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Temperature waves exist in many practical scenarios such as pulse heat sources and periodic temperature
fluctuations, which have broad applications for thermal nondestructive detection. However, it is still challenging
to guide temperature waves in irregularly shaped pipes because temperature waves might be strongly scattered.
To solve the problem, we propose a scheme to guide temperature waves with graded metamaterials that have
continuous parameter variations in space. Since graded metamaterials can ensure the same phases of thermal
wavefronts despite different spatial distances, temperature waves can propagate in irregularly shaped pipes
without scattering. We then demonstrate an elementary unit to realize the right-angle bending of temperature
waves. Experimental suggestions are also provided to design the elementary unit with common materials and
layered structures. We further combine the elementary units together to realize three practical functions
including obstacle avoidance, thermal periscope, and reverse bending. These results have potential applications

for thermal imaging and sensing in elbow pipes.

1. Introduction

Temperature waves refer to spatial propagations of periodic tem-
perature fluctuations, which have been studied intensively in recent
years. One mechanism of temperature waves is to modify the Fourier
law with thermal relaxation, thus making the modified conduction
equation hyperbolic [1-5]. Many structures were proposed to guide this
type of temperature waves, such as crystals [6,7] and cloaks [8].
Another mechanism of temperature waves is to consider the Fourier law
together with convection that has a hyperbolic feature. This type of
temperature waves has also received broad attention [9-16] to reveal
anti-parity-time symmetry [9-11] or design thermal cloaking [12-14].
Here, we care about temperature waves based on conduction and
convection.

Since the proposal of transformation thermotics [17,18], tempera-
ture control with thermal metamaterials has made great achievements
not only in conduction but also in convection and radiation [19,20]. A
recent study proposed a cloak to manipulate heat fluxes and fluid flows
simultaneously [21], which, however, focused on only steady states.
Since temperature waves feature transient states and phase properties, it
is still challenging to guide temperature waves in irregularly shaped
pipes with existing thermal metamaterials. A major problem is that
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temperature waves might be strongly scattered and temperature infor-
mation cannot be detected at output ports, which is unwanted for
thermal detection [22-24]. Compared with guiding thermal conduction
[25-30], scattering problem is especially serious for temperature waves
because they have phase features, which makes artificial designs more
complicated. Therefore, despite difficulty, guiding temperature waves is
of practical value, especially for thermal detection.

Inspired by the research on wave bending in optics [31-34] or
acoustics [35,36], we propose a scheme to guide temperature waves
based on the transformation theory, which leads to anisotropic and
inhomogeneous parameters. Since the coordinate transformation is
quasi-conformal, we can remove the requirement of anisotropy. The rest
requirement is inhomogeneity, which means parameters vary in space.
Therefore, we can make use of graded metamaterials to realize the same
effects [37]. We further perform finite-element simulations to confirm
the theory and apply layered structures to realize the graded parameters.
As model applications, we also design three practical functions including
obstacle avoidance, thermal periscope, and reverse bending. Let us
begin with the fundamental theory.
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Fig. 1. Basic properties of temperature waves. (a)
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2. Theory of temperature waves

Since we consider temperature waves based on conduction and
convection, porous media are an ideal platform [38-40], which can
flexibly control convection by tuning permeability. Therefore, we
consider heat transfer in porous media, which is dominated by [41-47]

p.CeOT /0t +V-(— 0,VT + p,CvT) = 0, @
with p,Ce = ¢p;Cr +(1 — ¢)p,Cs and o, = ¢o + (1 - p)os. p; (o)), C;
(Cs), and oy (o5) are the mass density, heat capacity, and thermal con-
ductivity of a fluid (solid), respectively. ¢ is the porosity of a solid. The
Peclet number (defined as Pe = vL/D, where v is convective velocity, L is
characteristic length, and D is thermal diffusivity) can help to compare
convection and conduction. The chosen parameters lead to Pe ~ 450,
indicating that thermal convection dominates. Therefore, the system
mainly exhibits hyperbolic features and propagating waves can be
supported. The fluid velocity in porous media is dominated by the Darcy
law [48], i.e., v = —(1/u)VP, where 1 is permeability, 4 is dynamic
viscosity, and P represents pressure. The chosen parameters also lead to
v ~ 4 mm/s, which satisfies the hypothesis of the Darcy law.

