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平动和转动
this: Every possible motion of a rigid body can be represented as a combination
of translational motion of the center of mass and rotation about an axis through
the center of mass. This is true even when the center of mass accelerates, so that
it is not at rest in any inertial frame. Figure 10.11 illustrates this for the motion of
a tossed baton: The center of mass of the baton follows a parabolic curve, as
though the baton were a particle located at the center of mass. Other examples of
combined translational and rotational motions include a ball rolling down a hill
and a yo-yo unwinding at the end of a string.

Combined Translation and Rotation: 
Energy Relationships
It’s beyond the scope of this book to prove that the motion of a rigid body can
always be divided into translation of the center of mass and rotation about the
center of mass. But we can show that this is true for the kinetic energy of a rigid
body that has both translational and rotational motions. In this case, the body’s
kinetic energy is the sum of a part associated with motion of the center of 
mass and a part associated with rotation about an axis through the center
of mass:

(rigid body with both translation and rotation)
(10.8)

To prove this relationship, we again imagine the rigid body to be made up of
particles. Consider a typical particle with mass as shown in Fig. 10.12. The
velocity of this particle relative to an inertial frame is the vector sum of the
velocity of the center of mass and the velocity of the particle relative to
the center of mass:

(10.9)

The kinetic energy of this particle in the inertial frame is which we can 
also express as Substituting Eq. (10.9) into this, we get

The total kinetic energy is the sum for all the particles making up the body.
Expressing the three terms in this equation as separate sums, we get

The first and second terms have common factors that can be taken outside the
sum:

(10.10)

Now comes the reward for our effort. In the first term, is the total mass M.
The second term is zero because is M times the velocity of the center of
mass relative to the center of mass, and this is zero by definition. The last term is
the sum of the kinetic energies of the particles computed by using their speeds
with respect to the center of mass; this is just the kinetic energy of rotation
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... rotation about
the center of mass ...

... plus translation
of the center of mass.

1

This baton toss can be represented as
a combination of ...

10.11 The motion of a rigid body is a
combination of translational motion of the
center of mass and rotation around the 
center of mass.
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10.12 A rigid body with both transla-
tion and rotation.
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滚动
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around the center of mass. Using the same steps that led to Eq. (9.17) for the rota-
tional kinetic energy of a rigid body, we can write this last term as where

is the moment of inertia with respect to the axis through the center of mass
and is the angular speed. So Eq. (10.10) becomes Eq. (10.8):

Rolling Without Slipping
An important case of combined translation and rotation is rolling without slip-
ping, such as the motion of the wheel shown in Fig. 10.13. The wheel is symmet-
rical, so its center of mass is at its geometric center. We view the motion in an
inertial frame of reference in which the surface on which the wheel rolls is at rest.
In this frame, the point on the wheel that contacts the surface must be instanta-
neously at rest so that it does not slip. Hence the velocity of the point of con-
tact relative to the center of mass must have the same magnitude but opposite
direction as the center-of-mass velocity If the radius of the wheel is R and its
angular speed about the center of mass is then the magnitude of is 
hence we must have

(condition for rolling without slipping) (10.11)

As Fig. 10.13 shows, the velocity of a point on the wheel is the vector sum of
the velocity of the center of mass and the velocity of the point relative to the cen-
ter of mass. Thus while point 1, the point of contact, is instantaneously at rest,
point 3 at the top of the wheel is moving forward twice as fast as the center of
mass, and points 2 and 4 at the sides have velocities at to the horizontal.

At any instant we can think of the wheel as rotating about an “instantaneous
axis” of rotation that passes through the point of contact with the ground. The
angular velocity is the same for this axis as for an axis through the center of
mass; an observer at the center of mass sees the rim make the same number of
revolutions per second as does an observer at the rim watching the center of mass
spin around him. If we think of the motion of the rolling wheel in Fig. 10.13 in
this way, the kinetic energy of the wheel is where is the moment of
inertia of the wheel about an axis through point 1. But by the parallel-axis theo-
rem, Eq. (9.19), where M is the total mass of the wheel and 
is the moment of inertia with respect to an axis through the center of mass. Using
Eq. (10.11), the kinetic energy of the wheel is

which is the same as Eq. (10.8).
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10.13 The motion of a rolling wheel is
the sum of the translational motion of the
center of mass plus the rotational motion
of the wheel around the center of mass.

Maple seed

Maple seed falling

Application Combined Translation
and Rotation
A maple seed consists of a pod attached to a
much lighter, flattened wing. Airflow around
the wing slows the fall to about and
causes the seed to rotate about its center of
mass. The seed’s slow fall means that a
breeze can carry the seed some distance from
the parent tree. In the absence of wind, the
seed’s center of mass falls straight down.

1 m>s

ActivPhysics 7.11: Race Between a Block and
a Disk
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Rolling Friction
In Example 10.5 we said that we can ignore rolling friction if both the rolling
body and the surface over which it rolls are perfectly rigid. In Fig. 10.20a a per-
fectly rigid sphere is rolling down a perfectly rigid incline. The line of action of
the normal force passes through the center of the sphere, so its torque is zero;
there is no sliding at the point of contact, so the friction force does no work. Fig-
ure 10.20b shows a more realistic situation, in which the surface “piles up” in
front of the sphere and the sphere rides in a shallow trench. Because of these
deformations, the contact forces on the sphere no longer act along a single point,
but over an area; the forces are concentrated on the front of the sphere as shown.
As a result, the normal force now exerts a torque that opposes the rotation. In
addition, there is some sliding of the sphere over the surface due to the deforma-
tion, causing mechanical energy to be lost. The combination of these two effects
is the phenomenon of rolling friction. Rolling friction also occurs if the rolling
body is deformable, such as an automobile tire. Often the rolling body and the
surface are rigid enough that rolling friction can be ignored, as we have assumed
in all the examples in this section.

Test Your Understanding of Section 10.3 Suppose the solid cylinder
used as a yo-yo in Example 10.6 is replaced by a hollow cylinder of the same
mass and radius. (a) Will the acceleration of the yo-yo (i) increase, (ii) decrease,
or (iii) remain the same? (b) Will the string tension (i) increase, (ii) decrease, or 
(iii) remain the same? !

10.4 Work and Power in Rotational Motion
When you pedal a bicycle, you apply forces to a rotating body and do work on it.
Similar things happen in many other real-life situations, such as a rotating motor
shaft driving a power tool or a car engine propelling the vehicle. We can express
this work in terms of torque and angular displacement.

Suppose a tangential force acts at the rim of a pivoted disk—for example,
a child running while pushing on a playground merry-go-round (Fig. 10.21a).
The disk rotates through an infinitesimal angle about a fixed axis during andu

F
S

tan

EVALUATE: The ball’s acceleration is just as large as that of an
object sliding down the slope without friction. If the ball descends
a vertical distance h as it rolls down the ramp, its displacement
along the ramp is You can show that the speed of the ballh>sinb.

5
7 at the bottom of the ramp is the same as our result

from Example 10.5 with .
If the ball were rolling uphill without slipping, the force of friction

would still be directed uphill as in Fig. 10.19b. Can you see why?

c = 2
5

vcm = 210
7 gh,

Normal force produces
no torque about the center
of the sphere.

Normal force
produces a torque about
the center of the sphere that
opposes rotation.

f

(a) Perfectly rigid sphere rolling on a perfectly
rigid surface

x

y

Mg

n

f

v

(b) Rigid sphere rolling on a deformable
surface
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10.20 Rolling down (a) a perfectly rigid
surface and (b) a deformable surface.
The deformation in part (b) is greatly
exaggerated.

滑动摩擦 滚动摩擦

!r = vcm纯滚动：
带滑动的滚动：

纯转动：vcm = 0
纯滑动： ! = 0 !r 6= vcm
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自由度 = 1

自由度
自由度：决定一物体的位置所需的独立坐标数。

自由度 = 2 + 1

自由度 = 3 + 3

刚体：总自由度 = 平动自由度 + 转动自由度
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角速度和线速度

v = ! ⇥ r
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证明：P点绕O点和O’点的角速度相同。
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velocity; the faster the body rotates, the greater the speed of each particle. In
Fig. 9.9, point P is a constant distance r from the axis of rotation, so it moves in a
circle of radius r. At any time, the angle (in radians) and the arc length s are
related by

We take the time derivative of this, noting that r is constant for any specific parti-
cle, and take the absolute value of both sides:

Now is the absolute value of the rate of change of arc length, which is
equal to the instantaneous linear speed of the particle. Analogously, the
absolute value of the rate of change of the angle, is the instantaneous angular
speed —that is, the magnitude of the instantaneous angular velocity in 
Thus

(relationship between linear and angular speeds) (9.13)

The farther a point is from the axis, the greater its linear speed. The direction of
the linear velocity vector is tangent to its circular path at each point (Fig. 9.9).

CAUTION Speed vs. velocity Keep in mind the distinction between the linear and angu-
lar speeds and which appear in Eq. (9.13), and the linear and angular velocities and

The quantities without subscripts, and are never negative; they are the magnitudes
of the vectors and respectively, and their values tell you only how fast a particle is
moving or how fast a body is rotating The corresponding quantities with sub-
scripts, and can be either positive or negative; their signs tell you the direction of
the motion. !

Linear Acceleration in Rigid-Body Rotation
We can represent the acceleration of a particle moving in a circle in terms of its
centripetal and tangential components, and (Fig. 9.10), as we did in Sec-
tion 3.4. It would be a good idea to review that section now. We found that the
tangential component of acceleration the component parallel to the instan-
taneous velocity, acts to change the magnitude of the particle’s velocity (i.e., the
speed) and is equal to the rate of change of speed. Taking the derivative of 
Eq. (9.13), we find

(9.14)

This component of a particle’s acceleration is always tangent to the circular path
of the particle.

The quantity in Eq. (9.14) is the rate of change of the angular
speed. It is not quite the same as which is the rate of change of the
angular velocity. For example, consider a body rotating so that its angular veloc-
ity vector points in the (see Fig. 9.5b). If the body is gaining angu-
lar speed at a rate of per second, then But is negative
and becoming more negative as the rotation gains speed, so 
The rule for rotation about a fixed axis is that is equal to if is positive but
equal to if is negative.

The component of the particle’s acceleration directed toward the rotation
axis, the centripetal component of acceleration is associated with thearad,
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9.9 A rigid body rotating about a fixed
axis through point O.

Radial and tangential acceleration components:
• arad 5 v2r is point P’s centripetal acceleration.
• atan 5 ra means that P’s rotation is speeding up
  (the body has angular acceleration).
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9.10 A rigid body whose rotation is
speeding up. The acceleration of point P
has a component toward the rotation
axis perpendicular to and a component

along the circle that point P follows
parallel to vS2.1atan
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平面运动和瞬心

瞬心：瞬时速度为零的点

vC + ! ⇥ r0 = 0

v = vC + ! ⇥ r速度：

!

vC

平面运动：所有点的运动都平行于某一平面。

垂直于运动平面
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around the center of mass. Using the same steps that led to Eq. (9.17) for the rota-
tional kinetic energy of a rigid body, we can write this last term as where

is the moment of inertia with respect to the axis through the center of mass
and is the angular speed. So Eq. (10.10) becomes Eq. (10.8):

Rolling Without Slipping
An important case of combined translation and rotation is rolling without slip-
ping, such as the motion of the wheel shown in Fig. 10.13. The wheel is symmet-
rical, so its center of mass is at its geometric center. We view the motion in an
inertial frame of reference in which the surface on which the wheel rolls is at rest.
In this frame, the point on the wheel that contacts the surface must be instanta-
neously at rest so that it does not slip. Hence the velocity of the point of con-
tact relative to the center of mass must have the same magnitude but opposite
direction as the center-of-mass velocity If the radius of the wheel is R and its
angular speed about the center of mass is then the magnitude of is 
hence we must have

(condition for rolling without slipping) (10.11)

As Fig. 10.13 shows, the velocity of a point on the wheel is the vector sum of
the velocity of the center of mass and the velocity of the point relative to the cen-
ter of mass. Thus while point 1, the point of contact, is instantaneously at rest,
point 3 at the top of the wheel is moving forward twice as fast as the center of
mass, and points 2 and 4 at the sides have velocities at to the horizontal.

