eas-
ier to compress.

46.4 * 10-6 atm-1,

atm-1.Pa-1
¢p

- ¢V>V0,

k = 1
B

= -
¢V>V0

¢p
= - 1

V0

¢V
¢p

  (compressibility)

Table 11.2 Compressibilities 
of Liquids

Compressibility, k

Liquid

Carbon
disulfide

Ethyl
alcohol

Glycerine

Mercury

Water 46.4 * 10-645.8 * 10-11

3.8 * 10-63.7 * 10-11

21 * 10-621 * 10-11

111 * 10-6110 * 10-11

94 * 10-693 * 10-11

atm!1Pa!1

Example 11.6 Bulk stress and strain

A hydraulic press contains 250 L of oil. Find the decrease
in the volume of the oil when it is subjected to a pressure increase

(about 160 atm or 2300 psi). The bulk modu-
lus of the oil is (about ) and its
compressibility is 

SOLUTION

IDENTIFY, SET UP, and EXECUTE: This example uses the ideas of
bulk stress and strain. We are given both the bulk modulus and the
compressibility, and our target variable is Solving Eq. (11.13)
for we find

= -8.0 * 10-4 m3 = -0.80 L

¢V = -
V0 ¢p

B
= -

10.25 m3211.6 * 107 Pa2
5.0 * 109 Pa

¢V,
¢V.

k = 1>B = 20 * 10-6 atm-1.
5.0 * 104 atmB = 5.0 * 109 Pa

¢p = 1.6 * 107 Pa

210.25 m3 Alternatively, we can use Eq. (11.14) with the approximate unit
conversions given above:

EVALUATE: The negative value of means that the volume
decreases when the pressure increases. Even though the 160-atm
pressure increase is large, the fractional change in volume is very
small:

¢V
V0

= -8.0 * 10-4 m3

0.25 m3
= -0.0032  or  -0.32%

¢V

= -8.0 * 10-4 m3

¢V = -kV0 ¢p = -120 * 10-6 atm-1210.25 m321160 atm2

Shear Stress and Strain
The third kind of stress-strain situation is called shear. The ribbon in Fig. 11.12c is
under shear stress: One part of the ribbon is being pushed up while an adjacent
part is being pushed down, producing a deformation of the ribbon. Figure 11.17
shows a body being deformed by a shear stress. In the figure, forces of equal
magnitude but opposite direction act tangent to the surfaces of opposite ends of
the object. We define the shear stress as the force acting tangent to the surface
divided by the area A on which it acts:

(11.15)

Shear stress, like the other two types of stress, is a force per unit area.
Figure 11.17 shows that one face of the object under shear stress is displaced

by a distance x relative to the opposite face. We define shear strain as the ratio of
the displacement x to the transverse dimension h:

(11.16)

In real-life situations, x is nearly always much smaller than h. Like all strains,
shear strain is a dimensionless number; it is a ratio of two lengths.

Shear strain = x
h

Shear stress =
FŒ
A

FŒ

Shear stress 5
F||

A Shear strain 5
x
h

h

x
A

Area A

F||

F||

Initial state
of the object

Object under
shear stress

11.17 An object under shear stress.
Forces are applied tangent to opposite sur-
faces of the object (in contrast to the situa-
tion in Fig. 11.13, in which the forces act
perpendicular to the surfaces). The defor-
mation x is exaggerated for clarity.

Ga = 0

v =

r
�p0
⇢0

⇡ 331.2 m/s

� = 1.4, p0 = 105 N/m2, and ⇢0 = 1.3 kg/m3

� =
v
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16.1 Sound Waves 511

The fractional volume change is related to the pressure fluctuation by the bulk
modulus B, which by definition [Eq. (11.13)] is (see Sec-
tion 11.4). Solving for we have

(16.3)

The negative sign arises because when is positive, the displacement
is greater at than at x, corresponding to an increase in volume and a
decrease in pressure.

When we evaluate for the sinusoidal wave of Eq. (16.1), we find

(16.4)

Figure 16.3 shows and for a sinusoidal sound wave at It also
shows how individual particles of the wave are displaced at this time. While

and describe the same wave, these two functions are one-quarter
cycle out of phase: At any time, the displacement is greatest where the pressure
fluctuation is zero, and vice versa. In particular, note that the compressions
(points of greatest pressure and density) and rarefactions (points of lowest pres-
sure and density) are points of zero displacement.

CAUTION Graphs of a sound wave Keep in mind that the graphs in Fig. 16.3 show the
wave at only one instant of time. Because the wave is propagating in the -direction, as
time goes by the wave patterns in the functions and move to the right at the
wave speed Hence the positions of the compressions and rarefactions also move
to the right at this same speed. The particles, by contrast, simply oscillate back and forth in
simple harmonic motion as shown in Fig. 16.1. !

Equation (16.4) shows that the quantity BkA represents the maximum pressure
fluctuation. We call this the pressure amplitude, denoted by 

(16.5)pmax = BkA  (sinusoidal sound wave)

pmax:

v = v>k.
p1x, t2y1x, t2 +x

p1x, t2y1x, t2 t = 0.p1x, t2y1x, t2 p1x, t2 = BkA sin1kx - vt20y1x, t2>0 x

x + ¢x
0y1x, t2>0 x

p1x, t2 = -B
0y1x, t2

0 x

p1x, t2, B = -p1x, t2>1dV>V2

x

Where y . 0,
particles are dis-
placed to the right.

Where y , 0,
particles are
displaced to the left.

Rarefaction:
particles pulled apart;
pressure is most negative.

Compression:
particles pile up;
pressure is most positive.

(a) A graph of displacement
y versus position x
at t ! 0

(b) A cartoon showing the
displacement of individual
particles in the fluid at t 5 0

(c) A graph of pressure
fluctuation p versus
position x at t 5 0

Undisplaced particles

Displaced particles

pmax

p

"pmax

A

"A

y
y . 0 y . 0

y , 0 y , 0
x

Wavelength l 16.3 Three ways to describe a sound
wave.

气体中的压力波
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气体中的压力波
u(x, t) = A cos(!t� kx)

p(x, t) = Ap cos(!t� kx+ ⇡/2)

Ap = EakA = �p0kA
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波的叠加15.7 Standing Waves on a String 491

waves overlap, the actual displacement of any point on the string at any time is
obtained by adding the displacement the point would have if only the first wave
were present and the displacement it would have if only the second wave were
present. In other words, the wave function that describes the resulting
motion in this situation is obtained by adding the two wave functions for the two
separate waves:

(15.27)

Mathematically, this additive property of wave functions follows from the
form of the wave equation, Eq. (15.12) or (15.18), which every physically possi-
ble wave function must satisfy. Specifically, the wave equation is linear; that is, it
contains the function only to the first power (there are no terms involving

etc.). As a result, if any two functions and sat-
isfy the wave equation separately, their sum also satisfies it
and is therefore a physically possible motion. Because this principle depends on
the linearity of the wave equation and the corresponding linear-combination
property of its solutions, it is also called the principle of linear superposition. For
some physical systems, such as a medium that does not obey Hooke’s law, the
wave equation is not linear; this principle does not hold for such systems.

The principle of superposition is of central importance in all types of waves.
When a friend talks to you while you are listening to music, you can distin-
guish the sound of speech and the sound of music from each other. This is
precisely because the total sound wave reaching your ears is the algebraic sum
of the wave produced by your friend’s voice and the wave produced by the
speakers of your stereo. If two sound waves did not combine in this simple lin-
ear way, the sound you would hear in this situation would be a hopeless jumble.
Superposition also applies to electromagnetic waves (such as light) and many
other types of waves.

y11x, t2 + y21x, t2 y21x, t2y11x, t2y1x, t21/2,y1x, t22,
y1x, t2

y1x, t2 = y11x, t2 + y21x, t2  (principle of superposition)

y1x, t2

O

15.21 Overlap of two wave pulses—
both right side up—traveling in opposite
directions. Time increases from top to bot-
tom. Compare to Fig. 15.20.

Test Your Understanding of Section 15.6 Figure 15.22 shows two wave
pulses with different shapes traveling in different directions along a string. Make a series of
sketches like Fig. 15.21 showing the shape of the string as the two pulses approach, over-
lap, and then pass each other.

!

15.22 Two wave pulses with different
shapes.

15.7 Standing Waves on a String
We have talked about the reflection of a wave pulse on a string when it arrives at
a boundary point (either a fixed end or a free end). Now let’s look at what hap-
pens when a sinusoidal wave is reflected by a fixed end of a string. We’ll again
approach the problem by considering the superposition of two waves propagat-
ing through the string, one representing the original or incident wave and the
other representing the wave reflected at the fixed end.

Figure 15.23 shows a string that is fixed at its left end. Its right end is moved
up and down in simple harmonic motion to produce a wave that travels to the
left; the wave reflected from the fixed end travels to the right. The resulting
motion when the two waves combine no longer looks like two waves traveling in
opposite directions. The string appears to be subdivided into a number of seg-
ments, as in the time-exposure photographs of Figs. 15.23a, 15.23b, 15.23c, and
15.23d. Figure 15.23e shows two instantaneous shapes of the string in Fig.
15.23b. Let’s compare this behavior with the waves we studied in Sections 15.1
through 15.5. In a wave that travels along the string, the amplitude is constant
and the wave pattern moves with a speed equal to the wave speed. Here, instead,
the wave pattern remains in the same position along the string and its amplitude

pulled back down, and again a reflected pulse is produced (drawing 7). As for a
fixed end, the reflected pulse moves in the opposite direction from the initial
pulse, but now the direction of the displacement is the same as for the initial
pulse. The conditions at the end of the string, such as a rigid support or the com-
plete absence of transverse force, are called boundary conditions.

