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Existing thermal metamaterials are mostly designed to work at room temperature, where thermal con-
duction is the dominant method of heat transfer. Unfortunately, as the temperature increases, thermal
radiation becomes non-negligible, and hence these thermal metamaterials can no longer work. The inabil-
ity to handle thermal radiation largely limits practical applications at high temperatures, such as thermal
protection. To solve this problem, here we propose an effective-medium theory to manipulate thermal radi-
ation with the Rosseland diffusion approximation. This theory helps to design three radiative metamaterials
even with anisotropic geometries, including transparency, cloak, and expander. Theoretical analyses are
further confirmed by finite-element simulations, which indicate that these radiative metamaterials behave
well in both steady and transient states. This work not only offers an effective-medium theory to manipu-
late thermal radiation but also designs three radiative metamaterials. These results may provide hints for
novel thermal management and have potential applications in radiative camouflage, radiative diodes, etc.
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I. INTRODUCTION

Since the proposal of transformation thermotics [1,2],
thermal metamaterials have experienced great develop-
ments and abundant achievements have been made. The
capability of thermal management is largely improved with
thermal metamaterials, such as thermal transparency [3–6],
thermal cloak [7–12], thermal expander [13], etc. For ther-
mal transparency the aim is to design a shell according to
the inside core and ensure the temperature field outside the
shell is undistorted. A thermal cloak can protect any object
inside it from being detected, which can be realized by
setting the core in a transparency scheme to be insulated.
A thermal expander can efficiently enlarge a small source
into a large one, which is based on two thermal cloaks.
Moreover, thermal convection has also attracted much
attention [14–16]. These thermal metamaterials provide
powerful approaches to thermal management.

Unfortunately, none of these thermal metamaterials
can work at high temperatures, where thermal radi-
ation becomes the dominant method of heat trans-
fer. Thermal radiation is of great significance, and has
attracted much research interest, such as radiative cooling
[17–19] and thermal memory [20,21]. However, metama-
terials designed for manipulating thermal radiation have
rarely been studied due to the lack of appropriate theories.
In consideration of practical applications such as thermal
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protection at high temperatures, a theory to manipulate
thermal radiation efficiently is urgently needed.

Here we propose an effective-medium theory to
design radiative metamaterials with the Rosseland diffu-
sive approximation. By designing the related parameters
(mainly thermal conductivity and the Rosseland mean
extinction coefficient) of a core-shell structure, we real-
ize three radiative metamaterials even with anisotropic
geometries, including transparency, cloak, and expander;
see Figs. 1(a)–1(c). Finite-element simulations further con-
firm our theoretical analyses, which indicate that these
radiative metamaterials are well behaved in both steady
and transient states. We begin by presenting the theory.

II. THEORY

We consider a passive and steady process of heat trans-
fer, where the total heat flux Jtotal (composed of the
conductive flux Jcon and the radiative flux Jrad) is
divergency-free:

∇ · Jtotal = ∇ · (Jcon + Jrad) = 0. (1)

The conductive flux Jcon is dominated by the Fourier law:

Jcon = −κ∇T, (2)

where κ is the thermal conductivity. The radiative flux Jrad
is given by the Rosseland diffusion approximation:

Jrad = −γ T3∇T, (3)
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FIG. 1. (a) Thermal transparency, (b) thermal cloak, and (c)
thermal expander. (d),(e) Radiative emittance j , conductive flux
Jcon, and radiative flux Jrad as a function of temperature T.

where γ = 16β−1n2σ/3 can be regarded as the radiative
coefficient, where β is the Rosseland mean extinction coef-
ficient, n is the relative refractive index, and σ is the
Stefan-Boltzmann constant

(
5.67 × 10−8 W m−2 K−4).

We consider a three-dimensional core-shell structure
[Fig. 1(a)] that has a core with thermal conductivity
κc, Rosseland mean extinction coefficient βc, and rela-
tive refractive index nc (radiative coefficient γc) coated
by a shell with corresponding parameters κs, βs, and ns
(radiative coefficient γs). The subscript c (s) denotes the
core (shell) throughout this work. The semiaxis lengths
of the core and shell are λci and λsi (i = 1, 2, 3),
respectively. We suppose that the ratio γ /κ of the core-
shell structure is a constant α, say, γc/κc = γs/κs =
α. The physical intension is to realize the same effect
of conduction and radiation. Then, Eq. (1) can be
rewritten as

∇ · (−κ∇T − ακT3∇T
) = ∇ · [−κ

(
1 + αT3)∇T

]

= ∇ · [−κ∇ (
T + αT4/4

)] = 0.
(4)

We perform a variable substitution ϕ = T + αT4/4, thus
yielding

∇ · (−κ∇ϕ) = 0. (5)

Therefore, we convert the formula with strong nonlinearity
[Eq. (1)] into a linear one [Eq. (5)].