At any instant we can think of the wheel as rotating about an “instantaneous
axis” of rotation that passes through the point of contact with the ground. The
angular velocity is the same for this axis as for an axis through the center of
mass; an observer at the center of mass sees the rim make the same number of
revolutions per second as does an observer at the rim watching the center of mass
spin around him. If we think of the motion of the rolling wheel in Fig. 10.13 in
this way, the kinetic energy of the wheel is where is the moment of
inertia of the wheel about an axis through point 1. But by the parallel-axis theo-
rem, Eq. (9.19), where M is the total mass of the wheel and 
is the moment of inertia with respect to an axis through the center of mass. Using
Eq. (10.11), the kinetic energy of the wheel is

which is the same as Eq. (10.8).
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10.13 The motion of a rolling wheel is
the sum of the translational motion of the
center of mass plus the rotational motion
of the wheel around the center of mass.

Maple seed

Maple seed falling

Application Combined Translation
and Rotation
A maple seed consists of a pod attached to a
much lighter, flattened wing. Airflow around
the wing slows the fall to about and
causes the seed to rotate about its center of
mass. The seed’s slow fall means that a
breeze can carry the seed some distance from
the parent tree. In the absence of wind, the
seed’s center of mass falls straight down.

1 m>s

ActivPhysics 7.11: Race Between a Block and
a Disk
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平面运动和瞬心
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平面运动和瞬心
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圆筒的转动惯量

becomes an integral. Imagine dividing the body into elements of mass dm that
are very small, so that all points in a particular element are at essentially the same
perpendicular distance from the axis of rotation. We call this distance r, as before.
Then the moment of inertia is

(9.20)

To evaluate the integral, we have to represent r and dm in terms of the same inte-
gration variable. When the object is effectively one-dimensional, such as the slen-
der rods (a) and (b) in Table 9.2, we can use a coordinate x along the length and
relate dm to an increment dx. For a three-dimensional object it is usually easiest to
express dm in terms of an element of volume dV and the density of the body.
Density is mass per unit volume, so we may also write Eq. (9.20) as

This expression tells us that a body’s moment of inertia depends on how its den-
sity varies within its volume (Fig. 9.21). If the body is uniform in density, then
we may take outside the integral:

(9.21)

To use this equation, we have to express the volume element dV in terms of the
differentials of the integration variables, such as The element dV
must always be chosen so that all points within it are at very nearly the same dis-
tance from the axis of rotation. The limits on the integral are determined by the
shape and dimensions of the body. For regularly shaped bodies, this integration is
often easy to do.

dV = dx dy dz.

I = rLr 2 dV

r

I = Lr 2r dV

r = dm>dV,
r

I = Lr 2 dm

9.6 Moment-of-Inertia Calculations 295

9.21 By measuring small variations in
the orbits of satellites, geophysicists can
measure the earth’s moment of inertia.
This tells us how our planet’s mass is dis-
tributed within its interior. The data show
that the earth is far denser at the core than
in its outer layers.

Example 9.10 Hollow or solid cylinder, rotating about axis of symmetry

Figure 9.22 shows a hollow cylinder of uniform mass density 
with length L, inner radius and outer radius (It might be a
steel cylinder in a printing press.) Using integration, find its
moment of inertia about its axis of symmetry.

SOLUTION

IDENTIFY and SET UP: We choose as a volume element a thin
cylindrical shell of radius r, thickness dr, and length L. All parts of
this shell are at very nearly the same distance r from the axis. The
volume of the shell is very nearly that of a flat sheet with thickness
dr, length L, and width (the circumference of the shell). The
mass of the shell is

We’ll use this expression in Eq. (9.20), integrating from to

EXECUTE: From Eq. (9.20), the moment of inertia is

=
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(In the last step we used the identity .)
Let’s express this result in terms of the total mass M of the body,
which is its density ! multiplied by the total volume V. The cylin-
der’s volume is

so its total mass M is

Continued
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9.22 Finding the moment of inertia of a hollow cylinder about
its symmetry axis.

becomes an integral. Imagine dividing the body into elements of mass dm that
are very small, so that all points in a particular element are at essentially the same
perpendicular distance from the axis of rotation. We call this distance r, as before.
Then the moment of inertia is

(9.20)

To evaluate the integral, we have to represent r and dm in terms of the same inte-
gration variable. When the object is effectively one-dimensional, such as the slen-
der rods (a) and (b) in Table 9.2, we can use a coordinate x along the length and
relate dm to an increment dx. For a three-dimensional object it is usually easiest to
express dm in terms of an element of volume dV and the density of the body.
Density is mass per unit volume, so we may also write Eq. (9.20) as

This expression tells us that a body’s moment of inertia depends on how its den-
sity varies within its volume (Fig. 9.21). If the body is uniform in density, then
we may take outside the integral:

(9.21)

To use this equation, we have to express the volume element dV in terms of the
differentials of the integration variables, such as The element dV
must always be chosen so that all points within it are at very nearly the same dis-
tance from the axis of rotation. The limits on the integral are determined by the
shape and dimensions of the body. For regularly shaped bodies, this integration is
often easy to do.

dV = dx dy dz.

I = rLr 2 dV
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I = Lr 2r dV

r = dm>dV,
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I = Lr 2 dm
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9.21 By measuring small variations in
the orbits of satellites, geophysicists can
measure the earth’s moment of inertia.
This tells us how our planet’s mass is dis-
tributed within its interior. The data show
that the earth is far denser at the core than
in its outer layers.

Example 9.10 Hollow or solid cylinder, rotating about axis of symmetry

Figure 9.22 shows a hollow cylinder of uniform mass density 
with length L, inner radius and outer radius (It might be a
steel cylinder in a printing press.) Using integration, find its
moment of inertia about its axis of symmetry.

SOLUTION

IDENTIFY and SET UP: We choose as a volume element a thin
cylindrical shell of radius r, thickness dr, and length L. All parts of
this shell are at very nearly the same distance r from the axis. The
volume of the shell is very nearly that of a flat sheet with thickness
dr, length L, and width (the circumference of the shell). The
mass of the shell is

We’ll use this expression in Eq. (9.20), integrating from to

EXECUTE: From Eq. (9.20), the moment of inertia is
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(In the last step we used the identity .)
Let’s express this result in terms of the total mass M of the body,
which is its density ! multiplied by the total volume V. The cylin-
der’s volume is

so its total mass M is
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9.22 Finding the moment of inertia of a hollow cylinder about
its symmetry axis.

becomes an integral. Imagine dividing the body into elements of mass dm that
are very small, so that all points in a particular element are at essentially the same
perpendicular distance from the axis of rotation. We call this distance r, as before.
Then the moment of inertia is

(9.20)

To evaluate the integral, we have to represent r and dm in terms of the same inte-
gration variable. When the object is effectively one-dimensional, such as the slen-
der rods (a) and (b) in Table 9.2, we can use a coordinate x along the length and
relate dm to an increment dx. For a three-dimensional object it is usually easiest to
express dm in terms of an element of volume dV and the density of the body.
Density is mass per unit volume, so we may also write Eq. (9.20) as

This expression tells us that a body’s moment of inertia depends on how its den-
sity varies within its volume (Fig. 9.21). If the body is uniform in density, then
we may take outside the integral:

(9.21)

To use this equation, we have to express the volume element dV in terms of the
differentials of the integration variables, such as The element dV
must always be chosen so that all points within it are at very nearly the same dis-
tance from the axis of rotation. The limits on the integral are determined by the
shape and dimensions of the body. For regularly shaped bodies, this integration is
often easy to do.

dV = dx dy dz.

I = rLr 2 dV

r

I = Lr 2r dV
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I = Lr 2 dm
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Example 9.11 Uniform sphere with radius R, axis through center

Find the moment of inertia of a solid sphere of uniform mass den-
sity (like a billiard ball) about an axis through its center.

SOLUTION

IDENTIFY and SET UP: We divide the sphere into thin, solid disks
of thickness dx (Fig. 9.23), whose moment of inertia we know
from Table 9.2, case (f). We’ll integrate over these to find the total
moment of inertia.

EXECUTE: The radius and hence the volume and mass of a disk
depend on its distance x from the center of the sphere. The radius r
of the disk shown in Fig. 9.23 is

Its volume is

dV = pr 2 dx = p1R2 - x22 dx

r = 2R2 - x2

r
and so its mass is

From Table 9.2, case (f ), the moment of inertia of a disk of radius
r and mass dm is

Integrating this expression from to gives the moment
of inertia of the right hemisphere. The total I for the entire sphere,
including both hemispheres, is just twice this:

Carrying out the integration, we find

The volume of the sphere is , so in terms of its mass
M its density is

Hence our expression for I becomes

EVALUATE: This is just as in Table 9.2, case (h). Note that the
moment of inertia of a solid sphere of mass M and
radius R is less than the moment of inertia of a solid
cylinder of the same mass and radius, because more of the sphere’s
mass is located close to the axis.

I = 1
2MR2

I = 2
5MR2

I = a8pR5

15
b a 3M

4pR3
b = 2

5 MR2

r = M
V

= 3M

4pR3

V = 4pR3>3I =
8prR5

15

I = 122pr
2 L

R

0
1R2 - x222 dx

x = Rx = 0

=
pr

2
1R2 - x222 dx

dI = 1
2 r 2 dm = 1

2 1R2 - x223pr1R2 - x22 dx4
dm = r dV = pr1R2 - x22 dx

Mass element: disk of
radius r and thickness dx
located a distance x from
the center of the sphere

Axis

r
R

x

dx

9.23 Finding the moment of inertia of a sphere about an axis
through its center.

Test Your Understanding of Section 9.6 Two hollow cylinders have the same
inner and outer radii and the same mass, but they have different lengths. One is made of
low-density wood and the other of high-density lead. Which cylinder has the greater
moment of inertia around its axis of symmetry? (i) the wood cylinder; (ii) the lead cylin-
der; (iii) the two moments of inertia are equal. !

Comparing with the above expression for I, we see that

EVALUATE: Our result agrees with Table 9.2, case (e). If the cylin-
der is solid, with outer radius and inner radius , its
moment of inertia is

I = 1
2 MR2

R1 = 0R2 = R

I = 1
2 M1R 2

1 + R 2
2 2 in agreement with case (f ). If the cylinder wall is very thin, we

have and the moment of inertia is

in agreement with case (g). We could have predicted this last
result without calculation; in a thin-walled cylinder, all the mass
is at the same distance from the axis, so 
R21dm = MR2.

I = 1r 2 dm =r = R

I = MR2

R1 L R2 = R
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The volume of the sphere is , so in terms of its mass
M its density is

Hence our expression for I becomes

EVALUATE: This is just as in Table 9.2, case (h). Note that the
moment of inertia of a solid sphere of mass M and
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cylinder of the same mass and radius, because more of the sphere’s
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Test Your Understanding of Section 9.6 Two hollow cylinders have the same
inner and outer radii and the same mass, but they have different lengths. One is made of
low-density wood and the other of high-density lead. Which cylinder has the greater
moment of inertia around its axis of symmetry? (i) the wood cylinder; (ii) the lead cylin-
der; (iii) the two moments of inertia are equal. !