The formation of the reflected pulse is similar to the overlap of two pulses
traveling in opposite directions. Figure 15.20 shows two pulses with the same
shape, one inverted with respect to the other, traveling in opposite directions. As
the pulses overlap and pass each other, the total displacement of the string is the
algebraic sum of the displacements at that point in the individual pulses. Because
these two pulses have the same shape, the total displacement at point O in the
middle of the figure is zero at all times. Thus the motion of the left half of the
string would be the same if we cut the string at point O, threw away the right
side, and held the end at O fixed. The two pulses on the left side then correspond
to the incident and reflected pulses, combining so that the total displacement at O
is always zero. For this to occur, the reflected pulse must be inverted relative to
the incident pulse.

Figure 15.21 shows two pulses with the same shape, traveling in opposite
directions but not inverted relative to each other. The displacement at point O in
the middle of the figure is not zero, but the slope of the string at this point is
always zero. According to Eq. (15.20), this corresponds to the absence of any
transverse force at this point. In this case the motion of the left half of the string
would be the same as if we cut the string at point O and attached the end to a fric-
tionless sliding ring (Fig. 15.19b) that maintains tension without exerting any
transverse force. In other words, this situation corresponds to reflection of a pulse
at a free end of a string at point O. In this case the reflected pulse is not inverted.

The Principle of Superposition
Combining the displacements of the separate pulses at each point to obtain the
actual displacement is an example of the principle of superposition: When two
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String exerts an upward
force on wall ...

... wall exerts a downward
reaction force on string.

(a) Wave reflects from a fixed end. (b) Wave reflects from a free end.15.19 Reflection of a wave pulse (a) at
a fixed end of a string and (b) at a free
end. Time increases from top to bottom in
each figure.

As the pulses overlap, the displacement of the
string at any point is the algebraic sum of the
displacements due to the individual pulses.

Shapes that each pulse
would have on its own

O

15.20 Overlap of two wave pulses—
one right side up, one inverted—traveling
in opposite directions. Time increases
from top to bottom.

u(x, t) = u1(x, t) + u2(x, t)

线性叠加：

Prepared by Jiang Xiao



k1 k2

波的叠加

u(r, t) = u1(r, t) + u2(r, t)
线性叠加：

相长叠加：

相消叠加：

(k1 � k2) · r = 2n⇡

(k1 � k2) · r = (2n+ 1)⇡

波的干涉：http://v.youku.com/v_show/id_XMzg2ODA5MjY4.html

u1(r, t) = A1 cos(!t+ k1 · r)
u2(r, t) = A2 cos(!t+ k2 · r)

|k1| = |k2| = !/v

Prepared by Jiang Xiao

http://v.youku.com/v_show/id_XMzg2ODA5MjY4.html
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15.6 Wave Interference, Boundary Conditions,
and Superposition

Up to this point we’ve been discussing waves that propagate continuously in the
same direction. But when a wave strikes the boundaries of its medium, all or part of
the wave is reflected. When you yell at a building wall or a cliff face some distance
away, the sound wave is reflected from the rigid surface and you hear an echo.
When you flip the end of a rope whose far end is tied to a rigid support, a pulse
travels the length of the rope and is reflected back to you. In both cases, the initial
and reflected waves overlap in the same region of the medium. This overlapping of
waves is called interference. (In general, the term “interference” refers to what
happens when two or more waves pass through the same region at the same time.)

As a simple example of wave reflections and the role of the boundary of a
wave medium, let’s look again at transverse waves on a stretched string. What
happens when a wave pulse or a sinusoidal wave arrives at the end of the string?

If the end is fastened to a rigid support, it is a fixed end that cannot move. The
arriving wave exerts a force on the support; the reaction to this force, exerted by
the support on the string, “kicks back” on the string and sets up a reflected pulse
or wave traveling in the reverse direction. Figure 15.18 is a series of photographs
showing the reflection of a pulse at the fixed end of a long coiled spring. The
reflected pulse moves in the opposite direction from the initial, or incident, pulse,
and its displacement is also opposite. Figure 15.19a illustrates this situation for a
wave pulse on a string.

The opposite situation from an end that is held stationary is a free end, one that
is perfectly free to move in the direction perpendicular to the length of the string.
For example, the string might be tied to a light ring that slides on a frictionless
rod perpendicular to the string, as in Fig. 15.19b. The ring and rod maintain the
tension but exert no transverse force. When a wave arrives at this free end, the
ring slides along the rod. The ring reaches a maximum displacement, and both it
and the string come momentarily to rest, as in drawing 4 in Fig. 15.19b. But the
string is now stretched, giving increased tension, so the free end of the string is

Example 15.5 The inverse-square law

A siren on a tall pole radiates sound waves uniformly in all direc-
tions. At a distance of 15.0 m from the siren, the sound intensity is

At what distance is the intensity 

SOLUTION

IDENTIFY and SET UP: Because sound is radiated uniformly in all
directions, we can use the inverse-square law, Eq. (15.26). At

the intensity is and the target vari-
able is the distance at which the intensity is I2 = 0.010 W>m2.r2

I1 = 0.250 W>m2,r1 = 15.0 m

0.010 W>m2?0.250 W>m2.

EXECUTE: We solve Eq. (15.26) for 

EVALUATE: As a check on our answer, note that is five times
greater than By the inverse-square law, the intensity should
be as great as and indeed it is.

By using the inverse-square law, we’ve assumed that the sound
waves travel in straight lines away from the siren. A more realistic
solution, which is beyond our scope, would account for the reflec-
tion of sound waves from the ground.

I1,1>52 = 1>25
I2r1.

r2

r2 = r1BI1

I2
= 115.0 m2B0.250 W>m2

0.010 W>m2
= 75.0 m

r2:

Test Your Understanding of Section 15.5 Four identical strings each
carry a sinusoidal wave of frequency 10 Hz. The string tension and wave ampli-
tude are different for different strings. Rank the following strings in order from
highest to lowest value of the average wave power: (i) tension 10 N, amplitude 1.0 mm;
(ii) tension 40 N, amplitude 1.0 mm; (iii) tension 10 N, amplitude 4.0 mm; 
(iv) tension 20 N, amplitude 2.0 mm. !

15.18 A series of images of a wave
pulse, equally spaced in time from top to
bottom. The pulse starts at the left in the
top image, travels to the right, and is
reflected from the fixed end at the right.

The intensity I at any distance r is therefore inversely proportional to This
relationship is called the inverse-square law for intensity.
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波的反射（固定端点）：http://v.youku.com/v_show/id_XMzg5NTI1MTQw.html

Prepared by Jiang Xiao
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pulled back down, and again a reflected pulse is produced (drawing 7). As for a
fixed end, the reflected pulse moves in the opposite direction from the initial
pulse, but now the direction of the displacement is the same as for the initial
pulse. The conditions at the end of the string, such as a rigid support or the com-
plete absence of transverse force, are called boundary conditions.

The formation of the reflected pulse is similar to the overlap of two pulses
traveling in opposite directions. Figure 15.20 shows two pulses with the same
shape, one inverted with respect to the other, traveling in opposite directions. As
the pulses overlap and pass each other, the total displacement of the string is the
algebraic sum of the displacements at that point in the individual pulses. Because
these two pulses have the same shape, the total displacement at point O in the
middle of the figure is zero at all times. Thus the motion of the left half of the
string would be the same if we cut the string at point O, threw away the right
side, and held the end at O fixed. The two pulses on the left side then correspond
to the incident and reflected pulses, combining so that the total displacement at O
is always zero. For this to occur, the reflected pulse must be inverted relative to
the incident pulse.

Figure 15.21 shows two pulses with the same shape, traveling in opposite
directions but not inverted relative to each other. The displacement at point O in
the middle of the figure is not zero, but the slope of the string at this point is
always zero. According to Eq. (15.20), this corresponds to the absence of any
transverse force at this point. In this case the motion of the left half of the string
would be the same as if we cut the string at point O and attached the end to a fric-
tionless sliding ring (Fig. 15.19b) that maintains tension without exerting any
transverse force. In other words, this situation corresponds to reflection of a pulse
at a free end of a string at point O. In this case the reflected pulse is not inverted.

The Principle of Superposition
Combining the displacements of the separate pulses at each point to obtain the
actual displacement is an example of the principle of superposition: When two
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(a) Wave reflects from a fixed end. (b) Wave reflects from a free end.15.19 Reflection of a wave pulse (a) at
a fixed end of a string and (b) at a free
end. Time increases from top to bottom in
each figure.

As the pulses overlap, the displacement of the
string at any point is the algebraic sum of the
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would have on its own
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15.20 Overlap of two wave pulses—
one right side up, one inverted—traveling
in opposite directions. Time increases
from top to bottom.
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pulled back down, and again a reflected pulse is produced (drawing 7). As for a
fixed end, the reflected pulse moves in the opposite direction from the initial
pulse, but now the direction of the displacement is the same as for the initial
pulse. The conditions at the end of the string, such as a rigid support or the com-
plete absence of transverse force, are called boundary conditions.

The formation of the reflected pulse is similar to the overlap of two pulses
traveling in opposite directions. Figure 15.20 shows two pulses with the same
shape, one inverted with respect to the other, traveling in opposite directions. As
the pulses overlap and pass each other, the total displacement of the string is the
algebraic sum of the displacements at that point in the individual pulses. Because
these two pulses have the same shape, the total displacement at point O in the
middle of the figure is zero at all times. Thus the motion of the left half of the
string would be the same if we cut the string at point O, threw away the right
side, and held the end at O fixed. The two pulses on the left side then correspond
to the incident and reflected pulses, combining so that the total displacement at O
is always zero. For this to occur, the reflected pulse must be inverted relative to
the incident pulse.

Figure 15.21 shows two pulses with the same shape, traveling in opposite
directions but not inverted relative to each other. The displacement at point O in
the middle of the figure is not zero, but the slope of the string at this point is
always zero. According to Eq. (15.20), this corresponds to the absence of any
transverse force at this point. In this case the motion of the left half of the string
would be the same as if we cut the string at point O and attached the end to a fric-
tionless sliding ring (Fig. 15.19b) that maintains tension without exerting any
transverse force. In other words, this situation corresponds to reflection of a pulse
at a free end of a string at point O. In this case the reflected pulse is not inverted.