To proceed we introduce ellipsoidal coordinates
(ρ, ξ , η)
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(6)

where λ1, λ2, and λ3 are three constants, satisfying
ρ > −λ2

1 > ξ > −λ2
2 > η > −λ2

3. Equation (5) can be
expressed in ellipsoidal coordinates as

∂

∂ρ

(
g (ρ)
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∂ρ

)
+ g (ρ)

ρ + λ2
i
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∂ρ
= 0, (7)

where g (ρ) =
√(

ρ + λ2
1

) (
ρ + λ2

2

) (
ρ + λ2

3

)
. Equation

(7) has a solution as

ϕ =
(

u + v

∫ ρ

0

(
ρ + λ2

i

)−1
g (ρ)−1 dρ

)
xi, (8)

where u and v are two constants, and xi (i = 1, 2, 3)

denotes Cartesian coordinates. We define the tempera-
tures (after variable substitution) of the core, shell, and
background as ϕc, ϕs, and ϕb, respectively. They can be
expressed as

ϕc = ucxi,

ϕs =
(

us + vs

∫ ρ

ρc

(
ρ + λ2

i

)−1
g (ρ)−1 dρ

)
xi,

ϕb = ubxi,

(9)

where uc, us, and vs can be determined by boundary con-
ditions. The exterior surfaces of the core and shell are
denoted by ρc and ρs, where boundary conditions are given
by continuities of temperatures and normal heat fluxes,
thus yielding

uc = us,

ub = us + vs

∫ ρs

ρc

(
ρ + λ2

i

)−1
g (ρ)−1 dρ,

uc = 2vsκs (κc − κs)
−1 g (ρc)

−1 ,

ub = 2vsκs (κei − κs)
−1 g (ρs)

−1 ,

(10)

where κei is the effective thermal conductivity of the core-
shell structure along the direction of xi. Solving Eq. (10)
can directly give the expression for κei. Nevertheless, it is a
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FIG. 2. Steady-state results
for thermal transparency. (a)–(c)
λc1 = λc2 = 2 cm, λs1 = λs2 =
3 cm, κc = 2 W m−1 K−1, βc =
50 m−1, κs = 0.62 W m−1 K−1,
and βs = 161.1 m−1. (d)–(f)
λc1 = 2.5 cm, λc2 = 1.25 cm,
λs1 = 3 cm, λs2 = 2.08 cm, κc =
0.5 W m−1 K−1, βc = 200 m−1,
κs = 1.61 W m−1 K−1, and
βs = 62 m−1. (g)–(i) References
with pure background parameters.
(j)–(l) Theoretical temperature
distributions of the references.
Circular (elliptical) dashed lines
are plotted for comparison with
circular (elliptical) transparency.
Con., conduction; Rad., radi-
ation; Ref., reference; Tra.,
transparency.

complex formula that requires simplification. For this pur-
pose, we define the semiaxis lengths of the core λci and
shell λsi as

λci =
√

λ2
i + ρc,

λsi =
√

λ2
i + ρs,

(11)

where i = 1, 2, 3. Thus, the volume fraction f can be
expressed as

f = λc1λc2λc3/ (λs1λs2λs3) = g (ρc) /g (ρs) . (12)

We also define the shape factor dwi along the direction of
xi as

dwi = λw1λw2λw3

2

∫ ∞

0

(
τ + λ2

wi

)−1

× [(
τ + λ2

w1

) (
τ + λ2

w2

) (
τ + λ2

w3

)]−1/2
dτ , (13)

where the subscript w can take c or s, representing the
shape factor of the core or shell. Thus, we can derive

∫ ρs

ρc

(
ρ + λ2

i

)−1
g (ρ)−1 dρ

=
∫ ∞

ρc

(
ρ + λ2

i

)−1
g (ρ)−1 dρ

−
∫ ∞

ρs

(
ρ + λ2

i

)−1
g (ρ)−1 dρ

= 2dcig (ρc)
−1 − 2dsig (ρs)

−1 . (14)

Finally, we can derive a brief expression for κei as

κei = κs

(
f (κc − κs)

κs + (dci − fdsi) (κc − κs)
+ 1

)
. (15)

This is a standard method to calculate the Laplace equation
[22]. The shape factors satisfy the sum rule dw1 + dw2 +
dw3 = 1. The effective thermal conductivity of any core-
shell structure can, in principle, be derived with Eq. (15).
However, only when the core-shell structure is confo-
cal or concentric can Eq. (15) predict the effective ther-
mal conductivity strictly. Moreover, Eq. (15) can also be
reduced to handle cylindrical (two-dimensional) cases by
taking λw3 = ∞, thus yielding dw1 = λw2/ (λw1 + λw2),
dw2 = λw1/ (λw1 + λw2), and dw3 = 0 (dw1 + dw2 + dw3 =
1 is still satisfied).