Comparing with the above expression for I, we see that

EVALUATE: Our result agrees with Table 9.2, case (e). If the cylin-
der is solid, with outer radius and inner radius , its
moment of inertia is
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in agreement with case (g). We could have predicted this last
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(a) Slender rod,
     axis through center
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(c) Rectangular plate,
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L
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(e) Hollow cylinder (f) Solid cylinder (g) Thin-walled hollow
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     sphere

(h) Solid sphere
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Table 9.2 Moments of Inertia of Various Bodies

Problem-Solving Strategy 9.1 Rotational Energy

IDENTIFY the relevant concepts: You can use work–energy rela-
tionships and conservation of energy to find relationships involv-
ing the position and motion of a rigid body rotating around a fixed
axis. The energy method is usually not helpful for problems that
involve elapsed time. In Chapter 10 we’ll see how to approach
rotational problems of this kind.

SET UP the problem using Problem-Solving Strategy 7.1 (Section 7.1),
with the following additions:
5. You can use Eqs. (9.13) and (9.14) in problems involving a

rope (or the like) wrapped around a rotating rigid body, if the
rope doesn’t slip. These equations relate the linear speed and
tangential acceleration of a point on the body to the body’s
angular velocity and angular acceleration. (See Examples 9.7
and 9.8.)

6. Use Table 9.2 to find moments of inertia. Use the parallel-axis
theorem, Eq. (9.19) (to be derived in Section 9.5), to find

moments of inertia for rotation about axes parallel to those shown
in the table.

EXECUTE the solution: Write expressions for the initial and 
final kinetic and potential energies and and for the
nonconservative work (if any), where must now
include any rotational kinetic energy . Substitute these
expressions into Eq. (7.14), (if non-
conservative work is done), or Eq. (7.11), (if
only conservative work is done), and solve for the target variables.
It’s helpful to draw bar graphs showing the initial and final values
of K, U, and 

EVALUATE your answer: Check whether your answer makes phys-
ical sense.

E = K + U.

K2 + U2K1 + U1 =
K1 + U1 + Wother = K2 + U2

K = 1
2Iv2
K1 and K2Wother

U2U1,K2,K1,

Example 9.7 An unwinding cable I

We wrap a light, nonstretching cable around a solid cylinder of
mass 50 kg and diameter 0.120 m, which rotates in frictionless
bearings about a stationary horizontal axis (Fig. 9.16). We pull the
free end of the cable with a constant 9.0-N force for a distance of
2.0 m; it turns the cylinder as it unwinds without slipping. The
cylinder is initially at rest. Find its final angular speed and the final
speed of the cable.

SOLUTION

IDENTIFY: We’ll solve this problem using energy methods. We’ll
assume that the cable is massless, so only the cylinder has kinetic
energy. There are no changes in gravitational potential energy.
There is friction between the cable and the cylinder, but because
the cable doesn’t slip, there is no motion of the cable relative to the

Continued
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5. You can use Eqs. (9.13) and (9.14) in problems involving a

rope (or the like) wrapped around a rotating rigid body, if the
rope doesn’t slip. These equations relate the linear speed and
tangential acceleration of a point on the body to the body’s
angular velocity and angular acceleration. (See Examples 9.7
and 9.8.)

6. Use Table 9.2 to find moments of inertia. Use the parallel-axis
theorem, Eq. (9.19) (to be derived in Section 9.5), to find

moments of inertia for rotation about axes parallel to those shown
in the table.

EXECUTE the solution: Write expressions for the initial and 
final kinetic and potential energies and and for the
nonconservative work (if any), where must now
include any rotational kinetic energy . Substitute these
expressions into Eq. (7.14), (if non-
conservative work is done), or Eq. (7.11), (if
only conservative work is done), and solve for the target variables.
It’s helpful to draw bar graphs showing the initial and final values
of K, U, and 
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ical sense.
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Example 9.7 An unwinding cable I

We wrap a light, nonstretching cable around a solid cylinder of
mass 50 kg and diameter 0.120 m, which rotates in frictionless
bearings about a stationary horizontal axis (Fig. 9.16). We pull the
free end of the cable with a constant 9.0-N force for a distance of
2.0 m; it turns the cylinder as it unwinds without slipping. The
cylinder is initially at rest. Find its final angular speed and the final
speed of the cable.

SOLUTION

IDENTIFY: We’ll solve this problem using energy methods. We’ll
assume that the cable is massless, so only the cylinder has kinetic
energy. There are no changes in gravitational potential energy.
There is friction between the cable and the cylinder, but because
the cable doesn’t slip, there is no motion of the cable relative to the
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CAUTION Moment of inertia depends on the choice of axis The results of parts (a) and (b)
of Example 9.6 show that the moment of inertia of a body depends on the location and ori-
entation of the axis. It’s not enough to just say, “The moment of inertia of this body is

We have to be specific and say, “The moment of inertia of this body about
the axis through B and C is ” !

In Example 9.6 we represented the body as several point masses, and we eval-
uated the sum in Eq. (9.16) directly. When the body is a continuous distribution
of matter, such as a solid cylinder or plate, the sum becomes an integral, and we
need to use calculus to calculate the moment of inertia. We will give several
examples of such calculations in Section 9.6; meanwhile, Table 9.2 gives
moments of inertia for several familiar shapes in terms of their masses and
dimensions. Each body shown in Table 9.2 is uniform; that is, the density has the
same value at all points within the solid parts of the body.

CAUTION Computing the moment of inertia You may be tempted to try to compute the
moment of inertia of a body by assuming that all the mass is concentrated at the center of
mass and multiplying the total mass by the square of the distance from the center of mass
to the axis. Resist that temptation; it doesn’t work! For example, when a uniform thin rod
of length L and mass M is pivoted about an axis through one end, perpendicular to the rod,
the moment of inertia is [case (b) in Table 9.2]. If we took the mass as concen-
trated at the center, a distance from the axis, we would obtain the incorrect result

!

Now that we know how to calculate the kinetic energy of a rotating rigid body,
we can apply the energy principles of Chapter 7 to rotational motion. Here are
some points of strategy and some examples.

I = M1L>222 = ML2>4.
L>2I = ML2>3

0.048 kg # m2.
0.048 kg # m2.”

Example 9.6 Moments of inertia for different rotation axes

A machine part (Fig. 9.15) consists of three disks linked by light-
weight struts. (a) What is this body’s moment of inertia about an
axis through the center of disk A, perpendicular to the plane of the
diagram? (b) What is its moment of inertia about an axis through
the centers of disks B and C? (c) What is the body’s kinetic energy
if it rotates about the axis through A with angular speed 

SOLUTION

IDENTIFY and SET UP: We’ll consider the disks as massive parti-
cles located at the centers of the disks, and consider the struts as

4.0 rad>s?
v =

massless. In parts (a) and (b), we’ll use Eq. (9.16) to find the
moments of inertia. Given the moment of inertia about axis A,
we’ll use Eq. (9.17) in part (c) to find the rotational kinetic energy.

EXECUTE: (a) The particle at point A lies on the axis through A, so
its distance r from the axis is zero and it contributes nothing to the
moment of inertia. Hence only B and C contribute, and Eq. (9.16)
gives

(b) The particles at B and C both lie on axis BC, so neither parti-
cle contributes to the moment of inertia. Hence only A contributes:

(c) From Eq. (9.17),

EVALUATE: The moment of inertia about axis A is greater than that
about axis BC. Hence of the two axes it’s easier to make the
machine part rotate about axis BC.

KA = 1
2IAv

2 = 1
2 10.057 kg # m2214.0 rad>s22 = 0.46 J

IBC = amir
2

i = 10.30 kg210.40 m22 = 0.048 kg # m2

= 0.057 kg # m2

IA = amir
2

i = 10.10 kg210.50 m22 + 10.20 kg210.40 m22

Axis through disk A
(perpendicular to plane
of figure)

0.50 m

mB 5 0.10 kg

mC 5 0.20 kg

mA 5 0.30 kg

0.30 m

0.40 m
A

B

C

Axis through 
disks B and C

9.15 An oddly shaped machine part.

Application Moment of Inertia of a
Bird’s Wing
When a bird flaps its wings, it rotates the
wings up and down around the shoulder. A
hummingbird has small wings with a small
moment of inertia, so the bird can make its
wings move rapidly (up to 70 beats per sec-
ond). By contrast, the Andean condor (Vultur
gryphus) has immense wings that are hard to
move due to their large moment of inertia.
Condors flap their wings at about one beat per
second on takeoff, but at most times prefer to
soar while holding their wings steady.

T

z

= (r⇥ F)
z

= xF

y

� yF

x

Prepared by Jiang Xiao



角动量守恒

Tz = 0 ) I! = const.

dL

dt
= r⇥ F = T

dLz

dt
=

d(I!)

dt
= I

d!

dt
= Tz

T

z

= (r⇥ F)
z

= xF

y

� yF

x

326 CHAPTER 10 Dynamics of Rotational Motion

From Newton’s third law, Furthermore, if the forces act
along the same line, as in Fig. 10.8, their lever arms with respect to the chosen
axis are equal. Thus the torques of these two forces are equal and opposite, and

So if we add the two preceding equations, we find

or, because is the total angular momentum of the system,

(zero net external torque) (10.31)

That is, the total angular momentum of the system is constant. The torques of the
internal forces can transfer angular momentum from one body to the other, but
they can’t change the total angular momentum of the system (Fig. 10.28).
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Example 10.10 Anyone can be a ballerina

A physics professor stands at the center of a frictionless turntable
with arms outstretched and a 5.0-kg dumbbell in each hand 
(Fig. 10.29). He is set rotating about the vertical axis, making one
revolution in 2.0 s. Find his final angular velocity if he pulls the
dumbbells in to his stomach. His moment of inertia (without the
dumbbells) is with arms outstretched and 
with his hands at his stomach. The dumbbells are 1.0 m from the
axis initially and 0.20 m at the end.

SOLUTION

IDENTIFY, SET UP, and EXECUTE: No external torques act about
the z-axis, so is constant. We’ll use Eq. (10.30) to find the finalLz

2.2 kg # m23.0 kg # m2

angular velocity The moment of inertia of the system is
We treat each dumbbell as a particle of mass 

m that contributes to , where r is the perpendicular
distance from the axis to the dumbbell. Initially we have

The final moment of inertia is

From Eq. (10.30), the final angular velocity is

Can you see why we didn’t have to change “revolutions” to “radi-
ans” in this calculation?

EVALUATE: The angular momentum remained constant, but the angu-
lar velocity increased by a factor of 5, from 

to
The initial and final kinetic energies are then

The fivefold increase in kinetic energy came from the work that
the professor did in pulling his arms and the dumbbells inward.

K2 = 1
2 I2v2z

2 = 1
212.6 kg # m22115.7 rad>s22 = 320 J

K1 = 1
2I1v1z

2 = 1
2113 kg # m2213.14 rad>s22 = 64 J

15.7 rad>s.
v2z = 12.5 rev>s212p rad>rev2 =12p rad>rev2 = 3.14 rad>s v1z = 10.50 rev>s2

v2z =
I1

I2
v1z =

13 kg # m2

2.6 kg # m2
10.50 rev>s2 = 2.5 rev>s = 5v1z

I2 = 2.2 kg # m2 + 215.0 kg210.20 m22 = 2.6 kg # m2

v1z = 1 rev
2.0 s

= 0.50 rev>sI1 = 3.0 kg # m2 + 215.0 kg211.0 m22 = 13 kg # m2

Idumbbellsmr 2
Idumbbells.I = Iprof +

v2z.