The Principle of Superposition
Combining the displacements of the separate pulses at each point to obtain the
actual displacement is an example of the principle of superposition: When two
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(a) Wave reflects from a fixed end. (b) Wave reflects from a free end.15.19 Reflection of a wave pulse (a) at
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15.20 Overlap of two wave pulses—
one right side up, one inverted—traveling
in opposite directions. Time increases
from top to bottom.
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15.6Wave Interference, Boundary Conditions,
and Superposition

Up to this point we’ve been discussing waves that propagate continuously in the
same direction. But when a wave strikes the boundaries of its medium, all or part of
the wave is reflected.When you yell at a building wall or a cliff face some distance
away, the sound wave is reflected from the rigid surface and you hear an echo.
When you flip the end of a rope whose far end is tied to a rigid support, a pulse
travels the length of the rope and is reflected back to you. In both cases, the initial
and reflected waves overlap in the same region of the medium. This overlapping of
waves is called interference.(In general, the term “interference” refers to what
happens when two or more waves pass through the same region at the same time.)

As a simple example of wave reflections and the role of the boundary of a
wave medium, let’s look again at transverse waves on a stretched string. What
happens when a wave pulse or a sinusoidal wave arrives at the endof the string?

If the end is fastened to a rigid support, it is a fixedend that cannot move. The
arriving wave exerts a force on the support; the reaction to this force, exerted by
the support onthe string, “kicks back” on the string and sets up a reflectedpulse
or wave traveling in the reverse direction. Figure 15.18is a series of photographs
showing the reflection of a pulse at the fixed end of a long coiled spring. The
reflected pulse moves in the opposite direction from the initial, or incident,pulse,
and its displacement is also opposite. Figure 15.19a illustrates this situation for a
wave pulse on a string.

The opposite situation from an end that is held stationary is a freeend, one that
is perfectly free to move in the direction perpendicular to the length of the string.
For example, the string might be tied to a light ring that slides on a frictionless
rod perpendicular to the string, as in Fig. 15.19b. The ring and rod maintain the
tension but exert no transverse force. When a wave arrives at this free end, the
ring slides along the rod. The ring reaches a maximum displacement, and both it
and the string come momentarily to rest, as in drawing 4 in Fig. 15.19b. But the
string is now stretched, giving increased tension, so the free end of the string is

Example 15.5The inverse-square law

Asiren on a tall pole radiates sound waves uniformly in all direc-
tions. At a distance of 15.0 m from the siren, the sound intensity is

At what distance is the intensity 

SOLUTION

IDENTIFY andSET UP:Because sound is radiated uniformly in all
directions, we can use the inverse-square law, Eq. (15.26). At

the intensity is and the target vari-
able is the distance at which the intensity is I2=0.010 W>m2. r2

I1=0.250 W>m2, r1=15.0 m

0.010 W>m2? 0.250 W>m2.

EXECUTE:We solve Eq. (15.26)for 

EVALUATE:As a check on our answer, note that is five times
greater than By the inverse-square law, the intensity should
be as great as and indeed it is.

By using the inverse-square law, we’ve assumed that the sound
waves travel in straight lines away from the siren. Amore realistic
solution, which is beyond our scope, would account for the reflec-
tion of sound waves from the ground.

I1, 1>52=1>25
I2 r1.

r2

r2=r1BI1

I2
=115.0 m2B0.250 W>m2

0.010 W>m2
=75.0 m

r2:

Test Your Understanding of Section 15.5Four identical strings each
carry a sinusoidal wave of frequency 10 Hz. The string tension and wave ampli-
tude are different for different strings. Rank the following strings in order from
highest to lowest value of the average wave power: (i) tension 10 N, amplitude 1.0 mm;
(ii) tension 40 N, amplitude 1.0 mm; (iii) tension 10 N, amplitude 4.0 mm; 
(iv) tension 20 N, amplitude 2.0 mm.!

15.18Aseries of images of a wave
pulse, equally spaced in time from top to
bottom. The pulse starts at the left in the
top image, travels to the right, and is
reflected from the fixed end at the right.

The intensity Iat any distance ris therefore inversely proportional to This
relationship is called the inverse-square lawfor intensity.

r2.

pulled back down, and again a reflected pulse is produced (drawing 7). As for a
fixed end, the reflected pulse moves in the opposite direction from the initial
pulse, but now the direction of the displacement is the same as for the initial
pulse. The conditions at the end of the string, such as a rigid support or the com-
plete absence of transverse force, are called boundary conditions.

The formation of the reflected pulse is similar to the overlap of two pulses
traveling in opposite directions. Figure 15.20shows two pulses with the same
shape, one inverted with respect to the other, traveling in opposite directions. As
the pulses overlap and pass each other, the total displacement of the string is the
algebraic sumof the displacements at that point in the individual pulses. Because
these two pulses have the same shape, the total displacement at point Oin the
middle of the figure is zero at all times. Thus the motion of the left half of the
string would be the same if we cut the string at point O, threw away the right
side, and held the end at Ofixed. The two pulses on the left side then correspond
to the incident and reflected pulses, combining so that the total displacement at O
isalwayszero. For this to occur, the reflected pulse must be inverted relative to
the incident pulse.

Figure 15.21shows two pulses with the same shape, traveling in opposite
directions but notinverted relative to each other. The displacement at point Oin
the middle of the figure is not zero, but the slope of the string at this point is
always zero. According to Eq. (15.20), this corresponds to the absence of any
transverse force at this point. In this case the motion of the left half of the string
would be the same as if we cut the string at point Oand attached the end to a fric-
tionless sliding ring (Fig. 15.19b) that maintains tension without exerting any
transverse force. In other words, this situation corresponds to reflection of a pulse
at a free end of a string at point O. In this case the reflected pulse is notinverted.

The Principle of Superposition
Combining the displacements of the separate pulses at each point to obtain the
actual displacement is an example of the principle of superposition:When two
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in opposite directions. Time increases
from top to bottom.
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pulled back down, and again a reflected pulse is produced (drawing 7). As for a
fixed end, the reflected pulse moves in the opposite direction from the initial
pulse, but now the direction of the displacement is the same as for the initial
pulse. The conditions at the end of the string, such as a rigid support or the com-
plete absence of transverse force, are called boundary conditions.

The formation of the reflected pulse is similar to the overlap of two pulses
traveling in opposite directions. Figure 15.20 shows two pulses with the same
shape, one inverted with respect to the other, traveling in opposite directions. As
the pulses overlap and pass each other, the total displacement of the string is the
algebraic sum of the displacements at that point in the individual pulses. Because
these two pulses have the same shape, the total displacement at point O in the
middle of the figure is zero at all times. Thus the motion of the left half of the
string would be the same if we cut the string at point O, threw away the right
side, and held the end at O fixed. The two pulses on the left side then correspond
to the incident and reflected pulses, combining so that the total displacement at O
is always zero. For this to occur, the reflected pulse must be inverted relative to
the incident pulse.

Figure 15.21 shows two pulses with the same shape, traveling in opposite
directions but not inverted relative to each other. The displacement at point O in
the middle of the figure is not zero, but the slope of the string at this point is
always zero. According to Eq. (15.20), this corresponds to the absence of any
transverse force at this point. In this case the motion of the left half of the string
would be the same as if we cut the string at point O and attached the end to a fric-
tionless sliding ring (Fig. 15.19b) that maintains tension without exerting any
transverse force. In other words, this situation corresponds to reflection of a pulse
at a free end of a string at point O. In this case the reflected pulse is not inverted.

The Principle of Superposition
Combining the displacements of the separate pulses at each point to obtain the
actual displacement is an example of the principle of superposition: When two
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(a) Wave reflects from a fixed end. (b) Wave reflects from a free end.15.19 Reflection of a wave pulse (a) at
a fixed end of a string and (b) at a free
end. Time increases from top to bottom in
each figure.
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15.20 Overlap of two wave pulses—
one right side up, one inverted—traveling
in opposite directions. Time increases
from top to bottom.
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waves overlap, the actual displacement of any point on the string at any time is
obtained by adding the displacement the point would have if only the first wave
were present and the displacement it would have if only the second wave were
present. In other words, the wave function that describes the resulting
motion in this situation is obtained by adding the two wave functions for the two
separate waves:

(15.27)

Mathematically, this additive property of wave functions follows from the
form of the wave equation, Eq. (15.12) or (15.18), which every physically possi-
ble wave function must satisfy. Specifically, the wave equation is linear; that is, it
contains the function only to the first power (there are no terms involving

etc.). As a result, if any two functions and sat-
isfy the wave equation separately, their sum also satisfies it
and is therefore a physically possible motion. Because this principle depends on
the linearity of the wave equation and the corresponding linear-combination
property of its solutions, it is also called the principle of linear superposition. For
some physical systems, such as a medium that does not obey Hooke’s law, the
wave equation is not linear; this principle does not hold for such systems.

The principle of superposition is of central importance in all types of waves.
When a friend talks to you while you are listening to music, you can distin-
guish the sound of speech and the sound of music from each other. This is
precisely because the total sound wave reaching your ears is the algebraic sum
of the wave produced by your friend’s voice and the wave produced by the
speakers of your stereo. If two sound waves did not combine in this simple lin-
ear way, the sound you would hear in this situation would be a hopeless jumble.
Superposition also applies to electromagnetic waves (such as light) and many
other types of waves.

y11x, t2 + y21x, t2 y21x, t2y11x, t2y1x, t21/2,y1x, t22,
y1x, t2

y1x, t2 = y11x, t2 + y21x, t2  (principle of superposition)

y1x, t2

O

15.21 Overlap of two wave pulses—
both right side up—traveling in opposite
directions. Time increases from top to bot-
tom. Compare to Fig. 15.20.

Test Your Understanding of Section 15.6 Figure 15.22 shows two wave
pulses with different shapes traveling in different directions along a string. Make a series of
sketches like Fig. 15.21 showing the shape of the string as the two pulses approach, over-
lap, and then pass each other.

!

