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Almost all thermal metamaterials are essentially achieved by tailoring asymmetric interaction between
matrices and embedded particles. However, the asymmetric interaction results in the noncommutability
of matrices and particles, which may reduce the flexibility for heat management. To solve this problem,
here we propose a different mechanism by tailoring symmetric interaction between particles arranged in
periodic lattices, thus called “periodic interparticle interaction.” For practical application, we refer to the
representative thermal transparency, which, however, is realized by tailoring periodic interparticle interac-
tion. Theoretical analysis, finite-element simulations, and laboratory experiments all validate the proposed
mechanism. Moreover, we reunderstand the Maxwell-Garnett theory and the Bruggeman theory from their
scope and relation by using theoretical analysis and finite-element analysis. Compared with the existing
thermal transparency, our scheme is more feasible to handle many-particle systems. This work opens a
gateway to exploring periodic interparticle interaction, and further work can be expected: (i) exploring
periodic interparticle interaction with different lattice types and relative positions for particle arrangement;
(ii) applying periodic interparticle interaction to achieve other functions, such as thermal camouflage.
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I. INTRODUCTION

Thermal metamaterials have attracted wide research
interest since 2008 [1–3]. The related mechanism is mainly
to tailor asymmetric interaction between matrices and
embedded particles. For example, thermal transparency in
Refs. [4–7] considers the asymmetric interaction between
the shell and the inside core; thermal invisibility in Refs.
[8,9] tailors the asymmetric interaction between the matrix
and inside particles. The two phenomena feature the same
thermal conductivities between the device and the back-
ground. For the core-shell structure, the background is the
region outside the shell; for the matrix plus inside par-
ticles, the background is the region outside the matrix.
Therefore, the background can generally be regarded as the
region excluding the device (say, the designed structure).
The background may also possess uniform microstruc-
tures. Other thermal metamaterials for heat management,
such as thermal cloaks [1,2,10–14], thermal concentrators
[10,15,16], and thermal camouflage [17–23], are all in the
framework of asymmetric interaction. Although asymmet-
ric interaction has been well manipulated, the noncom-
mutability of matrices and inside particles may restrict the
flexibility for heat management.

To solve this problem, here we reveal the mechanism
of symmetric interaction between periodic particles; say,
periodic interparticle interaction. For practical application,
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we take the representative thermal transparency in
Refs. [4–7] as an example, but realize the phenomenon
beyond the asymmetric interaction between the shell and
the inside core (an equivalent expression is the neutral
inclusion that was presented in Ref. [4]). Instead, we care-
fully tailor periodic interparticle interaction to remove the
influence of periodic particles [say, particles A and par-
ticles B in Fig. 1(a)] on the background; thus, thermal
transparency is also achieved. Here particles A and parti-
cles B are the designed structure, and thus the background
is the region excluding particles A and particles B. If the
background is a pure material, it is just the matrix where
particles A and particles B are embedded. If the back-
ground possesses microstructures, it can be regarded as the
matrix plus microstructures. Then the scheme will be val-
idated by theoretical analysis, finite-element simulations,
and laboratory experiments.

Moreover, we find that the formula describing periodic
interparticle interaction is mathematically the same as the
well-known Bruggeman formula. Although the Brugge-
man formula can indeed explain symmetric interaction, the
understanding is completely different in our work, which is
discussed as well.

II. THEORY FOR PERIODIC INTERPARTICLE
INTERACTION

Let us start by considering the two-dimensional peri-
odic composite material presented in Fig. 1(a). Two

2331-7019/19/11(3)/034056(9) 034056-1 © 2019 American Physical Society

https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.11.034056&domain=pdf&date_stamp=2019-03-22
http://dx.doi.org/10.1103/PhysRevApplied.11.034056


XU, YANG, and HUANG PHYS. REV. APPLIED 11, 034056 (2019)

(a) (b)

(c) (d)

FIG. 1. (a) Periodic composite material and (b)–(d) basic struc-
tures.

types of particles are alternately embedded in the matrix
with distance d0; see Fig. 1(b). Particle A has material
anisotropy and geometry isotropy (a red graded circle with
radius r), whereas particle B is characterized by mate-
rial isotropy and geometry anisotropy (a blue ellipse with
semiminor axis s and semimajor axis t); see Figs. 1(c) and
1(d). We set the thermal conductivities of particle A, parti-
cle B, and the matrix to be

