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Part I: Temperature-dependent transformation thermotics

Let us consider Fourier’s law for steady-state thermal conduction (without heat source),

∇ · [κ(T ) ·∇T ] = 0, (S1)

where thermal conductivity tensor κ(T ) is a function of temperature T . Here we need to

know whether Eq. (S1) still keeps form invariance under coordinate transformation. After

that, we are able to proceed to obtain the new conductivity κ̃(T ) in the transformed physical

space.

In an n-dimensional curvilinear coordinate system with covariant bases (g1, . . . , gn), the

component form of Eq. (S1) can be written as

∂iκ
ij(T )∂jT + Γi

ikκ
kj(T )∂jT = 0, (S2)

where Γi
ik is the Christoffel symbol which is defined as the i-th contravariant component of

the derivative of gk with respect to curvilinear coordinate xi. κij is the ij-th contravariant

component of the thermal conductivity tensor in the given coordinate system. Here the

Einstein summation convention is used where the summation symbol
∑n

i=1

∑n
j=1 is omitted.

Eq. (S2) can be further simplified by introducing the metric tensor G whose component

is defined as gij = gi · gj. The Christoffel symbol can then be expressed as

Γi
ik =

1

2
gil∂kgil =

1
√
g
∂k
√
g, (S3)

where g is the determinant of matrix gij. We now obtain the component form of Eq. (S1) as

∂i
√
gκij(T )∂jT = 0. (S4)

In a curvilinear coordinate system, the matrix form of the contravariant bases [g1, · · · , gn] is

just the Jacobian matrix J corresponding to the transformation from the curvilinear system

to the physical space. Then we have

√
g =

√
det(J−tJ−1) = det(J−1) = det−1(J), (S5)

where the superscript t represents the transpose of the matrix. Under the variable change

from the curvilinear coordinate xi to the Cartesian coordinate x′i, Eq. (S4) becomes

∂

∂xi

κij(T )

det(J)

∂T

∂xj
=

∂

∂x′k
∂x′k

∂xi

κij(T )

det(J)

∂x′l

∂xj

∂T

∂x′l =
∂

∂x′k

Jk
i κ

ij(T )J l
j

det(J)

∂T

∂x′l = 0. (S6)
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We can see that the desired thermal conductivity tensor κ̃(T ) in the physical space holds

the same form as that of temperature-independent materials,

κ̃(T ) =
Jκ(T )J t

det(J)
, (S7)

where κ̃(T ) and κ(T ) are the matrix forms of the tensor κ̃(T ) and κ(T ), respectively.

Now that the validity of transformation theory on temperature-dependent thermal con-

ductivity is proved, we seek to make use of this temperature dependency. However, it is

the transformation that changes the way for heat to conduct as we expect. Hence, our next

concern is whether we can achieve an equivalent temperature-dependent transformation to

the transformation of Eq. (S7). If so, we can rewrite Eq. (S7) as

κ̃(T ) =
J̃(T )κ0J̃

t(T )

det[J̃(T )]
, (S8)

where κ0 is the temperature-independent thermal conductivity of the background. In the

following, we need to prove that Eq. (S8) holds for temperature-dependent transformations.

Consider the widely used general form of transformation in polar coordinate systems [1],

r′ = F (r, T ), θ′ = θ. (S9)

We have

J̃(T ) = R(θ)diag

[
Fr(r, T ),

r′

r

]
R(θ)t, det[J̃(T )] =

Fr(r, T )r
′

r
, (S10)

with Fr(r, T ) = ∂F (r, T )/∂r, where R(θ) is the rotation matrix. Then we can show the

equivalence between Eq. (S8) and Eq. (S7) in the following,

κ̃(T ) =
J̃(T )κ0J̃

t(T )

det[J̃(T )]
= R(θ)κ0diag

[
Fr(r, T )r

r′
,

r′

Fr(r, T )r

]
R(θ)t. (S11)

Considering a function r̃′ = f(r) and defining f(r)Fr(r, T )/f
′(r)F (r, T ) as g(r, T ), we may

rewrite the above equation as

κ̃(T ) = R(θ)κ0diag

[
g(r, T ),

1

g(r, T )

]
diag

[
f ′(r)r

r̃′
,

r̃′

f ′(r)r

]
R(θ)t

=

R(θ)diag

[
f ′(r),

r̃′

r

]
R(θ)tR(θ)κ0diag

[
g(r, T ),

1

g(r, T )

]
R(θ)tR(θ)diag

[
f ′(r),

r̃′

r

]
R(θ)t

f ′(r)r̃′/r
.

(S12)
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By introducing the tensor with the matrix form

κ(T ) = R(θ)κ0diag

[
g(r, T ),

1

g(r, T )

]
R(θ)t, (S13)

Eq. (S11) becomes

κ̃(T ) =
J̃(T )κ0J̃

t(T )

det[J̃(T )]
=

Jκ(T )J t

det(J)
, (S14)

where J is the Jacobian matrix corresponding to the transformation, r̃′ = f(r) and θ′ = θ,

J = R(θ)diag

[
f ′(r),

r̃′

r

]
R(θ)t. (S15)

Part II: Experimental demonstration of the macro thermal diode

In order to confirm the effect of the macro thermal diode, in our experiment, the whole

device is embedded in a 15mm thick expanded-polystyrene (EPS) plate. Since there is air

in the interspace between the device and EPS plate, the upper and lower boundaries of the

diode can be regarded as thermal isolation due to the small thermal conductivity of the air

(κair = 0.03W/mK). As indicated in theory, the diode is constructed with segments of the

type-A and type-B switchable cloaks. According to our design, the switchable cloak can be

achieved by combining shape memory alloy (SMA), copper film and EPS plate. A switchable

cloak is able to automatically activate the cloaking effect in high (type-A) or low (type-B)

temperature environment, and remains an isotropic and homogeneous material when the

environmental temperature is low (type-A) or high (type-B).