15.22 Two wave pulses with different
shapes.

15.7 Standing Waves on a String
We have talked about the reflection of a wave pulse on a string when it arrives at
a boundary point (either a fixed end or a free end). Now let’s look at what hap-
pens when a sinusoidal wave is reflected by a fixed end of a string. We’ll again
approach the problem by considering the superposition of two waves propagat-
ing through the string, one representing the original or incident wave and the
other representing the wave reflected at the fixed end.

Figure 15.23 shows a string that is fixed at its left end. Its right end is moved
up and down in simple harmonic motion to produce a wave that travels to the
left; the wave reflected from the fixed end travels to the right. The resulting
motion when the two waves combine no longer looks like two waves traveling in
opposite directions. The string appears to be subdivided into a number of seg-
ments, as in the time-exposure photographs of Figs. 15.23a, 15.23b, 15.23c, and
15.23d. Figure 15.23e shows two instantaneous shapes of the string in Fig.
15.23b. Let’s compare this behavior with the waves we studied in Sections 15.1
through 15.5. In a wave that travels along the string, the amplitude is constant
and the wave pattern moves with a speed equal to the wave speed. Here, instead,
the wave pattern remains in the same position along the string and its amplitude
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waves overlap, the actual displacement of any point on the string at any time is
obtained by adding the displacement the point would have if only the first wave
were present and the displacement it would have if only the second wave were
present. In other words, the wave function that describes the resulting
motion in this situation is obtained by adding the two wave functions for the two
separate waves:

(15.27)

Mathematically, this additive property of wave functions follows from the
form of the wave equation, Eq. (15.12) or (15.18), which every physically possi-
ble wave function must satisfy. Specifically, the wave equation is linear; that is, it
contains the function only to the first power (there are no terms involving

etc.). As a result, if any two functions and sat-
isfy the wave equation separately, their sum also satisfies it
and is therefore a physically possible motion. Because this principle depends on
the linearity of the wave equation and the corresponding linear-combination
property of its solutions, it is also called the principle of linear superposition. For
some physical systems, such as a medium that does not obey Hooke’s law, the
wave equation is not linear; this principle does not hold for such systems.

The principle of superposition is of central importance in all types of waves.
When a friend talks to you while you are listening to music, you can distin-
guish the sound of speech and the sound of music from each other. This is
precisely because the total sound wave reaching your ears is the algebraic sum
of the wave produced by your friend’s voice and the wave produced by the
speakers of your stereo. If two sound waves did not combine in this simple lin-
ear way, the sound you would hear in this situation would be a hopeless jumble.
Superposition also applies to electromagnetic waves (such as light) and many
other types of waves.

y11x, t2 + y21x, t2 y21x, t2y11x, t2y1x, t21/2,y1x, t22,
y1x, t2

y1x, t2 = y11x, t2 + y21x, t2  (principle of superposition)
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15.21 Overlap of two wave pulses—
both right side up—traveling in opposite
directions. Time increases from top to bot-
tom. Compare to Fig. 15.20.

Test Your Understanding of Section 15.6 Figure 15.22 shows two wave
pulses with different shapes traveling in different directions along a string. Make a series of
sketches like Fig. 15.21 showing the shape of the string as the two pulses approach, over-
lap, and then pass each other.
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15.22 Two wave pulses with different
shapes.

15.7 Standing Waves on a String
We have talked about the reflection of a wave pulse on a string when it arrives at
a boundary point (either a fixed end or a free end). Now let’s look at what hap-
pens when a sinusoidal wave is reflected by a fixed end of a string. We’ll again
approach the problem by considering the superposition of two waves propagat-
ing through the string, one representing the original or incident wave and the
other representing the wave reflected at the fixed end.

Figure 15.23 shows a string that is fixed at its left end. Its right end is moved
up and down in simple harmonic motion to produce a wave that travels to the
left; the wave reflected from the fixed end travels to the right. The resulting
motion when the two waves combine no longer looks like two waves traveling in
opposite directions. The string appears to be subdivided into a number of seg-
ments, as in the time-exposure photographs of Figs. 15.23a, 15.23b, 15.23c, and
15.23d. Figure 15.23e shows two instantaneous shapes of the string in Fig.
15.23b. Let’s compare this behavior with the waves we studied in Sections 15.1
through 15.5. In a wave that travels along the string, the amplitude is constant
and the wave pattern moves with a speed equal to the wave speed. Here, instead,
the wave pattern remains in the same position along the string and its amplitude
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pulled back down, and again a reflected pulse is produced (drawing 7). As for a
fixed end, the reflected pulse moves in the opposite direction from the initial
pulse, but now the direction of the displacement is the same as for the initial
pulse. The conditions at the end of the string, such as a rigid support or the com-
plete absence of transverse force, are called boundary conditions.

The formation of the reflected pulse is similar to the overlap of two pulses
traveling in opposite directions. Figure 15.20 shows two pulses with the same
shape, one inverted with respect to the other, traveling in opposite directions. As
the pulses overlap and pass each other, the total displacement of the string is the
algebraic sum of the displacements at that point in the individual pulses. Because
these two pulses have the same shape, the total displacement at point O in the
middle of the figure is zero at all times. Thus the motion of the left half of the
string would be the same if we cut the string at point O, threw away the right
side, and held the end at O fixed. The two pulses on the left side then correspond
to the incident and reflected pulses, combining so that the total displacement at O
is always zero. For this to occur, the reflected pulse must be inverted relative to
the incident pulse.

Figure 15.21 shows two pulses with the same shape, traveling in opposite
directions but not inverted relative to each other. The displacement at point O in
the middle of the figure is not zero, but the slope of the string at this point is
always zero. According to Eq. (15.20), this corresponds to the absence of any
transverse force at this point. In this case the motion of the left half of the string
would be the same as if we cut the string at point O and attached the end to a fric-
tionless sliding ring (Fig. 15.19b) that maintains tension without exerting any
transverse force. In other words, this situation corresponds to reflection of a pulse
at a free end of a string at point O. In this case the reflected pulse is not inverted.

The Principle of Superposition
Combining the displacements of the separate pulses at each point to obtain the
actual displacement is an example of the principle of superposition: When two
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pulled back down, and again a reflected pulse is produced (drawing 7). As for a
fixed end, the reflected pulse moves in the opposite direction from the initial
pulse, but now the direction of the displacement is the same as for the initial
pulse. The conditions at the end of the string, such as a rigid support or the com-
plete absence of transverse force, are called boundary conditions.

The formation of the reflected pulse is similar to the overlap of two pulses
traveling in opposite directions. Figure 15.20 shows two pulses with the same
shape, one inverted with respect to the other, traveling in opposite directions. As
the pulses overlap and pass each other, the total displacement of the string is the
algebraic sum of the displacements at that point in the individual pulses. Because
these two pulses have the same shape, the total displacement at point O in the
middle of the figure is zero at all times. Thus the motion of the left half of the
string would be the same if we cut the string at point O, threw away the right
side, and held the end at O fixed. The two pulses on the left side then correspond
to the incident and reflected pulses, combining so that the total displacement at O
is always zero. For this to occur, the reflected pulse must be inverted relative to
the incident pulse.

Figure 15.21 shows two pulses with the same shape, traveling in opposite
directions but not inverted relative to each other. The displacement at point O in
the middle of the figure is not zero, but the slope of the string at this point is
always zero. According to Eq. (15.20), this corresponds to the absence of any
transverse force at this point. In this case the motion of the left half of the string
would be the same as if we cut the string at point O and attached the end to a fric-
tionless sliding ring (Fig. 15.19b) that maintains tension without exerting any
transverse force. In other words, this situation corresponds to reflection of a pulse
at a free end of a string at point O. In this case the reflected pulse is not inverted.

The Principle of Superposition
Combining the displacements of the separate pulses at each point to obtain the
actual displacement is an example of the principle of superposition: When two
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pulled back down, and again a reflected pulse is produced (drawing 7). As for a
fixed end, the reflected pulse moves in the opposite direction from the initial
pulse, but now the direction of the displacement is the same as for the initial
pulse. The conditions at the end of the string, such as a rigid support or the com-
plete absence of transverse force, are called boundary conditions.

The formation of the reflected pulse is similar to the overlap of two pulses
traveling in opposite directions. Figure 15.20 shows two pulses with the same
shape, one inverted with respect to the other, traveling in opposite directions. As
the pulses overlap and pass each other, the total displacement of the string is the
algebraic sum of the displacements at that point in the individual pulses. Because
these two pulses have the same shape, the total displacement at point O in the
middle of the figure is zero at all times. Thus the motion of the left half of the
string would be the same if we cut the string at point O, threw away the right
side, and held the end at O fixed. The two pulses on the left side then correspond
to the incident and reflected pulses, combining so that the total displacement at O
is always zero. For this to occur, the reflected pulse must be inverted relative to
the incident pulse.

Figure 15.21 shows two pulses with the same shape, traveling in opposite
directions but not inverted relative to each other. The displacement at point O in
the middle of the figure is not zero, but the slope of the string at this point is
always zero. According to Eq. (15.20), this corresponds to the absence of any
transverse force at this point. In this case the motion of the left half of the string
would be the same as if we cut the string at point O and attached the end to a fric-
tionless sliding ring (Fig. 15.19b) that maintains tension without exerting any
transverse force. In other words, this situation corresponds to reflection of a pulse
at a free end of a string at point O. In this case the reflected pulse is not inverted.

The Principle of Superposition
Combining the displacements of the separate pulses at each point to obtain the
actual displacement is an example of the principle of superposition: When two
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left along the -axis, arriving at the point and being reflected; 
(the blue curves in Fig. 15.24) represents the reflected wave traveling to the right
from We noted in Section 15.6 that the wave reflected from a fixed end of
a string is inverted, so we give a negative sign to one of the waves:

Note also that the change in sign corresponds to a shift in phase of or 
radians. At the motion from the reflected wave is and the motion
from the incident wave is which we can also write as 
From Eq. (15.27), the wave function for the standing wave is the sum of the indi-
vidual wave functions:

We can rewrite each of the cosine terms by using the identities for the cosine of
the sum and difference of two angles: cos(a ! b) = cosacosb ! sina sinb.

y1x, t2 = y11x, t2 + y21x, t2 = A3-cos1kx + vt2 + cos1kx - vt24
Acos1vt + p2.-Acosvt,

Acosvtx = 0
p180°

y21x, t2 = Acos1kx - vt2  (reflected wave traveling to the right)

y11x, t2 = -Acos1kx + vt2  (incident wave traveling to the left)

x = 0.

y21x, t2x = 0+x
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15.24 Formation of a standing wave. A wave traveling to the left (red curves) 
combines with a wave traveling to the right (blue curves) to form a standing wave 
(brown curves).

