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Classical thermodynamics often helps to passively describe macroscopic heat phenom-
ena of natural systems, which means people almost cannot change the heat phenomena,
but understand them according to the four thermodynamic laws. In contrast, ther-
mal metamaterials, together with the governing theories, make it possible to actively
manipulate macroscopic heat phenomena of artificial systems, which enables people
to change the heat phenomena at will. Such metamaterials or metamaterial-based
devices refer to those artificial structures that yield novel functions in controlling heat
transfer. Since the concept of thermal cloak was proposed in 2008, this field has been
developed rapidly with fruitful research results, which range from both theoretical
models and experimental techniques in scientific research to practical applications in
industry, such as radiative cooling and infrared camouflage. In this review, we comb
through the research history of thermal metamaterials, and present novel functions
and their associated theories in four areas. Such theories include both transformation
theories and their extended theories, which are called theoretical thermotics for con-
venience. The four areas are classified according to the different ways of heat transfer,
namely, heat conduction, heat conduction–convection, heat conduction–radiation, and
heat conduction–convection–radiation. The corresponding experiments and applications
are also introduced. At last, we provide our views on future opportunities and challenges
in thermotics of metamaterials.
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1. Introduction

Heat energy, existing everywhere, has close relationship with human life, so it is of particular importance to
ontrol heat flux at will. Together with the rapid development of electromagnetic/optical metamaterials [1–7], thermal
etamaterials [8] also emerged and became a powerful tool to manipulate heat energy, which started from the proposal
f transformation thermotics [9,10], a thermal counterpart of transformation optics [4]. Generally speaking, metamaterials
an be used to reveal novel physics and develop new applications because of their novel artificial structures. Up to now,
large number of metamaterials were designed and fabricated in the fields of microwaves [6], elastic waves [11,12],
ydroscience [13], matter waves [14,15], acoustics [16–18], thermotics [9,10,19–23], and so on.
In order to systematically understand metamaterials, Wegener [24] and Kadic et al. [25] divided them into two

ategories: (I) one is metamaterials in optics/electromagnetism, namely, optical/electromagnetic metamaterials; (II) the
ther is metamaterials beyond optics/electromagnetism, say, acoustic metamaterials and thermal metamaterials (for
ontrolling heat conduction, convection, and radiation). Clearly, (I) is for wave systems, and (II) is not only for wave
ystems, but also for diffusion systems. Since both waves and diffusion are two different crucial methods for transferring
nergy, a further classification [26] might be necessary as shown in Fig. 1.1. With this classification, according to
egener [24] and Kadic et al. [25], wave systems are divided into ‘‘wave in optics or electromagnetics’’ and ‘‘wave
eyond optics or electromagnetics’’. In contrast to wave systems, diffusion systems come to appear as a different branch.
ncidentally, for wave systems, the characteristic length of the corresponding metamaterials is known to be the incident
avelength of various kinds of waves. Hence, according to the concept or definition of metamaterials, the geometry size of
he functional unit of the metamaterials should be smaller or much smaller than the incident wavelength (characteristic
ength). Similarly, thermal metamaterials also have characteristic lengths [24,27], which should be larger or much larger
han the functional unit: for controlling heat conduction, the characteristic length is the heat diffusion length [24],
2
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Fig. 1.1. Brief overview of the physics of metamaterials: two systems and three main branches [24–26]. In the third main branch (‘‘Diffusion in
thermotics or particle dynamics’’), currently thermal metamaterial plays a dominant role.

which is a function of time; for controlling heat convection, the characteristic length is the time-dependent geometry
length of matter or mass transfer; for controlling heat radiation, the characteristic length is the wavelength of radiated
electromagnetic waves.