↔
κ a= diag

(
κρρ , κθθ

)
, κb, and κm,

respectively.
↔
κ a is written in the cylindrical coordinates

(ρ, θ), whose origin is at the center of particle A. In what
follows, we focus on the horizontal properties of the peri-
odic composite material except for additional statements.
In the presence of a thermal field E0 (defined as a negative
temperature gradient) along the horizontal direction, the
effective thermal conductivity of the periodic composite
material κe can be calculated by Fourier’s law:

κe = 〈J 〉
〈E〉 , (1)

where J and E represent the heat flux and the thermal field
in the periodic composite material, respectively. In Eq. (1),
〈· · · 〉 denotes the area average over the whole region. Con-
sidering the local heat fluxes (and local thermal fields) in
particles A Ja (Ea), particles B Jb (Eb), and matrix Jm (Em),
we can rewrite Eq. (1) as

κe = pa 〈Ja〉 + pb 〈Jb〉 + pm 〈Jm〉
pa 〈Ea〉 + pb 〈Eb〉 + pm 〈Em〉 , (2)

where pa
[= πr2/

(
2d2

0

)]
, pb

[= πst/
(
2d2

0

)]
, and pm =

1 − pa − pb are the area fraction of particles A, particles
B, and the matrix, respectively.

Then we need to calculate the average heat fluxes 〈Ja〉,
〈Jb〉, and 〈Jm〉 in Eq. (2). Because of translation invari-
ance, the calculations can be simplified to the two basic
structures presented in Figs. 1(c) and 1(d). Although the
matrix in Figs. 1(c) and 1(d) is finite with size d0 × d0, we
can still make a reasonable and contributing approxima-
tion that the matrix is infinite when the particles are small
enough. The influence of the infinite-matrix approxima-
tion is analyzed after the theory for periodic interparticle
interaction is established.

We first calculate the average heat flux in particle A; see
Fig. 1(c). For the infinite-matrix approximation, the tem-
perature distribution in particle A, Ta, can be expressed as
[24]

Ta = −2r1−vE0κm

vκρρ + κm
ρv cos θ + T0, (3)

where v = √
κθθ/κρρ , and T0 is a constant temperature.

The average heat flux in particle A can be calculated by

〈Ja〉 =
�

�
êx ·

(↔
κ a Ea

)
dS�

�
dS

=
�

�

(
κxxEax + κxyEay

)
dS�

�
dS

,

(4)

where êx is the horizontal unit vector and � represents the
closed integration area (i.e., particle A), κxx = κρρ cos2 θ +
κθθ sin2 θ , κxy = (

κρρ − κθθ

)
sin θ cos θ , Eax = −∂Ta/∂x,

and Eay = −∂Ta/∂y. After performing the integration, we
can reduce Eq. (4) to

〈Ja〉 = κa 〈Ea〉 = vκρρ

2E0κm

vκρρ + κm
, (5)

where κa
(= vκρρ

)
is the effective scalar thermal conduc-

tivity of particle A with the tensorial
↔
κ a. In what follows,

we use κa if
↔
κ a is not necessary.

Second, we calculate the average heat flux in particle
B; see Fig. 1(d). For the infinite-matrix approximation, the
temperature distribution in particle B, Tb, can be expressed
as [25]

Tb = −E0κm

κbL + κm (1 − L)
ρ cos θ + T0, (6)

where the horizontal shape factor L is given by

L = st
2

∫ ∞

0

du
(
t2 + u

) √(
s2 + u

) (
t2 + u

) . (7)

It is found that the thermal field in particle B is uniform,
and hence the average heat flux in particle B can be directly
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expressed as

〈Jb〉 = κb 〈Eb〉 = κb
E0κm

κbL + κm (1 − L)
. (8)

We finally calculate the average heat flux in the matrix, and
take the matrix in Fig. 1(c) as an example. For the infinite-
matrix approximation, the temperature distribution in the
matrix Tm can be expressed as [24]

Tm = −E0ρ cos θ + r2E0 (κa − κm)

κa + κm
ρ−1 cos θ + T0. (9)

The average heat flux in the matrix is then determined by

〈Jm〉 = κm 〈Em〉 = κmE0, (10)

where 〈Em〉 = E0 is because the effect of the term contain-
ing ρ−1 in Eq. (9) is local, which can be ignored because of
the infinite-matrix approximation. Equation (10) can also
describe the average heat flux in the matrix, as shown in
Fig. 1(d).