Node (N): 波节

Anti-node (A): 波腹
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fluctuates. There are particular points called nodes (labeled N in Fig. 15.23e) that
never move at all. Midway between the nodes are points called antinodes
(labeled A in Fig. 15.23e) where the amplitude of motion is greatest. Because the
wave pattern doesn’t appear to be moving in either direction along the string, it is
called a standing wave. (To emphasize the difference, a wave that does move
along the string is called a traveling wave.)

The principle of superposition explains how the incident and reflected waves
combine to form a standing wave. In Fig. 15.24 the red curves show a wave trav-
eling to the left. The blue curves show a wave traveling to the right with the same
propagation speed, wavelength, and amplitude. The waves are shown at nine
instants, of a period apart. At each point along the string, we add the displace-
ments (the values of y) for the two separate waves; the result is the total wave on
the string, shown in brown.

At certain instants, such as the two wave patterns are exactly in phase
with each other, and the shape of the string is a sine curve with twice the ampli-
tude of either individual wave. At other instants, such as the two waves
are exactly out of phase with each other, and the total wave at that instant is zero.
The resultant displacement is always zero at those places marked N at the bottom
of Fig. 15.24. These are the nodes. At a node the displacements of the two waves
in red and blue are always equal and opposite and cancel each other out. This
cancellation is called destructive interference. Midway between the nodes are
the points of greatest amplitude, or the antinodes, marked A. At the antinodes
the displacements of the two waves in red and blue are always identical, giving a
large resultant displacement; this phenomenon is called constructive interference.
We can see from the figure that the distance between successive nodes or between
successive antinodes is one half-wavelength, or 

We can derive a wave function for the standing wave of Fig. 15.24 by adding
the wave functions and for two waves with equal amplitude,
period, and wavelength traveling in opposite directions. Here (the red
curves in Fig. 15.24) represents an incoming, or incident, wave traveling to the

y11x, t2y21x, t2y11x, t2 l>2.

t = 1
2 T,

t = 1
4 T,

1
16
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N 5 nodes: points at which the
string never moves

A 5 antinodes: points at which
the amplitude of string motion
is greatest

(a) String is one-half wavelength long.

(d) String is two wavelengths long. (e) The shape of the string in (b) at two different instants

(b) String is one wavelength long. (c) String is one and a half wavelengths long.

N A NN A

15.23 (a)–(d) Time exposures of standing waves in a stretched string. From (a) to (d), the frequency of oscillation of the right-hand
end increases and the wavelength of the standing wave decreases. (e) The extremes of the motion of the standing wave in part (b), with
nodes at the center and at the ends. The right-hand end of the string moves very little compared to the antinodes and so is essentially a
node.
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apart, so the length of the string must be or or or in
general some integer number of half-wavelengths:

(15.30)

That is, if a string with length L is fixed at both ends, a standing wave can exist
only if its wavelength satisfies Eq. (15.30).

Solving this equation for and labeling the possible values of as we find

(15.31)

Waves can exist on the string if the wavelength is not equal to one of these val-
ues, but there cannot be a steady wave pattern with nodes and antinodes, and the
total wave cannot be a standing wave. Equation (15.31) is illustrated by the
standing waves shown in Figs. 15.23a, 15.23b, 15.23c, and 15.23d; these repre-
sent and 4, respectively.

Corresponding to the series of possible standing-wave wavelengths is a
series of possible standing-wave frequencies each related to its corresponding
wavelength by The smallest frequency corresponds to the largest
wavelength (the 

(15.32)

This is called the fundamental frequency. The other standing-wave frequencies
are and so on. These are all integer multiples of the
fundamental frequency such as and so on, and we can express
all the frequencies as

(15.33)

These frequencies are called harmonics, and the series is called a harmonic
series. Musicians sometimes call and so on overtones; is the second
harmonic or the first overtone, is the third harmonic or the second overtone, and
so on. The first harmonic is the same as the fundamental frequency (Fig. 15.25).

For a string with fixed ends at and the wave function of
the nth standing wave is given by Eq. (15.28) (which satisfies the condition that
there is a node at with and 

(15.34)

You can easily show that this wave function has nodes at both and 
as it must.

A normal mode of an oscillating system is a motion in which all particles
of the system move sinusoidally with the same frequency. For a system made
up of a string of length L fixed at both ends, each of the wavelengths given by
Eq. (15.31) corresponds to a possible normal-mode pattern and frequency.
There are infinitely many normal modes, each with its characteristic fre-
quency and vibration pattern. Figure 15.26 shows the first four normal-mode
patterns and their associated frequencies and wavelengths; these correspond to
Eq. (15.34) with 2, 3, and 4. By contrast, a harmonic oscillator, which
has only one oscillating particle, has only one normal mode and one character-
istic frequency. The string fixed at both ends has infinitely many normal
modes because it is made up of a very large (effectively infinite) number of
particles. More complicated oscillating systems also have infinite numbers of
normal modes, though with more complex normal-mode patterns than a string
(Fig. 15.27).
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15.25 Each string of a violin naturally
oscillates at one or more of its harmonic
frequencies, producing sound waves in the
air with the same frequencies.

(a) n 5 1: fundamental frequency, f1

(b) n 5 2: second harmonic, f2 (first overtone)

(c) n 5 3: third harmonic, f3 (second overtone)

(d) n 5 4: fourth harmonic, f4 (third overtone)
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15.26 The first four normal modes of a
string fixed at both ends. (Compare these
to the photographs in Fig. 15.23.)
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fluctuates. There are particular points called nodes (labeled N in Fig. 15.23e) that
never move at all. Midway between the nodes are points called antinodes
(labeled A in Fig. 15.23e) where the amplitude of motion is greatest. Because the
wave pattern doesn’t appear to be moving in either direction along the string, it is
called a standing wave. (To emphasize the difference, a wave that does move
along the string is called a traveling wave.)

The principle of superposition explains how the incident and reflected waves
combine to form a standing wave. In Fig. 15.24 the red curves show a wave trav-
eling to the left. The blue curves show a wave traveling to the right with the same
propagation speed, wavelength, and amplitude. The waves are shown at nine
instants, of a period apart. At each point along the string, we add the displace-
ments (the values of y) for the two separate waves; the result is the total wave on
the string, shown in brown.

At certain instants, such as the two wave patterns are exactly in phase
with each other, and the shape of the string is a sine curve with twice the ampli-
tude of either individual wave. At other instants, such as the two waves
are exactly out of phase with each other, and the total wave at that instant is zero.
The resultant displacement is always zero at those places marked N at the bottom
of Fig. 15.24. These are the nodes. At a node the displacements of the two waves
in red and blue are always equal and opposite and cancel each other out. This
cancellation is called destructive interference. Midway between the nodes are
the points of greatest amplitude, or the antinodes, marked A. At the antinodes
the displacements of the two waves in red and blue are always identical, giving a
large resultant displacement; this phenomenon is called constructive interference.
We can see from the figure that the distance between successive nodes or between
successive antinodes is one half-wavelength, or 

We can derive a wave function for the standing wave of Fig. 15.24 by adding
the wave functions and for two waves with equal amplitude,
period, and wavelength traveling in opposite directions. Here (the red
curves in Fig. 15.24) represents an incoming, or incident, wave traveling to the
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N 5 nodes: points at which the
string never moves

A 5 antinodes: points at which
the amplitude of string motion
is greatest

(a) String is one-half wavelength long.

(d) String is two wavelengths long. (e) The shape of the string in (b) at two different instants

(b) String is one wavelength long. (c) String is one and a half wavelengths long.
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15.23 (a)–(d) Time exposures of standing waves in a stretched string. From (a) to (d), the frequency of oscillation of the right-hand
end increases and the wavelength of the standing wave decreases. (e) The extremes of the motion of the standing wave in part (b), with
nodes at the center and at the ends. The right-hand end of the string moves very little compared to the antinodes and so is essentially a
node.
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apart, so the length of the string must be or or or in
general some integer number of half-wavelengths:

(15.30)

That is, if a string with length L is fixed at both ends, a standing wave can exist
only if its wavelength satisfies Eq. (15.30).

Solving this equation for and labeling the possible values of as we find

(15.31)

Waves can exist on the string if the wavelength is not equal to one of these val-
ues, but there cannot be a steady wave pattern with nodes and antinodes, and the
total wave cannot be a standing wave. Equation (15.31) is illustrated by the
standing waves shown in Figs. 15.23a, 15.23b, 15.23c, and 15.23d; these repre-
sent and 4, respectively.

Corresponding to the series of possible standing-wave wavelengths is a
series of possible standing-wave frequencies each related to its corresponding
wavelength by The smallest frequency corresponds to the largest
wavelength (the 

(15.32)

This is called the fundamental frequency. The other standing-wave frequencies
are and so on. These are all integer multiples of the
fundamental frequency such as and so on, and we can express
all the frequencies as

(15.33)

These frequencies are called harmonics, and the series is called a harmonic
series. Musicians sometimes call and so on overtones; is the second
harmonic or the first overtone, is the third harmonic or the second overtone, and
so on. The first harmonic is the same as the fundamental frequency (Fig. 15.25).

For a string with fixed ends at and the wave function of
the nth standing wave is given by Eq. (15.28) (which satisfies the condition that
there is a node at with and 

(15.34)

You can easily show that this wave function has nodes at both and 
as it must.