AFTERBEFORE

Dumbbell

v1
v2

Dumbbell

Professor
(not a
dumbbell)

10.29 Fun with conservation of angular momentum.

Example 10.11 A rotational “collision”

Figure 10.30 shows two disks: an engine flywheel (A) and a clutch
plate (B) attached to a transmission shaft. Their moments of inertia
are and initially, they are rotating with constant angular
speeds and , respectively. We push the disks together with
forces acting along the axis, so as not to apply any torque on either
disk. The disks rub against each other and eventually reach a com-
mon angular speed Derive an expression for v.v.

vBvA

IB;IA

SOLUTION

IDENTIFY, SET UP, and EXECUTE: There are no external torques, so
the only torque acting on either disk is the torque applied by the
other disk. Hence the total angular momentum of the system of
two disks is conserved. At the end they rotate together as one body
with total moment of inertia and angular speed v.I = IA + IB

PhET: Torque
ActivPhysics 7.14: Ball Hits Bat

跳水：http://v.youku.com/v_show/id_XMjg4MDI5MDY0.html

花样滑冰：http://v.youku.com/v_show/id_XMjYxMDQ3Mzk2.html
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From Newton’s third law, Furthermore, if the forces act
along the same line, as in Fig. 10.8, their lever arms with respect to the chosen
axis are equal. Thus the torques of these two forces are equal and opposite, and

So if we add the two preceding equations, we find

or, because is the total angular momentum of the system,

(zero net external torque) (10.31)

That is, the total angular momentum of the system is constant. The torques of the
internal forces can transfer angular momentum from one body to the other, but
they can’t change the total angular momentum of the system (Fig. 10.28).
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Example 10.10 Anyone can be a ballerina

A physics professor stands at the center of a frictionless turntable
with arms outstretched and a 5.0-kg dumbbell in each hand 
(Fig. 10.29). He is set rotating about the vertical axis, making one
revolution in 2.0 s. Find his final angular velocity if he pulls the
dumbbells in to his stomach. His moment of inertia (without the
dumbbells) is with arms outstretched and 
with his hands at his stomach. The dumbbells are 1.0 m from the
axis initially and 0.20 m at the end.

SOLUTION

IDENTIFY, SET UP, and EXECUTE: No external torques act about
the z-axis, so is constant. We’ll use Eq. (10.30) to find the finalLz

2.2 kg # m23.0 kg # m2

angular velocity The moment of inertia of the system is
We treat each dumbbell as a particle of mass 

m that contributes to , where r is the perpendicular
distance from the axis to the dumbbell. Initially we have

The final moment of inertia is

From Eq. (10.30), the final angular velocity is

Can you see why we didn’t have to change “revolutions” to “radi-
ans” in this calculation?

EVALUATE: The angular momentum remained constant, but the angu-
lar velocity increased by a factor of 5, from 

to
The initial and final kinetic energies are then

The fivefold increase in kinetic energy came from the work that
the professor did in pulling his arms and the dumbbells inward.

K2 = 1
2 I2v2z

2 = 1
212.6 kg # m22115.7 rad>s22 = 320 J

K1 = 1
2I1v1z

2 = 1
2113 kg # m2213.14 rad>s22 = 64 J

15.7 rad>s.
v2z = 12.5 rev>s212p rad>rev2 =12p rad>rev2 = 3.14 rad>s v1z = 10.50 rev>s2

v2z =
I1

I2
v1z =

13 kg # m2

2.6 kg # m2
10.50 rev>s2 = 2.5 rev>s = 5v1z

I2 = 2.2 kg # m2 + 215.0 kg210.20 m22 = 2.6 kg # m2

v1z = 1 rev
2.0 s

= 0.50 rev>sI1 = 3.0 kg # m2 + 215.0 kg211.0 m22 = 13 kg # m2

Idumbbellsmr 2
Idumbbells.I = Iprof +

v2z.

AFTERBEFORE

Dumbbell

v1
v2

Dumbbell

Professor
(not a
dumbbell)

10.29 Fun with conservation of angular momentum.

Example 10.11 A rotational “collision”

Figure 10.30 shows two disks: an engine flywheel (A) and a clutch
plate (B) attached to a transmission shaft. Their moments of inertia
are and initially, they are rotating with constant angular
speeds and , respectively. We push the disks together with
forces acting along the axis, so as not to apply any torque on either
disk. The disks rub against each other and eventually reach a com-
mon angular speed Derive an expression for v.v.

vBvA

IB;IA

SOLUTION

IDENTIFY, SET UP, and EXECUTE: There are no external torques, so
the only torque acting on either disk is the torque applied by the
other disk. Hence the total angular momentum of the system of
two disks is conserved. At the end they rotate together as one body
with total moment of inertia and angular speed v.I = IA + IB

PhET: Torque
ActivPhysics 7.14: Ball Hits Bat
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一些问题

CAUTION Rolling without slipping Note that the relationship holds only if
there is rolling without slipping. When a drag racer first starts to move, the rear tires are
spinning very fast even though the racer is hardly moving, so is greater than 
(Fig. 10.14). If a driver applies the brakes too heavily so that the car skids, the tires will
spin hardly at all and is less than !

If a rigid body changes height as it moves, we must also consider gravitational
potential energy. As we discussed in Section 9.4, the gravitational potential
energy associated with any extended body of mass M, rigid or not, is the same as
if we replace the body by a particle of mass M located at the body’s center of
mass. That is,

U = Mgycm

vcm.Rv

vcmRv

vcm = Rv

10.3 Rigid-Body Rotation About a Moving Axis 317

10.14 The smoke rising from this drag
racer’s rear tires shows that the tires are
slipping on the road, so is not equal
to Rv.

vcm

Example 10.4 Speed of a primitive yo-yo

You make a primitive yo-yo by wrapping a massless string around
a solid cylinder with mass M and radius R (Fig. 10.15). You hold
the free end of the string stationary and release the cylinder from
rest. The string unwinds but does not slip or stretch as the cylinder
descends and rotates. Using energy considerations, find the speed

of the center of mass of the cylinder after it has descended a
distance h.

SOLUTION

IDENTIFY and SET UP: The upper end of the string is held fixed, not
pulled upward, so your hand does no work on the string–cylinder
system. There is friction between the string and the cylinder, but the
string doesn’t slip so no mechanical energy is lost. Hence we can use
conservation of mechanical energy. The initial kinetic energy of 
the cylinder is and its final kinetic energy is given byK2K1 = 0,

vcm

Eq. (10.8); the massless string has no kinetic energy. The moment
of inertia is and by Eq. (9.13) because the
string doesn’t slip. The potential energies are and

EXECUTE: From Eq. (10.8), the kinetic energy at point 2 is

The kinetic energy is times what it would be if the yo-yo were
falling at speed without rotating. Two-thirds of the total kinetic 
energy is translational and one-third is rota-
tional. Using conservation of energy,

EVALUATE: No mechanical energy was lost or gained, so from the
energy standpoint the string is merely a way to convert some of the
gravitational potential energy (which is released as the cylinder
falls) into rotational kinetic energy rather than translational kinetic
energy. Because not all of the released energy goes into translation,

is less than the speed of an object dropped from height h
with no strings attached.

12ghvcm

vcm = 34
3gh

 0 + Mgh = 3
4 Mvcm

2 + 0

K1 + U1 = K2 + U2

114Mvcm
22112Mvcm

22vcm

11
2

= 3
4 Mvcm

2

K2 = 1
2 Mvcm

2 + 1
2 A12MR2 B avcm

R
b2

U2 = 0.
U1 = Mgh

v = vcm>RI = 1
2MR2,

vcm

vcm 5 0
v 5 0

h

1

2

R

M

v

10.15 Calculating the speed of a primitive yo-yo.

Example 10.5 Race of the rolling bodies

In a physics demonstration, an instructor “races” various bodies
that roll without slipping from rest down an inclined plane (Fig.
10.16). What shape should a body have to reach the bottom of the
incline first?

SOLUTION

IDENTIFY and SET UP: Kinetic friction does no work if the bodies
roll without slipping. We can also ignore the effects of rolling fric-
tion, introduced in Section 5.3, if the bodies and the surface of the

Continued

悠悠球
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Combined Translation and Rotation: Dynamics
We can also analyze the combined translational and rotational motions of a rigid
body from the standpoint of dynamics. We showed in Section 8.5 that for a body
with total mass M, the acceleration of the center of mass is the same as that
of a point mass M acted on by all the external forces on the actual body:

(10.12)

The rotational motion about the center of mass is described by the rotational ana-
log of Newton’s second law, Eq. (10.7):

(10.13)

where is the moment of inertia with respect to an axis through the center of
mass and the sum includes all external torques with respect to this axis. It’s
not immediately obvious that Eq. (10.13) should apply to the motion of a trans-
lating rigid body; after all, our derivation of in Section 10.2 assumed
that the axis of rotation was stationary. But in fact, Eq. (10.13) is valid even when
the axis of rotation moves, provided the following two conditions are met:

1. The axis through the center of mass must be an axis of symmetry.
2. The axis must not change direction.

These conditions are satisfied for many types of rotation (Fig. 10.17). Note that in
general this moving axis of rotation is not at rest in an inertial frame of reference.

We can now solve dynamics problems involving a rigid body that undergoes
translational and rotational motions at the same time, provided that the rotation
axis satisfies the two conditions just mentioned. Problem-Solving Strategy 10.1
(Section 10.2) is equally useful here, and you should review it now. Keep in mind
that when a body undergoes translational and rotational motions at the same time,
we need two separate equations of motion for the same body. One of these, 
Eq. (10.12), describes the translational motion of the center of mass. The other
equation of motion, Eq. (10.13), describes the rotational motion about the axis
through the center of mass.

gtz = Iaz

gtz

Icm

a tz = Icmaz

aF
S

ext ! M aScm

aScm

10.17 The axle of a bicycle wheel
passes through the wheel’s center of 
mass and is an axis of symmetry. Hence
the rotation of the wheel is described by 
Eq. (10.13), provided the bicycle doesn’t
turn or tilt to one side (which would
change the orientation of the axle).

incline are rigid. (Later in this section we’ll explain why this is so.)
We can therefore use conservation of energy. Each body starts from
rest at the top of an incline with height h, so and

Equation (10.8) gives the kinetic energy at the bottom of the
incline; since the bodies roll without slipping, We can
express the moments of inertia of the four round bodies in Table 9.2,
cases (f)–(i), as where c is a number less than or equal
to 1 that depends on the shape of the body. Our goal is to find the
value of c that gives the body the greatest speed after its center of
mass has descended a vertical distance h.

vcm

Icm = cMR2,

v = vcm>R.
U2 = 0.

U1 = Mgh,K1 = 0,

EXECUTE: From conservation of energy,

EVALUATE: For a given value of c, the speed after descending a
distance h is independent of the body’s mass M and radius R.
Hence all uniform solid cylinders have the same speed at
the bottom, regardless of their mass and radii. The values of c tell
us that the order of finish for uniform bodies will be 
as follows: (1) any solid sphere , (2) any solid cylinder

, (3) any thin-walled, hollow sphere , and 
(4) any thin-walled, hollow cylinder . Small-c bodies
always beat large-c bodies because less of their kinetic energy is
tied up in rotation and so more is available for translation.