We then consider a rectangular waveguide where a temperature
wave propagates along the x axis, as shown in Fig. 1(a). The left
boundary is set with a harmonic temperature [i.e., T, = Acos(wt) + Tm,
where A is temperature amplitude, o is circular frequency, and T, is
reference temperature] and a high pressure. The right boundary is set as
an open boundary with a low pressure. The upper and lower boundaries
are adiabatic and no-flow. The temperature wave can be mathematically
expressed as

T =A™ 4 7T,, @)
where y is wave number. Only the real part of Eq. (2) makes sense,
referring to a periodic temperature profile in space and time. Since we
preset an incident frequency w, the temperature amplitude decreases
along the propagating direction. Therefore, Eq. (2) can also be denoted
as T = Ae"®e//=) 1 T, where we suppose that the y in Eq. (2) to be
complex, i.e., y = f + ia. The imaginary part of y refers to the spatial
decay rate of a temperature wave. The temperature and pressure dis-
tributions are presented in Fig. 1(b) and (c), respectively. Clearly, the
temperature wave dissipates when propagating from left to right. To
obtain the wave number, we then substitute the trial solution into Eq. (1)
to derive
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with e = \/ (,ofov)2 + \/ (prfv)4 +16(p,C.)*02w?. The physical

meanings of @ and f are the spatial decay rate and the wave number of a
temperature wave, respectively. The a —w and —w curves are pre-
sented in Fig. 1(d), showing that higher frequencies yield larger spatial
decay rates and wave numbers. Therefore, the propagation of temper-
ature waves is influenced not only by transmission media but also by
their own frequencies, which has an analog of optical dispersion. We
also compare the theoretical calculations with the finite-element simu-
lations performed by COMSOL Multiphysics (http://www.comsol.com/
), and the results are shown in Fig. 1(e). Two identical lines indicate that
the simulation result is in good agreement with the theoretical one.
Therefore, the propagation of temperature waves in a rectangular
waveguide is revealed and confirmed.

3. Right-angle bending of temperature waves

To guide temperature waves, we start from the transformation the-
ory [42,13,49], whose main idea is to replace space transformations
with material transformations. In this way, we can design a space
transformation and then derive a corresponding material trans-
formation, with transformed parameters (p,C.), o), (prf)/, and v
expressed as

o pect’
(pec) =22, (42)
. Jo JT
_Joe 4b
% T Qe (4b)
(prCr) = pCr. (49)
' Jv
= 4d
YT e (4d)

where J is the Jacobian transformation matrix, J* means the transpose of
J, and detJ denotes the determinant of J. We do not transform the
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parameters of fluids because it is more difficult to control fluids than
solids. Therefore, by considering the weighed average and the Darcy
law, we can reduce Eq. (4) to

. (p.C) — oG
(pC) = Y (5a)
. 0; — ¢poy
o, = T4 = (5b)
o JIndr
" det” 0

Eq. (5) gives the transformation rule for solids, so we can control
temperature waves at will in principle.

We then discuss a coordinate transformation to realize the right-
angle bending of temperature waves. For this purpose, the middle part
of a rectangular waveguide is bent as schematically shown in Fig. 2(a).
The coordinate transformation can be mathematically expressed as

r=(r,—n)y/atn, (6a)

0= (1 —x)/(2),

where (r,0) represents the cylindrical coordinates in the physical space,
and (x,y) denotes the rectangular coordinates in a virtual space. In a
virtual space, parameters are not transformed, and temperature control
results from a space transformation. However, in the physical space,
parameters are transformed according to transformation rules [Eq. (5)].
Therefore, the key to the transformation theory is to replace a space
transformation with a parameter transformation, so phenomena in a
virtual space can also be realized by transforming parameters in the
physical space. We can then get the Jacobian transformation matrix J as

R S B Ry ?