A normal mode of an oscillating system is a motion in which all particles
of the system move sinusoidally with the same frequency. For a system made
up of a string of length L fixed at both ends, each of the wavelengths given by
Eq. (15.31) corresponds to a possible normal-mode pattern and frequency.
There are infinitely many normal modes, each with its characteristic fre-
quency and vibration pattern. Figure 15.26 shows the first four normal-mode
patterns and their associated frequencies and wavelengths; these correspond to
Eq. (15.34) with 2, 3, and 4. By contrast, a harmonic oscillator, which
has only one oscillating particle, has only one normal mode and one character-
istic frequency. The string fixed at both ends has infinitely many normal
modes because it is made up of a very large (effectively infinite) number of
particles. More complicated oscillating systems also have infinite numbers of
normal modes, though with more complex normal-mode patterns than a string
(Fig. 15.27).
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15.25 Each string of a violin naturally
oscillates at one or more of its harmonic
frequencies, producing sound waves in the
air with the same frequencies.

(a) n 5 1: fundamental frequency, f1

(b) n 5 2: second harmonic, f2 (first overtone)

(c) n 5 3: third harmonic, f3 (second overtone)

(d) n 5 4: fourth harmonic, f4 (third overtone)
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15.26 The first four normal modes of a
string fixed at both ends. (Compare these
to the photographs in Fig. 15.23.)
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Complex Standing Waves
If we could displace a string so that its shape is the same as one of the normal-mode
patterns and then release it, it would vibrate with the frequency of that mode. Such
a vibrating string would displace the surrounding air with the same frequency, pro-
ducing a traveling sinusoidal sound wave that your ears would perceive as a pure
tone. But when a string is struck (as in a piano) or plucked (as is done to guitar
strings), the shape of the displaced string is not as simple as one of the patterns in
Fig. 15.26. The fundamental as well as many overtones are present in the resulting
vibration. This motion is therefore a combination or superposition of many normal
modes. Several simple harmonic motions of different frequencies are present
simultaneously, and the displacement of any point on the string is the sum (or
superposition) of the displacements associated with the individual modes. The
sound produced by the vibrating string is likewise a superposition of traveling sinu-
soidal sound waves, which you perceive as a rich, complex tone with the funda-
mental frequency The standing wave on the string and the traveling sound wave
in the air have similar harmonic content (the extent to which frequencies higher
than the fundamental are present). The harmonic content depends on how the string
is initially set into motion. If you pluck the strings of an acoustic guitar in the nor-
mal location over the sound hole, the sound that you hear has a different harmonic
content than if you pluck the strings next to the fixed end on the guitar body.

It is possible to represent every possible motion of the string as some superpo-
sition of normal-mode motions. Finding this representation for a given vibration
pattern is called harmonic analysis. The sum of sinusoidal functions that repre-
sents a complex wave is called a Fourier series. Figure 15.28 shows how a stand-
ing wave that is produced by plucking a guitar string of length L at a point 
from one end can be represented as a combination of sinusoidal functions.

Standing Waves and String Instruments
As we have seen, the fundamental frequency of a vibrating string is 
The speed of waves on the string is determined by Eq. (15.13), 
Combining these equations, we find

(15.35)

This is also the fundamental frequency of the sound wave created in the sur-
rounding air by the vibrating string. Familiar musical instruments show how 
depends on the properties of the string. The inverse dependence of frequency on
length L is illustrated by the long strings of the bass (low-frequency) section of
the piano or the bass viol compared with the shorter strings of the treble section
of the piano or the violin (Fig. 15.29). The pitch of a violin or guitar is usually
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Cross section of the sun’s interior

Red zones: where
material is moving
outward

Blue zones: where
material is moving
inward

15.27 Astronomers have discovered
that the sun oscillates in several different
normal modes. This computer simulation
shows one such mode.
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15.28 When a guitar string is plucked
(pulled into a triangular shape) and
released, a standing wave results. The
standing wave is well represented (except
at the sharp maximum point) by the sum of
just three sinusoidal functions. Including
additional sinusoidal functions further
improves the representation.
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15.29 Comparing the range of a concert
grand piano to the ranges of a bass viol, a
cello, a viola, and a violin. In all cases,
longer strings produce bass notes and
shorter strings produce treble notes.
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fluctuates. There are particular points called nodes (labeled N in Fig. 15.23e) that
never move at all. Midway between the nodes are points called antinodes
(labeled A in Fig. 15.23e) where the amplitude of motion is greatest. Because the
wave pattern doesn’t appear to be moving in either direction along the string, it is
called a standing wave. (To emphasize the difference, a wave that does move
along the string is called a traveling wave.)

The principle of superposition explains how the incident and reflected waves
combine to form a standing wave. In Fig. 15.24 the red curves show a wave trav-
eling to the left. The blue curves show a wave traveling to the right with the same
propagation speed, wavelength, and amplitude. The waves are shown at nine
instants, of a period apart. At each point along the string, we add the displace-
ments (the values of y) for the two separate waves; the result is the total wave on
the string, shown in brown.

At certain instants, such as the two wave patterns are exactly in phase
with each other, and the shape of the string is a sine curve with twice the ampli-
tude of either individual wave. At other instants, such as the two waves
are exactly out of phase with each other, and the total wave at that instant is zero.
The resultant displacement is always zero at those places marked N at the bottom
of Fig. 15.24. These are the nodes. At a node the displacements of the two waves
in red and blue are always equal and opposite and cancel each other out. This
cancellation is called destructive interference. Midway between the nodes are
the points of greatest amplitude, or the antinodes, marked A. At the antinodes
the displacements of the two waves in red and blue are always identical, giving a
large resultant displacement; this phenomenon is called constructive interference.
We can see from the figure that the distance between successive nodes or between
successive antinodes is one half-wavelength, or 

We can derive a wave function for the standing wave of Fig. 15.24 by adding
the wave functions and for two waves with equal amplitude,
period, and wavelength traveling in opposite directions. Here (the red
curves in Fig. 15.24) represents an incoming, or incident, wave traveling to the
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N 5 nodes: points at which the
string never moves

A 5 antinodes: points at which
the amplitude of string motion
is greatest

(a) String is one-half wavelength long.

(d) String is two wavelengths long. (e) The shape of the string in (b) at two different instants

(b) String is one wavelength long. (c) String is one and a half wavelengths long.
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15.23 (a)–(d) Time exposures of standing waves in a stretched string. From (a) to (d), the frequency of oscillation of the right-hand
end increases and the wavelength of the standing wave decreases. (e) The extremes of the motion of the standing wave in part (b), with
nodes at the center and at the ends. The right-hand end of the string moves very little compared to the antinodes and so is essentially a
node.
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Complex Standing Waves
If we could displace a string so that its shape is the same as one of the normal-mode
patterns and then release it, it would vibrate with the frequency of that mode. Such
a vibrating string would displace the surrounding air with the same frequency, pro-
ducing a traveling sinusoidal sound wave that your ears would perceive as a pure
tone. But when a string is struck (as in a piano) or plucked (as is done to guitar
strings), the shape of the displaced string is not as simple as one of the patterns in
Fig. 15.26. The fundamental as well as many overtones are present in the resulting
vibration. This motion is therefore a combination or superposition of many normal
modes. Several simple harmonic motions of different frequencies are present
simultaneously, and the displacement of any point on the string is the sum (or
superposition) of the displacements associated with the individual modes. The
sound produced by the vibrating string is likewise a superposition of traveling sinu-
soidal sound waves, which you perceive as a rich, complex tone with the funda-
mental frequency The standing wave on the string and the traveling sound wave
in the air have similar harmonic content (the extent to which frequencies higher
than the fundamental are present). The harmonic content depends on how the string
is initially set into motion. If you pluck the strings of an acoustic guitar in the nor-
mal location over the sound hole, the sound that you hear has a different harmonic
content than if you pluck the strings next to the fixed end on the guitar body.

It is possible to represent every possible motion of the string as some superpo-
sition of normal-mode motions. Finding this representation for a given vibration
pattern is called harmonic analysis. The sum of sinusoidal functions that repre-
sents a complex wave is called a Fourier series. Figure 15.28 shows how a stand-
ing wave that is produced by plucking a guitar string of length L at a point 
from one end can be represented as a combination of sinusoidal functions.

Standing Waves and String Instruments
As we have seen, the fundamental frequency of a vibrating string is 
The speed of waves on the string is determined by Eq. (15.13), 
Combining these equations, we find

(15.35)

This is also the fundamental frequency of the sound wave created in the sur-
rounding air by the vibrating string. Familiar musical instruments show how 
depends on the properties of the string. The inverse dependence of frequency on
length L is illustrated by the long strings of the bass (low-frequency) section of
the piano or the bass viol compared with the shorter strings of the treble section
of the piano or the violin (Fig. 15.29). The pitch of a violin or guitar is usually
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normal modes. This computer simulation
shows one such mode.
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15.28 When a guitar string is plucked
(pulled into a triangular shape) and
released, a standing wave results. The
standing wave is well represented (except
at the sharp maximum point) by the sum of
just three sinusoidal functions. Including
additional sinusoidal functions further
improves the representation.
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apart, so the length of the string must be or or or in
general some integer number of half-wavelengths:

(15.30)

That is, if a string with length L is fixed at both ends, a standing wave can exist
only if its wavelength satisfies Eq. (15.30).

Solving this equation for and labeling the possible values of as we find

(15.31)

Waves can exist on the string if the wavelength is not equal to one of these val-
ues, but there cannot be a steady wave pattern with nodes and antinodes, and the
total wave cannot be a standing wave. Equation (15.31) is illustrated by the
standing waves shown in Figs. 15.23a, 15.23b, 15.23c, and 15.23d; these repre-
sent and 4, respectively.

Corresponding to the series of possible standing-wave wavelengths is a
series of possible standing-wave frequencies each related to its corresponding
wavelength by The smallest frequency corresponds to the largest
wavelength (the 

(15.32)

This is called the fundamental frequency. The other standing-wave frequencies
are and so on. These are all integer multiples of the
fundamental frequency such as and so on, and we can express
all the frequencies as

(15.33)

These frequencies are called harmonics, and the series is called a harmonic
series. Musicians sometimes call and so on overtones; is the second
harmonic or the first overtone, is the third harmonic or the second overtone, and
so on. The first harmonic is the same as the fundamental frequency (Fig. 15.25).