Considering Eqs. (5), (8), and (10), we can rewrite Eq.
(2) as

κe = paκa 〈Ea〉 + pbκb 〈Eb〉 + pmκm 〈Em〉
pa 〈Ea〉 + pb 〈Eb〉 + pm 〈Em〉

= paηaκa + pbηbκb + pmκm

paηa + pbηb + pm
, (11)

where ηa = 〈Ea〉 / 〈Em〉 = 2κm/ (κa + κm) and ηb = 〈Eb〉 /

〈Em〉 = κm/ [κbL + κm (1 − L)]. The κe determined by
Eq. (11) can describe the effective thermal conductivity of
the whole system composed of particles A, particles B, and
the matrix. For physical understanding, Eq. (11) is, in a
sense, the average of κa, κb, and κm with respect to paηa,
pbηb, and pm. The weight of κm (only with pm) is differ-
ent from the weights of κa and κb, which agrees with the
comment that the interaction between the matrix and inside
particles is asymmetric.

To exclude the thermal effect of the matrix, we further
set κe in Eq. (11) to be κm to consider the periodic interpar-
ticle interaction between particles A and particles B, and
derive the only physical solution:

κm = −B + √
B2 − 4AC

2A
, (12)

where A = p (1 − 2L) + 1, B = −κa [p (3 − 2L) − 1] +
κb [p (1 + 2L) − 1], C = κaκb [p (1 − 2L) − 1], p = pa/

pa+b, and pa+b = pa + pb. The κm determined by Eq. (12)
can describe the periodic interparticle interaction between
particles A and particles B, because the right-hand side of
Eq. (12) is independent of the matrix property. In other
words, particles A and particles B have the same thermal

property as the matrix determined by Eq. (12). There-
fore, thermal transparency can be realized by our tailoring
the periodic interparticle interaction between particles A
and particles B with the aid of Eq. (12). For complete-
ness, we present the theory for three-dimensional thermal
transparency in the Appendix.

III. VALIDATING THE INFINITE-MATRIX
APPROXIMATION BY COMPARISON WITH

FINITE-ELEMENT SIMULATIONS

In the process to derive Eqs. (11) and (12), we adopt
the infinite-matrix approximation, which assumes that par-
ticles are small enough. So we perform finite-element
simulations to analyze the influence of area fractions on
predicting the effective thermal conductivities. We con-
sider the isotropic case with κρρ = κθθ for particle A and
s = t for particle B. κa and κb are set to be 400 and
1 W m−1 K−1, respectively. We compare the values of κe
and κm derived from the infinite-matrix approximation
[Eqs. (11) and (12)] and finite-element simulations per-
formed with the software program COMSOL MULTIPHYSICS
[26].

When discussing the influences of pa and pb on κe, we
construct the periodic composite material with a 5 × 5
array of the basic structure presented in Fig. 2(a). κm is
set to be 20 W m−1 K−1. The solid lines in Fig. 2(a) are
derived from Eq. (11), which result from the infinite-matrix
approximation. Then we put the periodic composite mate-
rial into a thermal field, and derive the values of 〈J 〉 and
〈E〉 with the finite-element simulations. We further calcu-
late κe with 〈J 〉 / 〈E〉, and the results are represented by the
symbols in Fig. 2(a). The maximum value of pa (and pb) is
π/8 (approximately 0.39), for a circle cannot fill the whole
square. Clearly, the infinite-matrix approximation underes-
timates the effect of particle A (high thermal conductivity
of 400 W m−1 K−1) by about 5.8% at pa = 0.39 and over-
estimates the effect of particle B (low thermal conductivity
of 1 W m−1 K−1) by about 6.2% at pb = 0.39.