1c = 12 1c = 2
321c = 1

22 1c = 2
52

1c = 1
22

vcm

vcm = A 2gh

1 + c

Mgh = 1
2 11 + c2Mvcm

2

 0 + Mgh = 1
2 Mvcm

2 + 1
2 cMR2avcm

R
b2

+ 0

K1 + U1 = K2 + U2

h

10.16 Which body rolls down the incline fastest, and why?哪个滚的最快
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of relative to the tracks. Find the magnitude and direc-
tion of the angular velocity of the disk relative to the earth.
10.98 . A 55-kg runner runs around the edge of a horizontal
turntable mounted on a vertical, frictionless axis through its center.
The runner’s velocity relative to the earth has magnitude 
The turntable is rotating in the opposite direction with an angular
velocity of magnitude relative to the earth. The radius
of the turntable is 3.0 m, and its moment of inertia about the axis of
rotation is Find the final angular velocity of the system
if the runner comes to rest relative to the turntable. (You can model
the runner as a particle.)
10.99 .. Center of Percussion. A baseball bat rests on a fric-
tionless, horizontal surface. The bat has a length of 0.900 m, a
mass of 0.800 kg, and its center of mass is 0.600 m from the han-
dle end of the bat (Fig. P10.99). The moment of inertia of the bat
about its center of mass is The bat is struck by a
baseball traveling perpendicular to the bat. The impact applies an
impulse at a point a distance x from the handle end of
the bat. What must x be so that the handle end of the bat remains at
rest as the bat begins to move? [Hint: Consider the motion of the
center of mass and the rotation about the center of mass. Find x so
that these two motions combine to give for the end of the
bat just after the collision. Also, note that integration of Eq. (10.29)
gives (see Problem 10.92).] The point on the
bat you have located is called the center of percussion. Hitting a
pitched ball at the center of percussion of the bat minimizes the
“sting” the batter experiences on the hands.

CHALLENGE PROBLEMS
10.100 ... A uniform ball of radius R rolls without slipping
between two rails such that the horizontal distance is d between the
two contact points of the rails to the ball. (a) In a sketch, show that
at any instant Discuss this expression in
the limits and (b) For a uniform ball starting from
rest and descending a vertical distance h while rolling without slip-
ping down a ramp, Replacing the ramp with the
two rails, show that 

vcm = B 10gh

5 + 2>11 - d2>4R22
vcm = 110gh>7.

d = 2R.d = 0
vcm = v2R2 - d2>4.

¢L = 1 t2
t1 1gt2dt

v = 0

J = 1 t2
t1 Fdt

0.0530 kg # m2.

80 kg # m2.

0.20 rad>s 2.8 m>s.

0.600 m>s In each case, the work done by friction has been ignored. (c) Which
speed in part (b) is smaller? Why? Answer in terms of how the loss
of potential energy is shared between the gain in translational and
rotational kinetic energies. (d) For which value of the ratio do
the two expressions for the speed in part (b) differ by 5.0%? By
0.50%?
10.101 ... When an object is rolling without slipping, the
rolling friction force is much less than the friction force when the
object is sliding; a silver dollar will roll on its edge much farther
than it will slide on its flat side (see Section 5.3). When an object
is rolling without slipping on a horizontal surface, we can
approximate the friction force to be zero, so that ax and are
approximately zero and and are approximately constant.
Rolling without slipping means and If an
object is set in motion on a surface without these equalities, slid-
ing (kinetic) friction will act on the object as it slips until rolling
without slipping is established. A solid cylinder with mass M and
radius R, rotating with angular speed about an axis through its
center, is set on a horizontal surface for which the kinetic friction
coefficient is (a) Draw a free-body diagram for the cylinder
on the surface. Think carefully about the direction of the kinetic
friction force on the cylinder. Calculate the accelerations of
the center of mass and of rotation about the center of mass. (b)
The cylinder is initially slipping completely, so initially 
but Rolling without slipping sets in when Cal-
culate the distance the cylinder rolls before slipping stops. (c)
Calculate the work done by the friction force on the cylinder as it
moves from where it was set down to where it begins to roll
without slipping.
10.102 ... A demonstration gyroscope wheel is constructed by
removing the tire from a bicycle wheel 0.650 m in diameter, wrap-
ping lead wire around the rim, and taping it in place. The shaft proj-
ects 0.200 m at each side of the wheel, and a woman holds the ends
of the shaft in her hands. The mass of the system is 8.00 kg; its
entire mass may be assumed to be located at its rim. The shaft is
horizontal, and the wheel is spinning about the shaft at 
Find the magnitude and direction of the force each hand exerts on
the shaft (a) when the shaft is at rest; (b) when the shaft is rotating
in a horizontal plane about its center at (c) when the
shaft is rotating in a horizontal plane about its center at 
(d) At what rate must the shaft rotate in order that it may be sup-
ported at one end only?
10.103 ... CP CALC A block with mass m is revolving with linear
speed in a circle of radius on a frictionless horizontal surface
(see Fig. E10.42). The string is slowly pulled from below until the
radius of the circle in which the block is revolving is reduced to 
(a) Calculate the tension T in the string as a function of r, the 
distance of the block from the hole. Your answer will be in terms of
the initial velocity and the radius (b) Use 
to calculate the work done by when r changes from to .
(c) Compare the results of part (b) to the change in the kinetic
energy of the block.
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0.050 rev>s;

5.00 rev>s.

vx = Rvz.vx = 0.
vz = v0

az

ax

mk.

v0

ax = raz.vx = rvz

vzvx

az

d>R

l
l

l
l

l
l

l
l

l
l

l
l

l
l

l
l

ll

l

l
l

l
l

l
l

l
l

l
l

l
l

l
l

l
l

l
l l

x

v

0.900 m

0.600 m

cm

Figure P10.99击球中心

两轮磨合
!1 !2

R1

R2

Prepared by Jiang Xiao



一些问题

316 CHAPTER 10 Dynamics of Rotational Motion

around the center of mass. Using the same steps that led to Eq. (9.17) for the rota-
tional kinetic energy of a rigid body, we can write this last term as where

is the moment of inertia with respect to the axis through the center of mass
and is the angular speed. So Eq. (10.10) becomes Eq. (10.8):

Rolling Without Slipping
An important case of combined translation and rotation is rolling without slip-
ping, such as the motion of the wheel shown in Fig. 10.13. The wheel is symmet-
rical, so its center of mass is at its geometric center. We view the motion in an
inertial frame of reference in which the surface on which the wheel rolls is at rest.
In this frame, the point on the wheel that contacts the surface must be instanta-
neously at rest so that it does not slip. Hence the velocity of the point of con-
tact relative to the center of mass must have the same magnitude but opposite
direction as the center-of-mass velocity If the radius of the wheel is R and its
angular speed about the center of mass is then the magnitude of is 
hence we must have

(condition for rolling without slipping) (10.11)

As Fig. 10.13 shows, the velocity of a point on the wheel is the vector sum of
the velocity of the center of mass and the velocity of the point relative to the cen-
ter of mass. Thus while point 1, the point of contact, is instantaneously at rest,
point 3 at the top of the wheel is moving forward twice as fast as the center of
mass, and points 2 and 4 at the sides have velocities at to the horizontal.

At any instant we can think of the wheel as rotating about an “instantaneous
axis” of rotation that passes through the point of contact with the ground. The
angular velocity is the same for this axis as for an axis through the center of
mass; an observer at the center of mass sees the rim make the same number of
revolutions per second as does an observer at the rim watching the center of mass
spin around him. If we think of the motion of the rolling wheel in Fig. 10.13 in
this way, the kinetic energy of the wheel is where is the moment of
inertia of the wheel about an axis through point 1. But by the parallel-axis theo-
rem, Eq. (9.19), where M is the total mass of the wheel and 
is the moment of inertia with respect to an axis through the center of mass. Using
Eq. (10.11), the kinetic energy of the wheel is

which is the same as Eq. (10.8).
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10.13 The motion of a rolling wheel is
the sum of the translational motion of the
center of mass plus the rotational motion
of the wheel around the center of mass.

Maple seed

Maple seed falling

Application Combined Translation
and Rotation
A maple seed consists of a pod attached to a
much lighter, flattened wing. Airflow around
the wing slows the fall to about and
causes the seed to rotate about its center of
mass. The seed’s slow fall means that a
breeze can carry the seed some distance from
the parent tree. In the absence of wind, the
seed’s center of mass falls straight down.
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A cue ball (a uniform solid sphere of mass m and radius R) is at
rest on a level pool table. Using a pool cue, you give the ball a
sharp, horizontal hit of magnitude F at a height h above the center
of the ball (Fig. 10.37). The force of the hit is much greater 
than the friction force ƒ that the table surface exerts on the ball.
The hit lasts for a short time . (a) For what value of 
h will the ball roll without slipping? (b) If you hit the ball dead
center , the ball will slide across the table for a while, but
eventually it will roll without slipping. What will the speed of its
center of mass be then?

1h = 02 ¢t

BRIDGING PROBLEM Billiard Physics

3. Draw two free-body diagrams for the ball in part (b): one show-
ing the forces during the hit and the other showing the forces
after the hit but before the ball is rolling without slipping.

4. What is the angular speed of the ball in part (b) just after the
hit? While the ball is sliding, does increase or decrease?
Does increase or decrease? What is the relationship between

and when the ball is finally rolling without slipping?

EXECUTE
5. In part (a), use the impulse–momentum theorem to find the

speed of the ball’s center of mass immediately after the hit.
Then use the rotational version of the impulse–momentum the-
orem to find the angular speed immediately after the hit. (Hint:
To write down the rotational version of the impulse–momentum
theorem, remember that the relationship between torque and
angular momentum is the same as that between force and linear
momentum.)

6. Use your results from step 5 to find the value of h that will
cause the ball to roll without slipping immediately after the hit.

7. In part (b), again find the ball’s center-of-mass speed and
angular speed immediately after the hit. Then write Newton’s
second law for the translational motion and rotational motion
of the ball as it is sliding. Use these equations to write
expressions for and as functions of the elapsed time 
t since the hit.

8. Using your results from step 7, find the time t when and 
have the correct relationship for rolling without slipping. Then
find the value of at this time.

EVALUATE
9. If you have access to a pool table, test out the results of parts

(a) and (b) for yourself!
10. Can you show that if you used a hollow cylinder rather than a

solid ball, you would have to hit the top of the cylinder to
cause rolling without slipping as in part (a)?

vcm
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vvcm

vvcm

v
vcm

Problems For instructor-assigned homework, go to www.masteringphysics.com

DISCUSSION QUESTIONS
Q10.1 When cylinder-head bolts in an automobile engine are tight-
ened, the critical quantity is the torque applied to the bolts. Why is
the torque more important than the actual force applied to the
wrench handle?
Q10.2 Can a single force applied to a body change both its transla-
tional and rotational motion? Explain.
Q10.3 Suppose you could use wheels of any type in the design of a
soapbox-derby racer (an unpowered, four-wheel vehicle that
coasts from rest down a hill). To conform to the rules on the total
weight of the vehicle and rider, should you design with large mas-
sive wheels or small light wheels? Should you use solid wheels or
wheels with most of the mass at the rim? Explain.

Q10.4 A four-wheel-drive car is accelerating forward from rest.
Show the direction the car’s wheels turn and how this causes a
friction force due to the pavement that accelerates the car for-
ward.
Q10.5 Serious bicyclists say that if you reduce the weight of a
bike, it is more effective if you do so in the wheels rather than in
the frame. Why would reducing weight in the wheels make it
easier on the bicyclist than reducing the same amount in the
frame?
Q10.6 The harder you hit the brakes while driving forward, the
more the front end of your car will move down (and the rear end
move up). Why? What happens when cars accelerate forward?
Why do drag racers not use front-wheel drive only?

., .., ...: Problems of increasing difficulty. CP: Cumulative problems incorporating material from earlier chapters. CALC: Problems
requiring calculus. BIO: Biosciences problems. 

mass mh

R

10.37

SOLUTION GUIDE

See MasteringPhysics® study area for a Video Tutor solution. 

IDENTIFY and SET UP
1. Draw a free-body diagram for the ball for the situation in part (a),

including your choice of coordinate axes. Note that the cue
exerts both an impulsive force on the ball and an impulsive
torque around the center of mass.