To realize the cloaking effect, one can use concentric alternating layers of two materials

employed according to the effective medium theory [2, 3]. As shown in the schematic diagram

of Fig. S1, the device is realized by assembling six concentric alternating layers consisting

of copper films and EPS host. Each layer has a width (exterior radius minus inner radius)

of 5mm. Other dimensions and arrangements are indicated in Fig. S1. We set a segment of

0.1mm thick circular copper film (orange-red) on the central region of the EPS host. The

copper film is thin enough to be considered as a two dimensional structure. Four arched

copper films (with same thickness as the plate) cut from two concentric rings are arrayed

symmetrically on the left and right side of the plate. Analogously, two copper plates in

arch form are arranged on the left and right edges of the device. Moreover, these two plates

are connected with two brackets with hight of 80mm, which are folded perpendicularly to

the view plane along the tangent line of the exterior radius and play roles as heat or cold

sources. In our experiment, the temperature source conditions are achieved by heat bath.
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The two brackets stand in the tubs filled with hot water (363K) and cold water (273K)

which have much higher heat capacities than the whole device. In order to keep a stable

boundary condition, the brackets ought to have enough heat capacities to go against the heat

dissipation. The dissipating effect can be reduced by enhancing the thickness of the copper

plate, and we find that the thickness of 2mm meets our demand well. Considering the

perturbation caused by thicker marginal of the device, the 2mm copper plates are embedded

in the EPS host to cancel the height differences. It should be noted that the excess parts

of the copper arches in the upper and lower directions are used to fix the materials on the

host.

Now, we are in a position to introduce the most important component in our design —

the SMA. These alloys can change their shapes according to the environmental temperature

caused by the phase transitions in crystal structures. A two-way SMA has two different

shapes: one at low temperature and the other at high temperature. Owing to this effect,

we can apply SMA to change the geometrical configuration of the whole device. Based on

the characteristic of SMA and inspired by the spirit of metamaterials, we decide to realize

the transformations of the thermal conductivities discussed in the switchable cloak section

by automatically adjusting the structure of the device as the temperature varies. In the

experiment, a SMA slice (with dimensions 35mm in length, 5mm in width and 0.1mm in

thickness) is designed to stick a longer copper slice with length of 40mm, and the shape

transformation will drive the bimetallic strip flat or warped. According to the EMT the-

ory, for a circular space, the concentric alternating layers structure leads to compression

transformation, while alternating layers in tangential direction functions as extending trans-

formation. Therefore, when the bimetallic strips are flat, every part in the device will be

connected, and the anisotropy of the device structure is broken, since the tangential alter-

nating layers array will compensate the shielding effect. In contrast, if the strips are warped,

the connections will be canceled, and the device should be considered as a segment of cloak.

Hence, for constructing segments of type-A and B switchable cloaks indicated in theory, we

need two different types of SMA: one is warped when temperature is beyond the critical

point (set as 318K in this experiment) and one is flat in the same condition. The former

one is used to build a type-A cloak considered to be fixed on the right-hand side of the diode

and the latter one is for type-B on the left-hand side. Therefore, the diode we constructed

allows heat to flow from left to right, but it prohibits heat from flowing along the opposite
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direction.

In Fig. S2, we show the real device. It is noticed that due to technical limitations, the

bimetallic strips used in the segment of type-B cloak is not able to flatten horizontally,

which makes the strips fail to connect well at high temperature. To overcome the problem,

we add two small zigzag accessories made of copper to each type-B strip. Moreover, the

touching areas are covered with conductive silicon grease to enhance the heat transfer, since

the grease can fill the gaps between the strips and copper films. The temperature profiles

shown in the article are captured by a conventional infrared heat camera (FLIR E60), which

requires nearly 100% absorbance = emissivity on the surface of the material. Due to the

high reflectivity of the copper, we cover a thin polydimethylsiloxane layer (with a height of

0.1mm or so) on all the non-touching areas of the device.

For understanding our experiment more clearly, we have also made two movies, which

show the macro thermal diode switching from the insulating case to the conducting case (see

the movie file “video-1.mp4”) and vice versa (see the movie file “video-2.mp4”) by inversing

the orientation of the device. Within the two movies, the temperature of the water in the

left blue container is kept at 273K and that in the right red container is at 363K. The

EPS plate around the device which is used to block the vapor in experiments is removed to

clearly show the diode device.

As presented by Fig. 4(c,d) in the main text, the experimentally measured temperature

patterns help to confirm that our fabricated diode device works satisfactorily.

Part III: Temperature dependence of κ1 and κ2

Fig. S3 displays the temperature dependence of the thermal conductivities κ1 and κ2 of

the sub-layers within the type-A cloak [calculated according to Eq. (4)]. The corresponding

finite-element simulations have been shown in Fig. 2(c,d) of the main text.
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Fig. S 1: Schematic graph of the designed macro thermal diode for our experiment (top view). The

area enclosed with the red (or blue) dashed line is a segment of the type-A (or type-B) cloak.

∗ Electronic address: jphuang@fudan.edu.cn.
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Fig. S 2: Photographs of the fabricated macro thermal diode: (a) top view, (b) oblique view, and

(c) front view.
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Fig. S 3: Temperature dependence of the thermal conductivities κ1 and κ2 of the sub-layers for the

EMT realization of the type-A cloak, calculated according to Eq. (4) in the main text. Parameters:

κ0 = 1W/mK, κa = 0.1W/mK, and κb = 10W/mK.
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