The results shown in Fig. 2(a) illustrate that the infinite-
matrix approximation is still contributing in spite of the
large area fractions. The main reason is that the large
area fractions (against the infinite-matrix approximation)
do change the theoretically predicted temperature distribu-
tions Ta, Tb, and Tm [Eqs. (3), (6), and (9)], but we focus
only on their average effects when calculating the average
heat fluxes 〈Ja〉, 〈Jb〉, and 〈Jm〉 [Eqs. (5), (8), and (10)]. As
a result, the influence of large area fractions is reduced.

We now discuss the influence of p and pa+b on κm;
see Fig. 2(b). We construct periodic particles with a 5 × 5
array of the basic structure. The solid lines in Fig. 2(b) are
derived from Eq. (12) (infinite-matrix approximation). We
put these periodic particles into the matrix determined by
Eq. (12) to analyze the practical κm. We derive the average
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(a) (b)

FIG. 2. Thermal conductivities of (a) periodic composite material κe and (b) periodic interparticle interaction κm, which are both given
as a function of the area fraction of the particles. The solid lines in (a) [(b)] are derived from Eq. (11) [Eq. (12)], and the symbols are
obtained with finite-element simulations. The size of the periodic composite material is 10 × 10 cm2, d0 = 1 cm, κa = 400 W m−1K−1,
and κb = 1 W m−1 K−1. Other parameters are as follows: (a) κm = 20 W m−1 K−1, pb = 0.16 for the κe-pa curve, and pa = 0.16 for the
κe-pb curve; (b) pa+b = 0.24 for the κm-p curve and p = 0.5 for the κm-pa+b curve. The symbols are derived by our putting the periodic
particles into the matrix determined by Eq. (12) and calculating κm with 〈Ja+b〉 / 〈Ea+b〉.

heat flux 〈Ja+b〉 and average thermal field 〈Ea+b〉 in parti-
cles A and particles B with the finite-element simulations.
We further calculate κm with 〈Ja+b〉 / 〈Ea+b〉; the results are
represented by the symbols in Fig. 2(b). The value of p
ranges from 0 to 1, for it describes the relative area frac-
tion of particles A with particles B. The maximum value
of pa+b is π/4 (approximately 0.79), for a circle cannot
fill the whole square. Again, the infinite-matrix approxi-
mation is well behaved with both p ranging from 0 to 1
and pa+b ranging from 0 to 0.79. An intuitive reason is that
the underestimation of high thermal conductivity and the
overestimation of low thermal conductivity, as discussed
for Fig. 2(a), cancel each other out when particles are large
(e.g., pa+b = 0.79).

On the basis of the results in Fig. 2, we feel it necessary
to reunderstand the two famous effective-medium theories;
that is, the Maxwell-Garnett formula and the Bruggeman
formula. In terms of mathematical form, Eq. (11) is the
generalized Maxwell-Garnett formula [27] and Eq. (12) is
the generalized Bruggeman formula [28], if we consider
particle anisotropy. However, in this work, the understand-
ing of Eqs. (11) and (12) is totally different from the
previous opinions [27–29] from three perspectives.

(a) Random versus periodic: It is accepted that the two
formulas can explain only completely random systems.
However, the results in Fig. 2 illustrate that they are also
well behaved in explaining periodic systems.

(b) Small versus big: The Maxwell-Garnett formula is
thought to be applicable only when particles are small
enough. However, the results in Fig. 2(a) demonstrate that
the Maxwell-Garnett formula is still contributing when
particles are big.

(c) Independent versus dependent: The two formu-
las are believed to be independent in describing differ-
ent systems. However, we unify the two formulas that
were previously thought to be independent, and clarify
that the Bruggeman formula may be a direct result of
the Maxwell-Garnett formula; that is, from Eq. (11) to
Eq. (12).

Anyway, periodicity is the key to understand these results.
On one hand, it helps to simplify the calculations to the
two basic structures presented in Figs. 1(c) and 1(d). On
the other hand, it avoids the overlap between particles,
especially when area fractions are larger.

IV. FINITE-ELEMENT SIMULATIONS AND
LABORATORY EXPERIMENTS FOR THERMAL

TRANSPARENCY

We are now in a position to present the finite-element
simulations and laboratory experiments for thermal trans-
parency by tailoring the periodic interparticle interaction
between particles A and particles B with Eq. (12).