2. The cue force applied for a time gives the ball’s center of
mass a speed , and the cue torque applied for that same
time gives the ball an angular speed . What must be the
relationship between and for the ball to roll without
slipping?

vvcm

v
vcm

¢t

台球
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around the center of mass. Using the same steps that led to Eq. (9.17) for the rota-
tional kinetic energy of a rigid body, we can write this last term as where

is the moment of inertia with respect to the axis through the center of mass
and is the angular speed. So Eq. (10.10) becomes Eq. (10.8):

Rolling Without Slipping
An important case of combined translation and rotation is rolling without slip-
ping, such as the motion of the wheel shown in Fig. 10.13. The wheel is symmet-
rical, so its center of mass is at its geometric center. We view the motion in an
inertial frame of reference in which the surface on which the wheel rolls is at rest.
In this frame, the point on the wheel that contacts the surface must be instanta-
neously at rest so that it does not slip. Hence the velocity of the point of con-
tact relative to the center of mass must have the same magnitude but opposite
direction as the center-of-mass velocity If the radius of the wheel is R and its
angular speed about the center of mass is then the magnitude of is 
hence we must have

(condition for rolling without slipping) (10.11)

As Fig. 10.13 shows, the velocity of a point on the wheel is the vector sum of
the velocity of the center of mass and the velocity of the point relative to the cen-
ter of mass. Thus while point 1, the point of contact, is instantaneously at rest,
point 3 at the top of the wheel is moving forward twice as fast as the center of
mass, and points 2 and 4 at the sides have velocities at to the horizontal.

At any instant we can think of the wheel as rotating about an “instantaneous
axis” of rotation that passes through the point of contact with the ground. The
angular velocity is the same for this axis as for an axis through the center of
mass; an observer at the center of mass sees the rim make the same number of
revolutions per second as does an observer at the rim watching the center of mass
spin around him. If we think of the motion of the rolling wheel in Fig. 10.13 in
this way, the kinetic energy of the wheel is where is the moment of
inertia of the wheel about an axis through point 1. But by the parallel-axis theo-
rem, Eq. (9.19), where M is the total mass of the wheel and 
is the moment of inertia with respect to an axis through the center of mass. Using
Eq. (10.11), the kinetic energy of the wheel is

which is the same as Eq. (10.8).
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10.13 The motion of a rolling wheel is
the sum of the translational motion of the
center of mass plus the rotational motion
of the wheel around the center of mass.

Maple seed

Maple seed falling

Application Combined Translation
and Rotation
A maple seed consists of a pod attached to a
much lighter, flattened wing. Airflow around
the wing slows the fall to about and
causes the seed to rotate about its center of
mass. The seed’s slow fall means that a
breeze can carry the seed some distance from
the parent tree. In the absence of wind, the
seed’s center of mass falls straight down.
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Combined Translation and Rotation: Dynamics
We can also analyze the combined translational and rotational motions of a rigid
body from the standpoint of dynamics. We showed in Section 8.5 that for a body
with total mass M, the acceleration of the center of mass is the same as that
of a point mass M acted on by all the external forces on the actual body:

(10.12)

The rotational motion about the center of mass is described by the rotational ana-
log of Newton’s second law, Eq. (10.7):

(10.13)

where is the moment of inertia with respect to an axis through the center of
mass and the sum includes all external torques with respect to this axis. It’s
not immediately obvious that Eq. (10.13) should apply to the motion of a trans-
lating rigid body; after all, our derivation of in Section 10.2 assumed
that the axis of rotation was stationary. But in fact, Eq. (10.13) is valid even when
the axis of rotation moves, provided the following two conditions are met:

1. The axis through the center of mass must be an axis of symmetry.
2. The axis must not change direction.

These conditions are satisfied for many types of rotation (Fig. 10.17). Note that in
general this moving axis of rotation is not at rest in an inertial frame of reference.

We can now solve dynamics problems involving a rigid body that undergoes
translational and rotational motions at the same time, provided that the rotation
axis satisfies the two conditions just mentioned. Problem-Solving Strategy 10.1
(Section 10.2) is equally useful here, and you should review it now. Keep in mind
that when a body undergoes translational and rotational motions at the same time,
we need two separate equations of motion for the same body. One of these, 
Eq. (10.12), describes the translational motion of the center of mass. The other
equation of motion, Eq. (10.13), describes the rotational motion about the axis
through the center of mass.

gtz = Iaz

gtz

Icm

a tz = Icmaz

aF
S

ext ! M aScm

aScm

10.17 The axle of a bicycle wheel
passes through the wheel’s center of 
mass and is an axis of symmetry. Hence
the rotation of the wheel is described by 
Eq. (10.13), provided the bicycle doesn’t
turn or tilt to one side (which would
change the orientation of the axle).

incline are rigid. (Later in this section we’ll explain why this is so.)
We can therefore use conservation of energy. Each body starts from
rest at the top of an incline with height h, so and

Equation (10.8) gives the kinetic energy at the bottom of the
incline; since the bodies roll without slipping, We can
express the moments of inertia of the four round bodies in Table 9.2,
cases (f)–(i), as where c is a number less than or equal
to 1 that depends on the shape of the body. Our goal is to find the
value of c that gives the body the greatest speed after its center of
mass has descended a vertical distance h.

vcm

Icm = cMR2,

v = vcm>R.
U2 = 0.

U1 = Mgh,K1 = 0,

EXECUTE: From conservation of energy,

EVALUATE: For a given value of c, the speed after descending a
distance h is independent of the body’s mass M and radius R.
Hence all uniform solid cylinders have the same speed at
the bottom, regardless of their mass and radii. The values of c tell
us that the order of finish for uniform bodies will be 
as follows: (1) any solid sphere , (2) any solid cylinder

, (3) any thin-walled, hollow sphere , and 
(4) any thin-walled, hollow cylinder . Small-c bodies
always beat large-c bodies because less of their kinetic energy is
tied up in rotation and so more is available for translation.

1c = 12 1c = 2
321c = 1

22 1c = 2
52

1c = 1
22

vcm
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10.16 Which body rolls down the incline fastest, and why?
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10.7 Gyroscopes and Precession
In all the situations we’ve looked at so far in this chapter, the axis of rotation
either has stayed fixed or has moved and kept the same direction (such as rolling
without slipping). But a variety of new physical phenomena, some quite unex-
pected, can occur when the axis of rotation can change direction. For example,
consider a toy gyroscope that’s supported at one end (Fig. 10.32). If we hold it
with the flywheel axis horizontal and let go, the free end of the axis simply drops
owing to gravity—if the flywheel isn’t spinning. But if the flywheel is spinning,
what happens is quite different. One possible motion is a steady circular motion
of the axis in a horizontal plane, combined with the spin motion of the flywheel
about the axis. This surprising, nonintuitive motion of the axis is called
precession. Precession is found in nature as well as in rotating machines such as
gyroscopes. As you read these words, the earth itself is precessing; its spin axis
(through the north and south poles) slowly changes direction, going through a
complete cycle of precession every 26,000 years.

To study this strange phenomenon of precession, we must remember that angu-
lar velocity, angular momentum, and torque are all vector quantities. In particular,
we need the general relationship between the net torque that acts on a body and
the rate of change of the body’s angular momentum given by Eq. (10.29),

Let’s first apply this equation to the case in which the flywheel is not
spinning (Fig. 10.33a). We take the origin O at the pivot and assume that the fly-
wheel is symmetrical, with mass M and moment of inertia I about the flywheel axis.
The flywheel axis is initially along the x-axis. The only external forces on the gyro-
scope are the normal force acting at the pivot (assumed to be frictionless) and the
weight of the flywheel that acts at its center of mass, a distance r from the pivot.
The normal force has zero torque with respect to the pivot, and the weight has a
torque in the y-direction, as shown in Fig. 10.33a. Initially, there is no rotation,
and the initial angular momentum is zero. From Eq. (10.29) the change in
angular momentum in a short time interval dt following this is

(10.32)

This change is in the y-direction because is. As each additional time interval dt
elapses, the angular momentum changes by additional increments in the 
y-direction because the direction of the torque is constant (Fig. 10.33b). The
steadily increasing horizontal angular momentum means that the gyroscope
rotates downward faster and faster around the y-axis until it hits either the stand
or the table on which it sits.

Now let’s see what happens if the flywheel is spinning initially, so the initial
angular momentum is not zero (Fig. 10.34a). Since the flywheel rotates 
around its symmetry axis, lies along the axis. But each change in angular 
momentum is perpendicular to the axis because the torque is per-
pendicular to the axis (Fig. 10.34b). This causes the direction of to change, but
not its magnitude. The changes are always in the horizontal xy-plane, so the
angular momentum vector and the flywheel axis with which it moves are always
horizontal. In other words, the axis doesn’t fall—it just precesses.

If this still seems mystifying to you, think about a ball attached to a string. If
the ball is initially at rest and you pull the string toward you, the ball moves
toward you also. But if the ball is initially moving and you continuously pull the
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Test Your Understanding of Section 10.6 If the polar ice caps were to com-
pletely melt due to global warming, the melted ice would redistribute itself over the earth.
This change would cause the length of the day (the time needed for the earth to rotate
once on its axis) to (i) increase; (ii) decrease; (iii) remain the same. (Hint: Use angular
momentum ideas. Assume that the sun, moon, and planets exert negligibly small torques
on the earth.) !
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When the flywheel and its axis are stationary,
they will fall to the table surface. When the
flywheel spins, it and its axis “float” in the air
while moving in a circle about the pivot.

10.32 A gyroscope supported at one
end. The horizontal circular motion of the
flywheel and axis is called precession. The
angular speed of precession is Æ.

When the flywheel is not rotating, its weight
creates a torque around the pivot, causing it
to fall along a circular path until its axis rests
on the table surface.

(b) View from above as flywheel falls
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10.33 (a) If the flywheel in Fig. 10.32
is initially not spinning, its initial angular
momentum is zero (b) In each successive
time interval dt, the torque produces a
change in the angular momen-
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and the flywheel axis falls.
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10.7 Gyroscopes and Precession
In all the situations we’ve looked at so far in this chapter, the axis of rotation
either has stayed fixed or has moved and kept the same direction (such as rolling
without slipping). But a variety of new physical phenomena, some quite unex-
pected, can occur when the axis of rotation can change direction. For example,
consider a toy gyroscope that’s supported at one end (Fig. 10.32). If we hold it
with the flywheel axis horizontal and let go, the free end of the axis simply drops
owing to gravity—if the flywheel isn’t spinning. But if the flywheel is spinning,
what happens is quite different. One possible motion is a steady circular motion
of the axis in a horizontal plane, combined with the spin motion of the flywheel
about the axis. This surprising, nonintuitive motion of the axis is called
precession. Precession is found in nature as well as in rotating machines such as
gyroscopes. As you read these words, the earth itself is precessing; its spin axis
(through the north and south poles) slowly changes direction, going through a
complete cycle of precession every 26,000 years.

To study this strange phenomenon of precession, we must remember that angu-
lar velocity, angular momentum, and torque are all vector quantities. In particular,
we need the general relationship between the net torque that acts on a body and
the rate of change of the body’s angular momentum given by Eq. (10.29),

Let’s first apply this equation to the case in which the flywheel is not
spinning (Fig. 10.33a). We take the origin O at the pivot and assume that the fly-
wheel is symmetrical, with mass M and moment of inertia I about the flywheel axis.
The flywheel axis is initially along the x-axis. The only external forces on the gyro-
scope are the normal force acting at the pivot (assumed to be frictionless) and the
weight of the flywheel that acts at its center of mass, a distance r from the pivot.
The normal force has zero torque with respect to the pivot, and the weight has a
torque in the y-direction, as shown in Fig. 10.33a. Initially, there is no rotation,
and the initial angular momentum is zero. From Eq. (10.29) the change in
angular momentum in a short time interval dt following this is

(10.32)

This change is in the y-direction because is. As each additional time interval dt
elapses, the angular momentum changes by additional increments in the 
y-direction because the direction of the torque is constant (Fig. 10.33b). The
steadily increasing horizontal angular momentum means that the gyroscope
rotates downward faster and faster around the y-axis until it hits either the stand
or the table on which it sits.