For a string with fixed ends at and the wave function of
the nth standing wave is given by Eq. (15.28) (which satisfies the condition that
there is a node at with and 

(15.34)

You can easily show that this wave function has nodes at both and 
as it must.

A normal mode of an oscillating system is a motion in which all particles
of the system move sinusoidally with the same frequency. For a system made
up of a string of length L fixed at both ends, each of the wavelengths given by
Eq. (15.31) corresponds to a possible normal-mode pattern and frequency.
There are infinitely many normal modes, each with its characteristic fre-
quency and vibration pattern. Figure 15.26 shows the first four normal-mode
patterns and their associated frequencies and wavelengths; these correspond to
Eq. (15.34) with 2, 3, and 4. By contrast, a harmonic oscillator, which
has only one oscillating particle, has only one normal mode and one character-
istic frequency. The string fixed at both ends has infinitely many normal
modes because it is made up of a very large (effectively infinite) number of
particles. More complicated oscillating systems also have infinite numbers of
normal modes, though with more complex normal-mode patterns than a string
(Fig. 15.27).
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15.25 Each string of a violin naturally
oscillates at one or more of its harmonic
frequencies, producing sound waves in the
air with the same frequencies.

(a) n 5 1: fundamental frequency, f1

(b) n 5 2: second harmonic, f2 (first overtone)

(c) n 5 3: third harmonic, f3 (second overtone)

(d) n 5 4: fourth harmonic, f4 (third overtone)
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15.26 The first four normal modes of a
string fixed at both ends. (Compare these
to the photographs in Fig. 15.23.)

fluctuates. There are particular points called nodes (labeled N in Fig. 15.23e) that
never move at all. Midway between the nodes are points called antinodes
(labeled A in Fig. 15.23e) where the amplitude of motion is greatest. Because the
wave pattern doesn’t appear to be moving in either direction along the string, it is
called a standing wave. (To emphasize the difference, a wave that does move
along the string is called a traveling wave.)

The principle of superposition explains how the incident and reflected waves
combine to form a standing wave. In Fig. 15.24 the red curves show a wave trav-
eling to the left. The blue curves show a wave traveling to the right with the same
propagation speed, wavelength, and amplitude. The waves are shown at nine
instants, of a period apart. At each point along the string, we add the displace-
ments (the values of y) for the two separate waves; the result is the total wave on
the string, shown in brown.

At certain instants, such as the two wave patterns are exactly in phase
with each other, and the shape of the string is a sine curve with twice the ampli-
tude of either individual wave. At other instants, such as the two waves
are exactly out of phase with each other, and the total wave at that instant is zero.
The resultant displacement is always zero at those places marked N at the bottom
of Fig. 15.24. These are the nodes. At a node the displacements of the two waves
in red and blue are always equal and opposite and cancel each other out. This
cancellation is called destructive interference. Midway between the nodes are
the points of greatest amplitude, or the antinodes, marked A. At the antinodes
the displacements of the two waves in red and blue are always identical, giving a
large resultant displacement; this phenomenon is called constructive interference.
We can see from the figure that the distance between successive nodes or between
successive antinodes is one half-wavelength, or 

We can derive a wave function for the standing wave of Fig. 15.24 by adding
the wave functions and for two waves with equal amplitude,
period, and wavelength traveling in opposite directions. Here (the red
curves in Fig. 15.24) represents an incoming, or incident, wave traveling to the
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N 5 nodes: points at which the
string never moves

A 5 antinodes: points at which
the amplitude of string motion
is greatest

(a) String is one-half wavelength long.

(d) String is two wavelengths long. (e) The shape of the string in (b) at two different instants

(b) String is one wavelength long. (c) String is one and a half wavelengths long.
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15.23 (a)–(d) Time exposures of standing waves in a stretched string. From (a) to (d), the frequency of oscillation of the right-hand
end increases and the wavelength of the standing wave decreases. (e) The extremes of the motion of the standing wave in part (b), with
nodes at the center and at the ends. The right-hand end of the string moves very little compared to the antinodes and so is essentially a
node.
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apart, so the length of the string must be or or or in
general some integer number of half-wavelengths:

(15.30)

That is, if a string with length L is fixed at both ends, a standing wave can exist
only if its wavelength satisfies Eq. (15.30).

Solving this equation for and labeling the possible values of as we find

(15.31)

Waves can exist on the string if the wavelength is not equal to one of these val-
ues, but there cannot be a steady wave pattern with nodes and antinodes, and the
total wave cannot be a standing wave. Equation (15.31) is illustrated by the
standing waves shown in Figs. 15.23a, 15.23b, 15.23c, and 15.23d; these repre-
sent and 4, respectively.

Corresponding to the series of possible standing-wave wavelengths is a
series of possible standing-wave frequencies each related to its corresponding
wavelength by The smallest frequency corresponds to the largest
wavelength (the 

(15.32)

This is called the fundamental frequency. The other standing-wave frequencies
are and so on. These are all integer multiples of the
fundamental frequency such as and so on, and we can express
all the frequencies as

(15.33)

These frequencies are called harmonics, and the series is called a harmonic
series. Musicians sometimes call and so on overtones; is the second
harmonic or the first overtone, is the third harmonic or the second overtone, and
so on. The first harmonic is the same as the fundamental frequency (Fig. 15.25).

For a string with fixed ends at and the wave function of
the nth standing wave is given by Eq. (15.28) (which satisfies the condition that
there is a node at with and 

(15.34)

You can easily show that this wave function has nodes at both and 
as it must.

A normal mode of an oscillating system is a motion in which all particles
of the system move sinusoidally with the same frequency. For a system made
up of a string of length L fixed at both ends, each of the wavelengths given by
Eq. (15.31) corresponds to a possible normal-mode pattern and frequency.
There are infinitely many normal modes, each with its characteristic fre-
quency and vibration pattern. Figure 15.26 shows the first four normal-mode
patterns and their associated frequencies and wavelengths; these correspond to
Eq. (15.34) with 2, 3, and 4. By contrast, a harmonic oscillator, which
has only one oscillating particle, has only one normal mode and one character-
istic frequency. The string fixed at both ends has infinitely many normal
modes because it is made up of a very large (effectively infinite) number of
particles. More complicated oscillating systems also have infinite numbers of
normal modes, though with more complex normal-mode patterns than a string
(Fig. 15.27).
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apart, so the length of the string must be or or or in
general some integer number of half-wavelengths:

(15.30)
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be used to create sound waves in the surrounding air. This is the operating princi-
ple of the human voice as well as many musical instruments, including wood-
winds, brasses, and pipe organs.

Transverse waves on a string, including standing waves, are usually described
only in terms of the displacement of the string. But, as we have seen, sound waves
in a fluid may be described either in terms of the displacement of the fluid or in
terms of the pressure variation in the fluid. To avoid confusion, we’ll use the terms
displacement node and displacement antinode to refer to points where particles
of the fluid have zero displacement and maximum displacement, respectively.

We can demonstrate standing sound waves in a column of gas using an apparatus
called a Kundt’s tube (Fig. 16.12). A horizontal glass tube a meter or so long is
closed at one end and has a flexible diaphragm at the other end that can transmit
vibrations. A nearby loudspeaker is driven by an audio oscillator and amplifier; this
produces sound waves that force the diaphragm to vibrate sinusoidally with a fre-
quency that we can vary. The sound waves within the tube are reflected at the other,
closed end of the tube. We spread a small amount of light powder uniformly along
the bottom of the tube. As we vary the frequency of the sound, we pass through fre-
quencies at which the amplitude of the standing waves becomes large enough for the
powder to be swept along the tube at those points where the gas is in motion. The
powder therefore collects at the displacement nodes (where the gas is not moving).
Adjacent nodes are separated by a distance equal to and we can measure this
distance. Given the wavelength, we can use this experiment to determine the wave
speed: We read the frequency from the oscillator dial, and we can then calculate
the speed of the waves from the relationship 

Figure 16.13 shows the motions of nine different particles within a gas-filled
tube in which there is a standing sound wave. A particle at a displacement node

does not move, while a particle at a displacement antinode oscillates with
maximum amplitude. Note that particles on opposite sides of a displacement node
vibrate in opposite phase. When these particles approach each other, the gas
between them is compressed and the pressure rises; when they recede from each
other, there is an expansion and the pressure drops. Hence at a displacement node
the gas undergoes the maximum amount of compression and expansion, and the
variations in pressure and density above and below the average have their maxi-
mum value. By contrast, particles on opposite sides of a displacement antinode
vibrate in phase; the distance between the particles is nearly constant, and there is
no variation in pressure or density at a displacement antinode.

We use the term pressure node to describe a point in a standing sound wave at
which the pressure and density do not vary and the term pressure antinode to
describe a point at which the variations in pressure and density are greatest.
Using these terms, we can summarize our observations about standing sound
waves as follows:

A pressure node is always a displacement antinode, and a pressure antinode is
always a displacement node.
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between them is compressed and the pressure rises; when they recede from each
other, there is an expansion and the pressure drops. Hence at a displacement node
the gas undergoes the maximum amount of compression and expansion, and the
variations in pressure and density above and below the average have their maxi-
mum value. By contrast, particles on opposite sides of a displacement antinode
vibrate in phase; the distance between the particles is nearly constant, and there is
no variation in pressure or density at a displacement antinode.