Figure 3 shows the results of finite-element simula-
tions of thermal transparency. The thermal conductivity of
the region excluding particles A and particles B is set as
required by Eq. (12). When we put only particles A into the
background, high thermal conductivity repels isotherms;
see Fig. 3(a). When we put only particles B into the back-
ground, low thermal conductivity attracts isotherms; see
Fig. 3(b). When we put both particles A and particles
B into the background, thermal transparency is achieved
with the periodic interparticle interaction between parti-
cles A and particles B; see Fig. 3(c). The heat fluxes on
the solid black lines, Js, in Figs. 3(a)–3(c) are presented in
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FIG. 3. Finite-element simulations of thermal transparency for (a)–(d),(e)–(h),(i)–(l) isotropic cases and (m)–(p) anisotropic cases. κm
is set as required by Eq. (12). The size of the simulation box is 20 × 20 cm2, and that of the periodic composite material is 10 × 10 cm2.
The solid line is located at x = −6 cm, and the origin is located in the center of the simulation box. White lines represent isotherms.
All particles are presented with 50% opacity in simulation boxes (the particle color does not correspond to temperature). Blue, green,
red, and black lines in (d),(h),(l),(p) are the results with only particles A, only particles B, particles A plus particles B, and no particles,
respectively. The thermal gradients in (a)–(d),(i)–(l),(m)–(p) and in (e)–(h) are 2 and 1 K cm−1, respectively. Other parameters are
as follows: (a)–(d) d0 = 1 cm, κa = 400 W m−1 K−1, κb = 1 W m−1 K−1, pa = 0.25, pb = 0.25, and κm = 20 W m−1K−1; (e–h) the
same as for (a)–(d) except for the thermal gradient; (i)–(l) the same as for (a)–(d) except for d0 = 1/3 cm; (m)–(p) d0 = 1 cm,
↔
κ a= diag (2, 0.5) W m−1 K−1, κb = 400 W m−1 K−1, pa = 0.18, pb = 0.34, t/s = 1.2, and κm = 136 W m−1 K−1.

Fig. 3(d). The red line (with some fluctuation) echoes with
the black line in Fig. 3(d), which validates the existence
of thermal transparency. Then we change only the thermal
gradient; see Figs. 3(e)–3(g). The shapes of the isotherms
are exactly the same as those in Figs. 3(a)–3(c), although
the concrete temperature and heat flux [Fig. 3(h)] are dif-
ferent. The thermal gradient can be any value because
the thermal property determined by Eq. (12) is inde-
pendent of the thermal gradient. We further change the

value of parameter d0 and keep the values of the other
parameters unchanged; see Figs. 3(i)–3(l). The results are
basically the same as those in Figs. 3(a)–3(d), but with
smaller fluctuation. Therefore, d0 does not affect κm pre-
dicted by Eq. (12), but affects fluctuation. Finally, we
discuss an anisotropic case with material anisotropy of
particle A and geometry anisotropy of particle B; see
Figs. 3(m)–3(p). Anisotropic particle A with low ther-
mal conductivity attracts isotherms, whereas anisotropic
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FIG. 4. Laboratory experiments for thermal transparency for (a)–(c) three samples, (d)–(f) measured results, (g)–(i) corresponding
results of finite-element simulations, and (j)–(l) results of finite-element simulations by our directly setting κm = 200 W m−1 K−1. The
sample size is 20 × 20 cm2, and the size of the periodic composite material is 10 × 10 cm2. Hot and cold baths are set at 313 and
273 K, respectively. The thermal conductivities of copper and air are 400 and 0.025 W m−1 K−1, respectively. κa = 400 W m−1 K−1,
κb = 0.025 W m−1 K−1, d0 = 1 cm, pa = 0.33, and pb = 0.11. The area fraction of air holes (excluding particles A and particles B) in
(a)–(c) is 0.33, and the distance between these air holes is 0.25 cm. All particles are presented with 50% opacity in simulation boxes
except for experimental results (the particle color does not correspond to temperature).

particle B with high thermal conductivity repels isotherms.
Thermal transparency is still obtained when particles A
and particles B are put together; see Fig. 3(o). Hence, the
red line (with some fluctuation) agrees with the black line
as shown in Fig. 3(p).