Now let’s see what happens if the flywheel is spinning initially, so the initial
angular momentum is not zero (Fig. 10.34a). Since the flywheel rotates 
around its symmetry axis, lies along the axis. But each change in angular 
momentum is perpendicular to the axis because the torque is per-
pendicular to the axis (Fig. 10.34b). This causes the direction of to change, but
not its magnitude. The changes are always in the horizontal xy-plane, so the
angular momentum vector and the flywheel axis with which it moves are always
horizontal. In other words, the axis doesn’t fall—it just precesses.

If this still seems mystifying to you, think about a ball attached to a string. If
the ball is initially at rest and you pull the string toward you, the ball moves
toward you also. But if the ball is initially moving and you continuously pull the
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Test Your Understanding of Section 10.6 If the polar ice caps were to com-
pletely melt due to global warming, the melted ice would redistribute itself over the earth.
This change would cause the length of the day (the time needed for the earth to rotate
once on its axis) to (i) increase; (ii) decrease; (iii) remain the same. (Hint: Use angular
momentum ideas. Assume that the sun, moon, and planets exert negligibly small torques
on the earth.) !
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they will fall to the table surface. When the
flywheel spins, it and its axis “float” in the air
while moving in a circle about the pivot.

10.32 A gyroscope supported at one
end. The horizontal circular motion of the
flywheel and axis is called precession. The
angular speed of precession is Æ.

When the flywheel is not rotating, its weight
creates a torque around the pivot, causing it
to fall along a circular path until its axis rests
on the table surface.

(b) View from above as flywheel falls
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10.33 (a) If the flywheel in Fig. 10.32
is initially not spinning, its initial angular
momentum is zero (b) In each successive
time interval dt, the torque produces a
change in the angular momen-
tum. The flywheel acquires an angular
momentum in the same direction as 
and the flywheel axis falls.
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string in a direction perpendicular to the ball’s motion, the ball moves in a circle
around your hand; it does not approach your hand at all. In the first case the ball
has zero linear momentum to start with; when you apply a force toward you
for a time dt, the ball acquires a momentum which is also toward
you. But if the ball already has linear momentum a change in momentum 
that’s perpendicular to changes the direction of motion, not the speed. Replace 

with and with in this argument, and you’ll see that precession is simply
the rotational analog of uniform circular motion.
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has turned through a small angle given by The rate at which
the axis moves, is called the precession angular speed; denoting this
quantity by we find
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Thus the precession angular speed is inversely proportional to the angular speed of
spin about the axis. A rapidly spinning gyroscope precesses slowly; if friction in its
bearings causes the flywheel to slow down, the precession angular speed increases!
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because its spin angular momentum is large and the torque due to the
gravitational influences of the moon and sun, is relatively small.
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a horizontal plane. Its vertical component of acceleration is zero, so the upward
normal force exerted by the pivot must be just equal in magnitude to the
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a force directed toward the center of the circle, with magnitude 
This force must also be supplied by the pivot.

One key assumption that we made in our analysis of the gyroscope was that
the angular momentum vector is associated only with the spin of the flywheel
and is purely horizontal. But there will also be a vertical component of angular
momentum associated with the precessional motion of the gyroscope. By
ignoring this, we’ve tacitly assumed that the precession is slow—that is, that
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of so this approximation is reasonable. When the precession is not slow,
additional effects show up, including an up-and-down wobble or nutation of
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Now the effect of the torque is to cause
the angular momentum to precess around
the pivot. The gyroscope circles around
its pivot without falling.

When the flywheel is rotating, the system
starts with an angular momentum Li parallel
to the flywheel’s axis of rotation.
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10.34 (a) The flywheel is spinning
initially with angular momentum The
forces (not shown) are the same as those 
in Fig. 10.33a. (b) Because the initial
angular momentum is not zero, each
change in angular momentum 
is perpendicular to As a result, the mag-
nitude of remains the same but its direc-
tion changes continuously.
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318 CHAPTER 10 Dynamics of Rotational Motion

Combined Translation and Rotation: Dynamics
We can also analyze the combined translational and rotational motions of a rigid
body from the standpoint of dynamics. We showed in Section 8.5 that for a body
with total mass M, the acceleration of the center of mass is the same as that
of a point mass M acted on by all the external forces on the actual body:

(10.12)

The rotational motion about the center of mass is described by the rotational ana-
log of Newton’s second law, Eq. (10.7):

(10.13)

where is the moment of inertia with respect to an axis through the center of
mass and the sum includes all external torques with respect to this axis. It’s
not immediately obvious that Eq. (10.13) should apply to the motion of a trans-
lating rigid body; after all, our derivation of in Section 10.2 assumed
that the axis of rotation was stationary. But in fact, Eq. (10.13) is valid even when
the axis of rotation moves, provided the following two conditions are met:

1. The axis through the center of mass must be an axis of symmetry.
2. The axis must not change direction.

These conditions are satisfied for many types of rotation (Fig. 10.17). Note that in
general this moving axis of rotation is not at rest in an inertial frame of reference.

We can now solve dynamics problems involving a rigid body that undergoes
translational and rotational motions at the same time, provided that the rotation
axis satisfies the two conditions just mentioned. Problem-Solving Strategy 10.1
(Section 10.2) is equally useful here, and you should review it now. Keep in mind
that when a body undergoes translational and rotational motions at the same time,
we need two separate equations of motion for the same body. One of these, 
Eq. (10.12), describes the translational motion of the center of mass. The other
equation of motion, Eq. (10.13), describes the rotational motion about the axis
through the center of mass.

gtz = Iaz

gtz

Icm

a tz = Icmaz

aF
S

ext ! M aScm

aScm

10.17 The axle of a bicycle wheel
passes through the wheel’s center of 
mass and is an axis of symmetry. Hence
the rotation of the wheel is described by 
Eq. (10.13), provided the bicycle doesn’t
turn or tilt to one side (which would
change the orientation of the axle).

incline are rigid. (Later in this section we’ll explain why this is so.)
We can therefore use conservation of energy. Each body starts from
rest at the top of an incline with height h, so and

Equation (10.8) gives the kinetic energy at the bottom of the
incline; since the bodies roll without slipping, We can
express the moments of inertia of the four round bodies in Table 9.2,
cases (f)–(i), as where c is a number less than or equal
to 1 that depends on the shape of the body. Our goal is to find the
value of c that gives the body the greatest speed after its center of
mass has descended a vertical distance h.

vcm

Icm = cMR2,

v = vcm>R.
U2 = 0.

U1 = Mgh,K1 = 0,

EXECUTE: From conservation of energy,

EVALUATE: For a given value of c, the speed after descending a
distance h is independent of the body’s mass M and radius R.
Hence all uniform solid cylinders have the same speed at
the bottom, regardless of their mass and radii. The values of c tell
us that the order of finish for uniform bodies will be 
as follows: (1) any solid sphere , (2) any solid cylinder

, (3) any thin-walled, hollow sphere , and 
(4) any thin-walled, hollow cylinder . Small-c bodies
always beat large-c bodies because less of their kinetic energy is
tied up in rotation and so more is available for translation.

1c = 12 1c = 2
321c = 1

22 1c = 2
52

1c = 1
22

vcm

vcm = A 2gh

1 + c

Mgh = 1
2 11 + c2Mvcm

2

 0 + Mgh = 1
2 Mvcm

2 + 1
2 cMR2avcm

R
b2

+ 0

K1 + U1 = K2 + U2

h

10.16 Which body rolls down the incline fastest, and why?
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It is a fact of common experience that if a
circular disk (for example, a penny) is
spun upon a table, then ultimately it

comes to rest quite abruptly, the final stage
of motion being characterized by a shudder
and a whirring sound of rapidly increasing
frequency. As the disk rolls on its rim, the
point P of rolling contact describes a circle
with angular velocity !. In the classical
(non-dissipative) theory1, ! is constant and
the motion persists forever, in stark conflict
with observation. Here I show that viscous
dissipation in the thin layer of air between
the disk and the table is sufficient to
account for the observed abruptness of the
settling process, during which, paradoxical-
ly, ! increases without limit. I analyse the
nature of this ‘finite-time singularity’, and
show how it must be resolved.

Let " be the angle between the plane of
the disk and the table. In the classical
description, and with the notation defined
in Fig. 1, the points P and O are instanta-
neously at rest in the disk, and the motion is
therefore instantaneously one of rotation
about line PO with angular velocity #,
say. The angular momentum of the disk is
therefore h$A#e(t), where A$1_

4Ma2 is the
moment of inertia of the disk of mass M
about its diameter; e(t) is a unit vector
in the direction PO; ez, ed are unit vectors
in the directions Oz, OC, respectively (see
Fig. 1). In a frame of reference rotat-
ing with angular velocity !d$!ez, the disk
rotates about its axis OC with angular
velocity !d$!d ed ; hence the 
rolling condition is !d$! cos". The
absolute angular velocity of the disk is thus
#$!(edcos"%ez), and so

#$#&e$%!sin".
Euler’s equation for the motion of a

rigid body is here given by d h/dt$
! !h$G, where G$Mgaez !e is the grav-
itational torque relative to P (! indicates
the vector product). This immediately gives
the result ! 2sin"$4g/a, or, when " is
small,

! 2"'4g/a (1)
The energy of the motion E is the sum
of the kinetic energy 1_

2A#2$1_
2Mgasin",

and the potential energy Mgasin", so
E $3_

2Mgasin"'3_
2Mga" (2)

In the classical theory, ", ! and E are all
constant, and the motion continues indefi-
nitely. As observed above, this is utterly
unrealistic. 

Let us then consider one of the obvious
mechanisms of energy dissipation, namely

that associated with the viscosity (
of the surrounding air. When

" is small, the dominant
contribution to the

viscous dissipation
comes from the

layer of air
between the
disk and the
table, which is
subjected to

strong shear
when ! is large.

We may estimate
the rate of dissipation

of energy in this layer as
follows. Let (r,)* be polar

coordinates with origin at O. For
small ", the gap h(r,),t)  between the

disk and the table is given by
h(r,),t)'"(a+rcos,), where ,$)%!t.
We now concede that " is a slowly varying

function of time t : we assume that |"̇|! !,
and make the ‘adiabatic’ assumption that
equation (1) continues to hold. Because the
air moves a distance of order a in a time
2-/!, the horizontal velocity uH in the layer
has order of magnitude r!sin, ; and as this
velocity satisfies the no-slip condition on
z$0 and on z$h ($O("a)), the vertical
shear |.uH /.z| is of the order (r!/"a)|sin,|.
The rate of viscous dissipation of energy /
is given by integrating ((.uH/.z)2 over the
volume V of the layer of air: this easily gives
/'-(ga2/"2, using equation (1). The fact
that /→0 as "→0 should be noted.

The energy E now satisfies dE/dt$%/
(neglecting all other dissipation mecha-
nisms). Hence, with E given by equation
(2), it follows that 

3_
2Mgad"/dt'%-(ga2/" 2 (3) 

This integrates to give
" 3$2-(t0%t)/t1 (4) 

where t1$M/(a, and t0 is a constant
of integration determined by the initial
condition: if "$"0 when t$0, then
t0$("3

0/2-)t1. What is striking here is that,
according to equation (4), " does indeed go
to zero at the finite time t$t0. The corre-
sponding behaviour of ! is !'(t0%t)%1/6,
which is certainly singular as t→t0.