We use the term pressure node to describe a point in a standing sound wave at
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half-wavelength, and in this case that is equal to the length L of the pipe; 
The corresponding frequency, obtained from the relationship is

(16.16)

Figures 16.17b and 16.17c show the second and third harmonics (first and sec-
ond overtones); their vibration patterns have two and three displacement nodes,
respectively. For these, a half-wavelength is equal to and respectively,
and the frequencies are twice and three times the fundamental, respectively. That
is, and For every normal mode of an open pipe the length L
must be an integer number of half-wavelengths, and the possible wavelengths 
are given by

(16.17)

The corresponding frequencies are given by so all the normal-
mode frequencies for a pipe that is open at both ends are given by

(16.18)

The value corresponds to the fundamental frequency, to the second
harmonic (or first overtone), and so on. Alternatively, we can say

(16.19)

with given by Eq. (16.16).
Figure 16.18 shows a pipe that is open at the left end but closed at the right

end. This is called a stopped pipe. The left (open) end is a displacement antinode
(pressure node), but the right (closed) end is a displacement node (pressure antin-
ode). The distance between a node and the adjacent antinode is always one
quarter-wavelength. Figure 16.18a shows the lowest-frequency mode; the length
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16.18 A cross section of a stopped pipe showing the first three normal modes as well as the displacement nodes and antinodes. Only
odd harmonics are possible.
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16.18 A cross section of a stopped pipe showing the first three normal modes as well as the displacement nodes and antinodes. Only
odd harmonics are possible.
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16.8 The Doppler Effect
You’ve probably noticed that when a car approaches you with its horn sounding,
the pitch seems to drop as the car passes. This phenomenon, first described by the
19th-century Austrian scientist Christian Doppler, is called the Doppler effect.
When a source of sound and a listener are in motion relative to each other, the
frequency of the sound heard by the listener is not the same as the source fre-
quency. A similar effect occurs for light and radio waves; we’ll return to this later
in this section.

To analyze the Doppler effect for sound, we’ll work out a relationship between
the frequency shift and the velocities of source and listener relative to the medium
(usually air) through which the sound waves propagate. To keep things simple,
we consider only the special case in which the velocities of both source and lis-
tener lie along the line joining them. Let and be the velocity components
along this line for the source and the listener, respectively, relative to the medium.
We choose the positive direction for both and to be the direction from the
listener L to the source S. The speed of sound relative to the medium, is always
considered positive.

Moving Listener and Stationary Source
Let’s think first about a listener L moving with velocity toward a stationary
source S (Fig. 16.26). The source emits a sound wave with frequency and
wavelength The figure shows four wave crests, separated by equal dis-
tances The wave crests approaching the moving listener have a speed of propa-
gation relative to the listener of So the frequency with which the
crests arrive at the listener’s position (that is, the frequency the listener hears) is

(16.25)

or

(moving listener, 
stationary source)

(16.26)ƒL = av + vL

v
bƒS = a1 +
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vLvS

vLvS

Test Your Understanding of Section 16.7 One tuning fork vibrates at 440 Hz,
while a second tuning fork vibrates at an unknown frequency. When both tuning forks are
sounded simultaneously, you hear a tone that rises and falls in intensity three times per
second. What is the frequency of the second tuning fork? (i) 434 Hz; (ii) 437 Hz; 
(iii) 443 Hz; (iv) 446 Hz; (v) either 434 Hz or 446 Hz; (vi) either 437 Hz or 443 Hz. !
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• Velocity of listener (L) 5 vL
• Velocity of source (S) 5 0 (at rest)
• Speed of sound wave 5 v
• Positive direction: from listener

to source

16.26 A listener moving toward a sta-
tionary source hears a frequency that is
higher than the source frequency. This is
because the relative speed of listener and
wave is greater than the wave speed v.
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So a listener moving toward a source as in Fig. 16.26, hears a higher
frequency (higher pitch) than does a stationary listener. A listener moving away
from the source hears a lower frequency (lower pitch).

Moving Source and Moving Listener
Now suppose the source is also moving, with velocity (Fig. 16.27). The wave
speed relative to the wave medium (air) is still it is determined by the properties
of the medium and is not changed by the motion of the source. But the wavelength
is no longer equal to Here’s why. The time for emission of one cycle of the
wave is the period During this time, the wave travels a distance

and the source moves a distance The wavelength is the
distance between successive wave crests, and this is determined by the relative
displacement of source and wave. As Fig. 16.27 shows, this is different in front of
and behind the source. In the region to the right of the source in Fig. 16.27 (that
is, in front of the source), the wavelength is

(wavelength in front 
of a moving source) (16.27)

In the region to the left of the source (that is, behind the source), it is

(wavelength behind 
a moving source) (16.28)

The waves in front of and behind the source are compressed and stretched out,
respectively, by the motion of the source.

To find the frequency heard by the listener behind the source, we substitute
Eq. (16.28) into the first form of Eq. (16.25):

(Doppler effect, moving source 
and moving listener) (16.29)

This expresses the frequency heard by the listener in terms of the frequency 
of the source.

Although we derived it for the particular situation shown in Fig. 16.27, 
Eq. (16.29) includes all possibilities for motion of source and listener (relative to
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• Velocity of listener (L) 5 vL
• Velocity of source (S) 5 vS
• Speed of sound wave 5 v
• Positive direction: from listener

to source
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vSvSa b
S S
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16.27 Wave crests emitted by a moving
source are crowded together in front of the
source (to the right of this source) and
stretched out behind it (to the left of this
source).
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The Doppler effect is also used to track satellites and other space vehicles. In

Fig. 16.34 a satellite emits a radio signal with constant frequency As the satel-
lite orbits past, it first approaches and then moves away from the receiver; the fre-
quency of the signal received on earth changes from a value greater than to
a value less than as the satellite passes overhead.ƒS

ƒSƒR

ƒS.
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racking     station
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16.34 Change of velocity component
along the line of sight of a satellite passing
a tracking station. The frequency received
at the tracking station changes from high
to low as the satellite passes overhead.

Wave crests pile up
in front of the

source.

(a) Sound source S (airplane) moving
at nearly the speed of sound

(b) Sound source moving faster
than the speed of sound
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(c) Shock waves around a
supersonic airplane

16.35 Wave crests around a sound source S moving (a) slightly slower than the speed of sound and (b) faster than the sound 
speed (c) This photograph shows a T-38 jet airplane moving at 1.1 times the speed of sound. Separate shock waves are produced by
the nose, wings, and tail. The angles of these waves vary because the air speeds up and slows down as it moves around the airplane,
so the relative speed of the airplane and air is different for shock waves produced at different points.vS

v.
v

Test Your Understanding of Section 16.8 You are at an outdoor concert with
a wind blowing at from the performers toward you. Is the sound you hear Doppler-
shifted? If so, is it shifted to lower or higher frequencies? !

10 m/s

16.9 Shock Waves
You may have experienced “sonic booms” caused by an airplane flying overhead
faster than the speed of sound. We can see qualitatively why this happens from
Fig. 16.35. Let denote the speed of the airplane relative to the air, so that it is
always positive. The motion of the airplane through the air produces sound; if 
is less than the speed of sound the waves in front of the airplane are crowded
together with a wavelength given by Eq. (16.27):

As the speed of the airplane approaches the speed of sound the wavelength
approaches zero and the wave crests pile up on each other (Fig. 16.35a). The air-
plane must exert a large force to compress the air in front of it; by Newton’s third
law, the air exerts an equally large force back on the airplane. Hence there is a
large increase in aerodynamic drag (air resistance) as the airplane approaches the
speed of sound, a phenomenon known as the “sound barrier.”

When is greater in magnitude than the source of sound is supersonic, and
Eqs. (16.27) and (16.29) for the Doppler effect no longer describe the sound wave
in front of the source. Figure 16.35b shows a cross section of what happens. As
the airplane moves, it displaces the surrounding air and produces sound. A series
of wave crests is emitted from the nose of the airplane; each spreads out in a circle
centered at the position of the airplane when it emitted the crest. After a time t the
crest emitted from point has spread to a circle with radius and the airplane
has moved a greater distance to position You can see that the circular crests
interfere constructively at points along the blue line that makes an angle witha
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The Doppler effect is also used to track satellites and other space vehicles. In
Fig. 16.34 a satellite emits a radio signal with constant frequency As the satel-
lite orbits past, it first approaches and then moves away from the receiver; the fre-
quency of the signal received on earth changes from a value greater than to
a value less than as the satellite passes overhead.ƒS
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16.34 Change of velocity component
along the line of sight of a satellite passing
a tracking station. The frequency received
at the tracking station changes from high
to low as the satellite passes overhead.
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16.35 Wave crests around a sound source S moving (a) slightly slower than the speed of sound and (b) faster than the sound 
speed (c) This photograph shows a T-38 jet airplane moving at 1.1 times the speed of sound. Separate shock waves are produced by
the nose, wings, and tail. The angles of these waves vary because the air speeds up and slows down as it moves around the airplane,
so the relative speed of the airplane and air is different for shock waves produced at different points.vS
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Test Your Understanding of Section 16.8 You are at an outdoor concert with
a wind blowing at from the performers toward you. Is the sound you hear Doppler-
shifted? If so, is it shifted to lower or higher frequencies? !
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16.9 Shock Waves
You may have experienced “sonic booms” caused by an airplane flying overhead
faster than the speed of sound. We can see qualitatively why this happens from
Fig. 16.35. Let denote the speed of the airplane relative to the air, so that it is
always positive. The motion of the airplane through the air produces sound; if 
is less than the speed of sound the waves in front of the airplane are crowded
together with a wavelength given by Eq. (16.27):

As the speed of the airplane approaches the speed of sound the wavelength
approaches zero and the wave crests pile up on each other (Fig. 16.35a). The air-
plane must exert a large force to compress the air in front of it; by Newton’s third
law, the air exerts an equally large force back on the airplane. Hence there is a
large increase in aerodynamic drag (air resistance) as the airplane approaches the
speed of sound, a phenomenon known as the “sound barrier.”

When is greater in magnitude than the source of sound is supersonic, and
Eqs. (16.27) and (16.29) for the Doppler effect no longer describe the sound wave
in front of the source. Figure 16.35b shows a cross section of what happens. As
the airplane moves, it displaces the surrounding air and produces sound. A series
of wave crests is emitted from the nose of the airplane; each spreads out in a circle
centered at the position of the airplane when it emitted the crest. After a time t the
crest emitted from point has spread to a circle with radius and the airplane
has moved a greater distance to position You can see that the circular crests
interfere constructively at points along the blue line that makes an angle witha
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声爆：http://v.youku.com/v_show/id_XMzkxNjk4OTgw.html
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