Figure 4 shows the results of the laboratory experiments
for thermal transparency. For experimental realization, κa,
κb, and κm are three related thermal conductivities, which
are all set to be isotropic for feasibility. We use copper and
air as the material of particle A and particle B, respectively.
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(a)

(b)

(c)

FIG. 5. Real product of Fig. 4(c) with (a) side view, (b) top
view, and (c) bottom view.

κm is determined by Eq. (12), and is realized by our carving
air holes in a copper plate with effective-medium theory
[8]. Therefore, we use only two materials (copper and air)
to realize three thermal conductivities (κa, κb, and κm). The
background possesses microstructures and is composed of
copper (matrix) and air holes (microstructures) with area
fraction 0.33. The three samples are fabricated by laser cut-
ting, and are measured between hot and cold baths with

(a) (b)

(c) (d)

(e) (f)

FIG. 6. Simulation results for other conditions. The parameters
are the same as those for Fig. 4(i) except for (a) the thermal gra-
dient is 1 K cm−1, for (b) the thermal gradient is 3 K cm−1, for (c)
the matrix thermal conductivity is 1000 W m−1 K−1, for (d) the
matrix thermal conductivity is 100 W m−1 K−1, for (e) the area
fraction of the voids is 0.05, and for (f) the area fraction of the
voids is 0.66.

an infrared camera (FLIR E60); see Figs. 4(a)–4(c). The
upper and lower surfaces are, respectively, covered with
transparent plastic and foamed plastic (both insulated) to
reduce the influence of infrared reflection and thermal con-
vection. A real product of Fig. 4(c) is presented in the
Appendix; see Fig. 5. The measured results are presented
in Figs. 4(d)–4(f). We also perform finite-element simula-
tions based on the three samples; the results are presented
in Figs. 4(g)–4(i).

Moreover, we directly set κm = 200 W m−1 K−1 to per-
form simulations, rather than the structure of a copper plate
with air holes carved in it; the corresponding results are
presented in Figs. 4(j)–4(l). The accordance between the
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results of the laboratory experiments [Figs. 4(d)–4(f)] and
the results of the finite-element simulations [Figs. 4(g)–4(i)
or Figs. 4(j)–4(l)] validates the scheme of tailoring periodic
interparticle interaction to achieve thermal transparency.

According to the results presented Fig. 4(i), we also
change the thermal gradient, matrix thermal conductivity,
and matrix area fraction to study the changes of ther-
mal transparency (particles A and particles B are kept
unchanged). The results are presented in the Appendix; see
Fig. 6. We conclude that the thermal gradient will not affect
thermal transparency but matrix properties will affect it.
The physical understanding is that the dominant Eq. (12)
is independent of the thermal gradient but is dependent on
the matrix properties.

V. DISCUSSION AND CONCLUSION

In this work, we investigate the periodic interparticle
interaction between particles A and particles B, which are
commutable. However, this is just a beginning for explor-
ing periodic interparticle interaction, and deeper mecha-
nisms remain to be studied, at least from two aspects:

(a) Lattice type: Here we arrange the particles with the
simplest square lattice; see Fig. 1(a). A question is how
to calculate other lattice types. For example, a rectangle
lattice is certain to result in anisotropy compared with a
square lattice, let alone the more-complicated orthorhom-
bic lattice.

(b) Relative position: Here the particles are alternately
arranged along both the horizontal direction and the verti-
cal direction; see Fig. 1(a). A question is how to calculate
other relative positions. For example, if the particles are
alternately arranged along only the horizontal direction,
the new relative position will also result in anisotropy.