Of course, such a singularity cannot be
realized in practice: nature abhors a singu-
larity, and some physical effect must inter-
vene to prevent its occurrence. Here it is not
difficult to identify this effect: the vertical
acceleration |ḣ̇|$|a"̇̇| cannot exceed g in
magnitude (as the normal reaction at P
must remain positive). From equation (4),
this implies that the above theory breaks
down at a time 1 before t0, where

1$t0%t '(2a/9g)3/5(2-/t1)
1/5 (5)

A toy, appropriately called Euler’s
disk2, is commercially available (Fig. 2; Tan-
gent Toys, Sausalito, California). For this
disk, M$400 g, and a$3.75 cm. With
these values and with ($1.78210%4 g
cm%1 s, t1$M/(a'0.82106 s, and, if we
take "0$0.1('6°), we find t0 '100 s. This
is indeed the order of magnitude (to within
320%) of the observed settling time in
many repetitions of the spinning of the disk
(with quite variable and ill-controlled initial
conditions), that is, there is no doubt that
dissipation associated with air friction is
sufficient to account for the observed
behaviour. The value of 1 given by equation
(5) is 10%2 s for the disk values given above;
that is, the behaviour described by equation
(4) persists until within 10%2 s of the singu-
larity time t0. At this stage, "'0.5210%2,
h0$a"'0.2 mm, !'500 Hz (and the
adiabatic approximation is still well
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Euler’s disk and its finite-time singularity
Air viscosity makes the rolling speed of a disk go up as its energy goes down.

Figure 2 Euler’s disk is a chrome-

plated steel disk with one edge machined to a smooth radius. If it

were not for friction and vibration, the disk would spin for ever.

Photo courtesy of Tangent Toys. See http://www.tangenttoy.com/.
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Figure 1 A heavy disk rolls on a horizontal table. The point of

rolling contact P moves on a circle with angular velocity !. Owing

to dissipative effects, the angle " decreases to zero within a finite

time and ! increases in proportion to "%1/2.
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circular disk (for example, a penny) is
spun upon a table, then ultimately it

comes to rest quite abruptly, the final stage
of motion being characterized by a shudder
and a whirring sound of rapidly increasing
frequency. As the disk rolls on its rim, the
point P of rolling contact describes a circle
with angular velocity !. In the classical
(non-dissipative) theory1, ! is constant and
the motion persists forever, in stark conflict
with observation. Here I show that viscous
dissipation in the thin layer of air between
the disk and the table is sufficient to
account for the observed abruptness of the
settling process, during which, paradoxical-
ly, ! increases without limit. I analyse the
nature of this ‘finite-time singularity’, and
show how it must be resolved.

Let " be the angle between the plane of
the disk and the table. In the classical
description, and with the notation defined
in Fig. 1, the points P and O are instanta-
neously at rest in the disk, and the motion is
therefore instantaneously one of rotation
about line PO with angular velocity #,
say. The angular momentum of the disk is
therefore h$A#e(t), where A$1_
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moment of inertia of the disk of mass M
about its diameter; e(t) is a unit vector
in the direction PO; ez, ed are unit vectors
in the directions Oz, OC, respectively (see
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ing with angular velocity !d$!ez, the disk
rotates about its axis OC with angular
velocity !d$!d ed ; hence the 
rolling condition is !d$! cos". The
absolute angular velocity of the disk is thus
#$!(edcos"%ez), and so
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Euler’s equation for the motion of a

rigid body is here given by d h/dt$
! !h$G, where G$Mgaez !e is the grav-
itational torque relative to P (! indicates
the vector product). This immediately gives
the result ! 2sin"$4g/a, or, when " is
small,
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The energy of the motion E is the sum
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In the classical theory, ", ! and E are all
constant, and the motion continues indefi-
nitely. As observed above, this is utterly
unrealistic. 
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mechanisms of energy dissipation, namely
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of the surrounding air. When
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equation (1) continues to hold. Because the
air moves a distance of order a in a time
2-/!, the horizontal velocity uH in the layer
has order of magnitude r!sin, ; and as this
velocity satisfies the no-slip condition on
z$0 and on z$h ($O("a)), the vertical
shear |.uH /.z| is of the order (r!/"a)|sin,|.
The rate of viscous dissipation of energy /
is given by integrating ((.uH/.z)2 over the
volume V of the layer of air: this easily gives
/'-(ga2/"2, using equation (1). The fact
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vene to prevent its occurrence. Here it is not
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must remain positive). From equation (4),
this implies that the above theory breaks
down at a time 1 before t0, where
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1/5 (5)

A toy, appropriately called Euler’s
disk2, is commercially available (Fig. 2; Tan-
gent Toys, Sausalito, California). For this
disk, M$400 g, and a$3.75 cm. With
these values and with ($1.78210%4 g
cm%1 s, t1$M/(a'0.82106 s, and, if we
take "0$0.1('6°), we find t0 '100 s. This
is indeed the order of magnitude (to within
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conditions), that is, there is no doubt that
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sufficient to account for the observed
behaviour. The value of 1 given by equation
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adiabatic approximation is still well
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Euler’s disk and its finite-time singularity
Air viscosity makes the rolling speed of a disk go up as its energy goes down.

Figure 2 Euler’s disk is a chrome-

plated steel disk with one edge machined to a smooth radius. If it

were not for friction and vibration, the disk would spin for ever.

Photo courtesy of Tangent Toys. See http://www.tangenttoy.com/.
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Figure 1 A heavy disk rolls on a horizontal table. The point of

rolling contact P moves on a circle with angular velocity !. Owing

to dissipative effects, the angle " decreases to zero within a finite

time and ! increases in proportion to "%1/2.
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It is a fact of common experience that if a
circular disk (for example, a penny) is
spun upon a table, then ultimately it

comes to rest quite abruptly, the final stage
of motion being characterized by a shudder
and a whirring sound of rapidly increasing
frequency. As the disk rolls on its rim, the
point P of rolling contact describes a circle
with angular velocity !. In the classical
(non-dissipative) theory1, ! is constant and
the motion persists forever, in stark conflict
with observation. Here I show that viscous
dissipation in the thin layer of air between
the disk and the table is sufficient to
account for the observed abruptness of the
settling process, during which, paradoxical-
ly, ! increases without limit. I analyse the
nature of this ‘finite-time singularity’, and
show how it must be resolved.

Let " be the angle between the plane of
the disk and the table. In the classical
description, and with the notation defined
in Fig. 1, the points P and O are instanta-
neously at rest in the disk, and the motion is
therefore instantaneously one of rotation
about line PO with angular velocity #,
say. The angular momentum of the disk is
therefore h$A#e(t), where A$1_

4Ma2 is the
moment of inertia of the disk of mass M
about its diameter; e(t) is a unit vector
in the direction PO; ez, ed are unit vectors
in the directions Oz, OC, respectively (see
Fig. 1). In a frame of reference rotat-
ing with angular velocity !d$!ez, the disk
rotates about its axis OC with angular
velocity !d$!d ed ; hence the 
rolling condition is !d$! cos". The
absolute angular velocity of the disk is thus
#$!(edcos"%ez), and so

#$#&e$%!sin".
Euler’s equation for the motion of a

rigid body is here given by d h/dt$
! !h$G, where G$Mgaez !e is the grav-
itational torque relative to P (! indicates
the vector product). This immediately gives
the result ! 2sin"$4g/a, or, when " is
small,

! 2"'4g/a (1)
The energy of the motion E is the sum
of the kinetic energy 1_

2A#2$1_
2Mgasin",

and the potential energy Mgasin", so
E $3_

2Mgasin"'3_
2Mga" (2)

In the classical theory, ", ! and E are all
constant, and the motion continues indefi-
nitely. As observed above, this is utterly
unrealistic. 

Let us then consider one of the obvious
mechanisms of energy dissipation, namely

that associated with the viscosity (
of the surrounding air. When

" is small, the dominant
contribution to the

viscous dissipation
comes from the

layer of air
between the
disk and the
table, which is
subjected to

strong shear
when ! is large.

We may estimate
the rate of dissipation

of energy in this layer as
follows. Let (r,)* be polar

coordinates with origin at O. For
small ", the gap h(r,),t)  between the

disk and the table is given by
h(r,),t)'"(a+rcos,), where ,$)%!t.
We now concede that " is a slowly varying

function of time t : we assume that |"̇|! !,
and make the ‘adiabatic’ assumption that
equation (1) continues to hold. Because the
air moves a distance of order a in a time
2-/!, the horizontal velocity uH in the layer
has order of magnitude r!sin, ; and as this
velocity satisfies the no-slip condition on
z$0 and on z$h ($O("a)), the vertical
shear |.uH /.z| is of the order (r!/"a)|sin,|.
The rate of viscous dissipation of energy /
is given by integrating ((.uH/.z)2 over the
volume V of the layer of air: this easily gives
/'-(ga2/"2, using equation (1). The fact
that /→0 as "→0 should be noted.

The energy E now satisfies dE/dt$%/
(neglecting all other dissipation mecha-
nisms). Hence, with E given by equation
(2), it follows that 

3_
2Mgad"/dt'%-(ga2/" 2 (3) 

This integrates to give
" 3$2-(t0%t)/t1 (4) 

where t1$M/(a, and t0 is a constant
of integration determined by the initial
condition: if "$"0 when t$0, then
t0$("3

0/2-)t1. What is striking here is that,
according to equation (4), " does indeed go
to zero at the finite time t$t0. The corre-
sponding behaviour of ! is !'(t0%t)%1/6,
which is certainly singular as t→t0.

Of course, such a singularity cannot be
realized in practice: nature abhors a singu-
larity, and some physical effect must inter-
vene to prevent its occurrence. Here it is not
difficult to identify this effect: the vertical
acceleration |ḣ̇|$|a"̇̇| cannot exceed g in
magnitude (as the normal reaction at P
must remain positive). From equation (4),
this implies that the above theory breaks
down at a time 1 before t0, where

1$t0%t '(2a/9g)3/5(2-/t1)
1/5 (5)

A toy, appropriately called Euler’s
disk2, is commercially available (Fig. 2; Tan-
gent Toys, Sausalito, California). For this
disk, M$400 g, and a$3.75 cm. With
these values and with ($1.78210%4 g
cm%1 s, t1$M/(a'0.82106 s, and, if we
take "0$0.1('6°), we find t0 '100 s. This
is indeed the order of magnitude (to within
320%) of the observed settling time in
many repetitions of the spinning of the disk
(with quite variable and ill-controlled initial
conditions), that is, there is no doubt that
dissipation associated with air friction is
sufficient to account for the observed
behaviour. The value of 1 given by equation
(5) is 10%2 s for the disk values given above;
that is, the behaviour described by equation
(4) persists until within 10%2 s of the singu-
larity time t0. At this stage, "'0.5210%2,
h0$a"'0.2 mm, !'500 Hz (and the
adiabatic approximation is still well
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Euler’s disk and its finite-time singularity
Air viscosity makes the rolling speed of a disk go up as its energy goes down.

Figure 2 Euler’s disk is a chrome-

plated steel disk with one edge machined to a smooth radius. If it

were not for friction and vibration, the disk would spin for ever.

Photo courtesy of Tangent Toys. See http://www.tangenttoy.com/.
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Figure 1 A heavy disk rolls on a horizontal table. The point of

rolling contact P moves on a circle with angular velocity !. Owing

to dissipative effects, the angle " decreases to zero within a finite

time and ! increases in proportion to "%1/2.
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