Since we have supposed that γ /κ is a constant, the
effective radiative coefficient can be directly written as

γei = γs

(
f (γc − γs)

γs + (dci − fdsi) (γc − γs)
+ 1

)
, (16)

where γei is the effective radiative coefficient of the core-
shell structure along the direction of xi. Equations (15)
and (16) can predict the effective thermal conductivity and
effective radiative coefficient. The only requirement is to
keep γ /κ constant to realize the same effect of conduction
and radiation.

III. FINITE-ELEMENT SIMULATIONS

We perform finite-element simulations with COMSOL
MULTIPHYSICS [23] to validate the theoretical analyses.
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FIG. 3. Steady-state simulations of the thermal cloak. An inner
object is coated by an insulated layer with κ = 10−5 W m−1 K−1

and β = 105 m−1. Since the heat flux cannot enter the insulated
layer, the inner object plus the insulated layer can be equiva-
lently regarded as an insulated core with κc = 10−5 W m−1 K−1

and βc = 105 m−1. Other parameters are as follows: (a)–(c)
λc1 = λc2 = 2.5 cm, λs1 = λs2 = 3 cm, κs = 5.54 W m−1 K−1,
and βs = 18.1 m−1; (d)–(f) λc1 = 2.5 cm, λc2 = 1.25 cm, λs1 =
3 cm, λs2 = 2.08 cm, κs = 2.35 W m−1 K−1, and βs = 42.5 m−1.
Con., conduction; Rad., radiation.

Without loss of generality, we consider a two-dimensional
case with size 10 × 10 cm2, and directly use the template
of “Heat Transfer with Radiation in Participating Media.”
Then, we input the relative refractive index of all regions as
1, and set the thermal conductivity and the Rosseland mean
extinction coefficient of the background to 1 W m−1 K−1

and 100 m−1, respectively. These values are close to those
of practical materials such as organic glass, which meet the
requirements of the Rosseland diffusion approximation.

The Stefan-Boltzmann law suggests that the radiative
emittance j is proportional to T4, as qualitatively shown
in Fig. 1(d). In the presence of the same temperature gra-
dient, the conductive flux Jcon is independent of concrete
temperatures, whereas the radiative flux Jrad is proportional
to T3, as qualitatively presented in Fig. 1(e). These quali-
tative analyses indicate that thermal radiation is of great
significance at high temperatures. Thus, three temperature
intervals are applied in our finite-element simulations: (i)
273–313 K, indicating a small upper temperature limit

(a) (d)

(b) (e)

(c) (f)

FIG. 4. Steady-state simulations of the thermal expander. The
sizes are λc1 = 2.08 cm, λc2 = 4.17 cm, λs1 = 3.46 cm, and
λs2 = 5 cm, and the width between hot and cold sources is 6 cm.
Other parameters are as follows: (a)–(c) κs = 4.91 W m−1 K−1

and βs = 20.3 m−1; (d)–(f) pure background parameters. Con.,
conduction; Rad., radiation.

where conduction is dominant; (ii) 273–673 K, indicat-
ing a medium upper temperature limit where conduction
and radiation are roughly equal; (iii) 273–4273 K, indi-
cating a large upper temperature limit where radiation is
dominant.

For thermal transparency the aim is to design a shell
according to the object, ensuring the temperature pro-
file outside the shell is undistorted; see Fig. 2. When the
parameters are delicately designed according to Eqs. (15)
and (16), the temperature profile outside the shell is undis-
torted [Figs. 2(a)–2(c) or Figs. 2(d)–2(f)] as if there were
not a core-shell structure in the center [Figs. 2(g)–2(i)].
Figures 2(j)–2(l) demonstrate the theoretical results for the
references with the same parameters as for Figs. 2(g)–2(i).
The temperature distributions can be calculated as fol-
lows. We denote the temperatures of the left and right
boundaries as Tl and Tr, thus yielding ϕl = Tl + αT4

l /4
and ϕr = Tr + αT4

r /4, respectively. According to Eq. (5),
the temperature distribution for a reference case takes
the form ϕ = (ϕr − ϕl) x1/b + (ϕr + ϕl) /2, where b is the
length between the left boundary and the right boundary.
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FIG. 5. Transient simulations of transparency, cloak, and
expander. The sizes and material parameters for (a)–(c),
(d)–(f), and (g)–(i) are the same as those for Figs. 2(d)–2(f),
Figs. 3(d)–3(f), and Figs. 4(a)–4(c), respectively. The prod-
uct of the density and heat capacity of the background is
ρC = 106 J m−3 K−1. Other parameters are as follows: (a)–(c)
(ρC)c = 5 × 105 J m−3 K−1 and (ρC)s = 1.61 × 106 Jm−3 K−1;
(d)–(f) (ρC)s = 2.35 × 106 J m−3 K−1; (g)–(i) (ρC)s = 5 ×
105 J m−3 K−1. Tra., transparency.