In summary, we propose a distinct mechanism for achiev-
ing thermal transparency that is induced by the symmetric
interaction between periodic particles (namely, periodic
interparticle interaction) rather than neutral inclusions [4].
Theoretical analysis, finite-element simulations, and labo-
ratory experiments all validate the proposed mechanism.
Moreover, we reunderstand the Maxwell-Garnett formula
and the Bruggeman formula from three aspects. That is,
the two formulas can explain (i) periodic systems (ii) with
large area fractions of particles, and (iii) they depend on
each other. Our mechanism is feasible to handle many-
particle systems for removing thermal stress concentration,
preventing infrared detection, etc. On the same footing,
periodic interparticle interaction proposed in this work can
also be extended to realize other functions, such as thermal
camouflaging.
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APPENDIX

To realize the three-dimensional thermal transparency,
Eqs. (5), (8), and (10) correspondingly become

〈
J ′

a

〉 = κ ′
a

〈
E′

a

〉 = v′κ ′
ρρ

3E′
0κ

′
m

v′κ ′
ρρ + 2κ ′

m
, (A1)

〈
J ′

b

〉 = κ ′
b

〈
E′

b

〉 = κ ′
b

E′
0κ

′
m

κ ′
bL′ + κ ′

m (1 − L′)
, (A2)

〈
J ′

m

〉 = κ ′
m

〈
E′

m

〉 = κ ′
mE′

0, (A3)

where the primes represent the case of three dimensions,
κ ′

a

(= v′κ ′
ρρ

)
is the effective scalar thermal conductivity

of the particle with tensorial
↔
κ

′
a

[= diag
(
κ ′

ρρ , κ ′
θθ , κ ′

ϕϕ

)

with κ ′
θθ = κ ′

ϕϕ

]
, and v′ = −1/2 +

√
1/4 + 2κ ′

θθ /κ
′
ρρ . The

horizontal shape factor L′ can be calculated by

L′ = s′t′w′

2

∫ ∞

0

du
(
t′2 + u

) √(
s′2 + u

) (
t′2 + u

) (
w′2 + u

) ,

(A4)

where w′ is the third semiaxis of the ellipsoid.
Owing to Eqs. (A1)–(A3), Eqs. (11) and (12) should,

respectively, become

κ ′
e = p ′

aκ
′
a

〈
E′

a

〉 + p ′
bκ

′
b

〈
E′

b

〉 + p ′
mκ ′

m

〈
E′

m

〉

p ′
a

〈
E′

a

〉 + p ′
b

〈
E′

b

〉 + p ′
m

〈
E′

m

〉

= p ′
aη

′
aκ

′
a + p ′

bη
′
bκ

′
b + p ′

mκ ′
m

p ′
aη

′
a + p ′

bη
′
b + p ′

m
, (A5)

κ ′
m = −B′ + √

B′2 − 4A′C′

2A′ , (A6)

where p ′
a = 2πr′3/3d′3

0 , p ′
b = 2πs′t′w′/3d′3

0 , p ′
m = 1 −

p ′
a − p ′

b, η′
a = 〈

E′
a

〉
/
〈
E′

m

〉 = 3κ ′
m/

(
κ ′

a + 2κ ′
m

)
, η′

b = 〈
E′

b

〉

/
〈
E′

m

〉 = κ ′
m/

[
κ ′

bL′ + κ ′
m

(
1 − L′)], A′ = p ′ (1 − 3L′) + 2,

B′ = −κ ′
a

[
p ′ (4 − 3L′) − 1

] + κ ′
b

[
p ′ (2 + 3L′) − 2

]
, C′ =

κ ′
aκ

′
b

[
p ′ (1 − 3L′) − 1

]
, and p ′ = p ′

a/
(
p ′

a + p ′
b

)
. κ ′

m deter-
mined by Eq. (A6) can describe the three-dimensional
periodic interparticle interaction, because the right-hand
side of Eq. (A6) is independent of the matrix property.
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The real product of Fig. 4(c) is shown in Fig. 5.
According to the result in Fig. 4(i), we keep particles

A and particles B unchanged, and change the thermal
gradient and matrix properties to study the changes of
thermal transparency. We change the thermal gradient to
be 1 K cm−1 [Fig. 6(a)] and 3 K cm−1 [Fig. 6(b)], and
thermal transparency remains unchanged. We change the
matrix thermal conductivity from 400 to 1000 W m−1 K−1

[Fig. 6(c)] and 100 W m−1 K−1 [Fig. 6(d)]. The isotherms
are attracted and repelled, respectively. Finally, we change
the area fraction of the voids from 0.33 to 0.05 [Fig. 6(e)]
and 0.66 [Fig. 6(f)]. The isotherms are also attracted and
repelled, respectively.
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