—rz/(2) O
with ¢ = 1/detJ = 21/(rx). According to Eq. (5), the transformed pa-
rameters can be expressed as

(6b)

(,C) = pifcf_zp’cf, (8a)
((725 4)0'f)/ 4)) 0

[ (0./6— o) /(1) | (8b)

n = {gg 2/5]' @)

where the thermal conductivity and permeability are anisotropic and
inhomogeneous.

The propagation of thermal waves in a right-angle bending wave-
guide is presented in Fig. 2(b) and (e), where parameters are not

(9)
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Fig. 2. Right-angle bending of temperature waves. (a)
Schematic diagram of the coordinate transformation.
(b)-(d) Temperature distributions and (e)-(g) pres-
< sure distributions at 20 s. In (b) and (e), the trans-
‘ = formation theory is not applied, so parameters and
boundary conditions are the same as those for Fig. 1.
In (¢) and (f), the transformation theory [Egs. (8b)
and (8c)] is applied. In (d) and (g), the graded pa-
rameters described by Egs. (9a) and (9b) are used.
r; = 2.25 mm and r, = 4.5 mm. Other parameters are
the same as those for Fig. 1.

transformed. Obviously, the temperature wave is strongly distorted due
to scattering [see Fig. 2(b)], which is unwanted for thermal detection.
Meanwhile, the pressure profile is no longer linear though it is not dis-
torted as seriously as the temperature profile [see Fig. 2(e)]. This is
because the pressure profile is dominated by a diffusion process where
phases are not important. However, temperature waves feature phase
properties. The temperature waves in the outer pipe go through longer
spatial distances than those in the inner pipe, so the phases of thermal
wavefronts in the curved part are no longer consistent. Therefore, the
curved pipe does not affect the pressure profile strongly but distorts the
temperature wave seriously. This is also why guiding temperature waves
is important but difficult.

To remove distortion, we design the parameters as required by Eq.
(8), and the results are shown in Fig. 2(c) and (f). The temperature wave
can propagate smoothly with transformed parameters and the pressure
profile also becomes linear, which consists with the results in Fig. 1(b)
and (c). Therefore, the transformation scheme does work. The capability
can be attributed to phase compensation with transformed parameters.
The phases of thermal wavefronts can thus be kept the same in the
curved part, so temperature propagation does not have scattering.

Although we have successfully guided temperature waves without
disturbance, the parameters, such as thermal conductivity and perme-
ability [Egs. (8b) and (8c)], are still anisotropic. If we can further
remove the requirement of anisotropy, the scheme can be more feasible
for practical applications. For this purpose, we analyze the propagation
features of temperature waves. Actually, since the radial component of a
tensorial parameter has no effect on thermal wave propagation, an
isotropic material is enough to realize the same effects. We then reduce
Egs. (8b) and (8c) to graded parameters by only keeping their tangential
components,

0, = (0./&—por) /(1 — ¢), (9a)

n=n/e, (9b)
where the thermal conductivity and permeability are inhomogeneous
but without anisotropy. Meanwhile, the parameters described by Eq. (9)
increase as r increases, indicating larger values in the outer pipe. A
larger thermal conductivity brings about a larger heat transfer effi-
ciency, and a larger permeability leads to a larger convective velocity.
Since phase mismatch is attributed to different spatial distances, larger
parameters in the outer pipe can speed up the wave propagation in the
outer pipe. Therefore, phase mismatch can be avoided in the curved part
despite different spatial distances. The results based on Egs. (9a) and
(9b) are presented in Fig. 2(d) and (g), following the same patterns as
Fig. 2(c) and (f). Therefore, graded metamaterials are sufficient to
achieve the right-angle bending of temperature waves.