By solving ϕ = T + αT4/4, we can numerically derive
the temperature distributions with respect to T. The same
temperature profiles for the references (simulation and
theory) indicate validation of the theoretical analyses.
Moreover, with a small upper temperature limit where con-
duction is dominant, the temperature gradient outside the
shell is almost uniform; see Figs. 2(a), 2(d), 2(g), and 2(j).
As the upper temperature limit increases, radiation starts
exerting an influence, thus yielding nonuniform tempera-
ture gradients outside the shell; see Figs. 2(b), 2(e), 2(h),
2(k), 2(c), 2(f), 2(i), and 2(l).

A thermal cloak can protect any object inside it from
being detected, and its parameters are independent of the
object. For this purpose, an insulated layer is required to
keep the heat flux off the object. Then, the object plus the
insulated layer can be equivalently regarded as an insu-
lated core, say, κc = γ = 0. Furthermore, we design a shell
according to Eqs. (15) and (16) to remove the effect of
the insulated core. The simulation results are presented
in Fig. 3. Clearly, the isotherms are kept off the object,
indicating that the heat flux cannot enter the object. Mean-
while, the temperature profiles of the background are not
distorted, thus yielding the cloaking effect.

A thermal expander can efficiently enlarge a small
source into a large one on the basis of the design of two

elliptical cloaks. Concretely speaking, we put two elliptical
cloaks together, and take out a quarter of the whole struc-
ture as an expander; see Fig. 1(c). As ensured by the
uniqueness theorem in thermotics [24], the temperature
distribution of the background is not distorted, thus yield-
ing the expander effect. Finite-element simulations are
presented in Figs. 4(a)–4(c). Clearly, the isotherms of the
background are straight, indicating the excellent perfor-
mance. However, a pure background material strongly dis-
torts the isotherms of the background; see Figs. 4(d)–4(f).
This device is flexible to adjust the source sizes and has
applications in uniform heating and effective dissipation.

The above results consider only the steady states. These
radiative metamaterials can also be extended to transient
states if we consider density and heat capacity. To design
transient transparency and a transient cloak, we set the
heat diffusivity κ/ (ρC) to be a constant. Although this
is an approximate method, its performance is still satis-
factory. The corresponding results at t = 10, 20, and 60
min are presented in Figs. 5(a)–5(c) and Figs. 5(d)–5(f),
respectively. To design a transient expander, we use the
optimization method and set the diffusivity of the shell
larger than that of the background to achieve the best tran-
sient effect. The corresponding results at t = 6, 10, and 20
min are presented in Figs. 5(g)–5(i).

IV. DISCUSSION AND CONCLUSION

We give the theoretical designs of three radiative meta-
materials based on the effective-medium theory for thermal
radiation. For experimental demonstrations, we can fabri-
cate two-dimensional samples whose surfaces are covered
by insulated films to confine thermal radiation in two
dimensions. The background material chosen in this work
is similar to organic glass, and aerogel is an excellent
candidate for the insulated material when designing a ther-
mal cloak. Moreover, the present theory is also promising
to extend those novel conductive metamaterials with lay-
ered structures (such as thermal bending) [25–31] to the
radiative regimes. Although the effective-medium theory
is powerful, it cannot strictly handle core-shell problems
with complex shapes.

The validity of this work is based on the Fourier law
and the Rosseland diffusion approximation. Thermal con-
duction is handled with the Fourier law [Eq. (2)], which
is an appropriate hypothesis at the macroscale. How-
ever, at the nanoscale, if the phonon effect is taken into
consideration [32–36], the Fourier law may be invalid.
Meanwhile, thermal radiation under our consideration is
handled with the Rosseland diffusion approximation [Eq.
(3)], which requires the participating media to be optically
thick. That is, photons of thermal radiation propagate only
a short distance before being absorbed or scattered. Many
other radiative models, such as those considering near-field
effects [37–40], remain to be further explored.
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To sum up, we propose an effective-medium theory
to manipulate thermal radiation and design three radia-
tive metamaterials, including transparency, cloak, and
expander. All theoretical analyses are confirmed by finite-
element simulations. These radiative metamaterials are
well behaved in both steady and transient states. Cer-
tainly, they have potential applications in designing ther-
mal camouflage [41–45] and thermal diodes [32,46] in the
regimes at high temperatures where thermal radiation is the
dominant effect.
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