Furthermore, we discrete the graded metamaterial into N-layer ho-
mogenous materials to provide convenience for experiments. The
operation makes the layer number or thickness crucial [50,51].
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Fig. 3. Practical designs for Fig. 2 with layered structures. Each layer has isotropic and homogeneous parameters, obtained by taking the middle coordinate into Egs.
(9a) and (9b). (a)-(d) Temperature distributions, (e)—(h) temperature distributions in (a)-(d) minus those with ideal parameters, and (i)-(1) pressure distributions

with 5, 10, 15, and 20 layers at 20 s, respectively.

Fig. 4. Practical applications of right-angle bending. (a) Obstacle avoidance. (b) Thermal periscope. (c) Reverse bending. (d)-(f) Comparisons without applying
graded metamaterials. The dashed square in (a) can be treated as an elementary unit, whose parameters are the same as those in Fig. 2.

Therefore, we study the effect of different layer numbers on the per-
formance of temperature waveguide. The parameters of each layer can
be obtained by taking the corresponding middle coordinate into Egs.
(9a) and (9b). As shown in Fig. 3, the first and third rows present the
temperature and pressure distributions (from left to right) with 5, 10,
15, and 20 layers at 20 s, respectively. The second row shows the tem-
perature profiles with layered structures minus those with ideal pa-
rameters at 20 s. Clearly, more layers perform better because parameters
are closer to theoretical values. With the increment of layer numbers
from 10 to 20, the improved effect is no longer obvious, so 20 layers are
efficient enough.

4. Practical applications

With the elementary unit of right-angle bending, we are able to find
more realistic applications by combining the elementary units together
appropriately. For instance, when a barrier hinders the propagation of

temperature waves, we can design a temperature waveguide shown in
Fig. 4(a) to make a temperature wave bypass the barrier. Compared with
Fig. 4(d) where a temperature wave is strongly distorted, the obstacle
avoidance can ensure smooth propagation of a temperature wave.
Moreover, it is indispensable for a submarine to equip a periscope, but
most periscopes are optical, which may limit detective efficiency at dark
regions. So the idea for thermal periscope may broaden detection
ranges. Fig. 4(b) is a demo for thermal periscopes. Compared with Fig. 4
(e) which has not any design, thermal periscopes do detect temperature
information as expected. We finally present the application of reverse
bending in Fig. 4(c), and Fig. 4(f) shows the result without performing
transformation. These results show that the right-angle bending of
temperature waves is flexible to design various extended devices, which
have broad applications for thermal management.

We also provide some experimental suggestions to ensure
completeness. When performing simulations, we choose water as fluids,
and solids can be porous rocks or aerogel [38-40]. The input
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temperature wave can be generated by using a periodic temperature
source, such as a pulse heat source. The detection of temperature waves
can resort to an infrared camera. Therefore, these results should be
validated experimentally in principle. These results have potential ap-
plications for thermal wave detection [22-24], thermal sensing [52-55],
thermal camouflaging [56-64], etc.

5. Conclusion

In summary, we have proposed a scheme to guide temperature waves
with graded metamaterials, which can compensate phase mismatch
induced by different spatial distances. Therefore, temperature waves can
propagate without distortion in a right-angle pipe. Although graded
metamaterials feature continuous variations of parameters, they can be
simplified by layered structures. We have also studied the effect of layer
numbers on temperature propagation. Although more layers are better,
20 layers are enough to exhibit good performance. As model applica-
tions, we further propose three practical functions including obstacle
avoidance, thermal periscope, and reverse bending. These results have
potential applications for thermal detection in irregularly shaped pipes.
Further explorations on temperature waves like wave splitters and wave
shifters can be expected with the present scheme.
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