Now Fig. 1.1 enables us to briefly comb through the research history of the physics of metamaterials in a chronological
order. First of all, Veselago proposed the concept of negative refractive index in 1968 [1], which cannot be found in
naturally occurring materials. Almost 30 years later, during the visit at the Marconi Research Centre, Pendry realized
that artificial microstructures can be an approach to such unusual electromagnetic properties and studied the metal wire
arrays [2] and split rings structures [3]. As a result, the concept of negative refractive index started to receive extensive
research interests. The two basic structures proposed by Pendry et al. opened a new gate for metamaterial physics. On
that basis, Pendry et al. further proposed the theory of transformation optics [4], which has become a general method for
controlling not only electromagnetic fields but also other physical fields, such as those in acoustics, thermotics, and me-
chanics. With experimental researches and many other follow-up studies [28–34], electromagnetic/optical metamaterials
have become a mature research field.

Beyond electromagnetic waves which are mainly featured by transverse wave properties, Sheng and his coauthors
revealed local resonance in sonic materials [35], which also have longitudinal wave properties. Their work paved a new
way for sonic metamaterials, based on which people can explore negative refraction, Dirac materials, and topological
physics in acoustics.

The great success of metamaterials in wave systems also ignited the research of metamaterials (including metamaterial
devices) in diffusion systems, which were initially designed to control steady-state thermal conduction (diffusion) by
establishing transformation thermotics [9,10,26]. Within the past decade, thermal metamaterials have been rapidly
developed and applied in human daily life, say, radiative cooling [36,37]. Besides, thermal metamaterials are also
important in the field of military infrared detection, because they can help objects to hide their own infrared signals on the
basis of artificial structures with specific conductivity distributions. The so-called ‘‘hide’’ includes both the concealment
of a true target [38,39] and the display of a false target [40,41], which has applications in misleading infrared detection.
In the current literature, the former (or the latter) is called ‘‘camouflage’’ (or ‘‘illusion’’).

In what follows, we review thermal metamaterials in four areas, which are classified according to the different
modes of heat transfer, namely, heat conduction, heat conduction–convection, heat conduction–radiation, and heat
conduction–convection–radiation. In each area, we focus on both the transformation method and its extended methods
(other methods), all of which are particularly developed to theoretically design and experimentally fabricate thermal
metamaterials for controlling macroscopic heat transfer at will. For the sake of convenience, such methods are called
theoretical thermotics as a whole [26]. The comparison between theoretical thermotics and traditional thermodynamics
is shown in Table 1. Contrary to thermodynamics, theoretical thermotics enables people to actively control heat
phenomena of artificial systems at will. For thermal metamaterials, Table 1 also suggests a complete research route from
fundamental theories (science), to technological development (technology), and to industrial applications (industry). The
route covers the following steps: establishing/developing theoretical thermotics → designing artificial systems/structures

achieving thermal metamaterials or metamaterial devices → actively controlling heat transfer and obtaining novel heat
henomena/properties → realizing applications.
For the convenience of reference, we make a preview of phenomena and devices involved in each chapter. In Chapter

, we introduce several typical thermal conduction metamaterials including thermal cloaking, thermal concentrating,
3
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Table 1
Thermodynamics versus theoretical thermotics. Here ‘‘passive description’’ means that people cannot change the
heat phenomena of natural systems, but understand them according to the four thermodynamic laws. In contrast,
‘‘active control’’ means that people can change the heat phenomena at will, by designing artificial systems on the
basis of transformation thermotics and their extended theories. Such theories also make theoretical thermotics
distinctly differ from the existing heat transfer theory [42] (which is much more familiar to engineering
thermophysicists than to physicists).
Source: Adapted from Ref. [27].

Main purpose Key systems Theoretical framework

Thermodynamics Passive description Natural systems The four laws of
thermodynamics

Theoretical thermotics Active control Artificial systems Transformation thermotics
and extended theories

thermal rotating, and thermal camouflaging. Moreover, some novel thermal metamaterials are also involved, such as
digital thermal metasurfaces, thermal chameleon-like metashells, energy-free thermostat devices, thermal dipoles, ther-
mal crystals, phonon transport, and printed circuit boards containing various thermal metamaterials for heat dissipation
of electronic devices. In Chapter 3, in addition to the typical thermal convection metamaterials, we also summarize
the phenomena of thermal wave, zero-index cloak, thermal anti-parity-time symmetry, thermal convection–conduction
crystal, negative thermal transport, and so on. Typical thermal radiation metamaterials and some developments in near-
field thermal radiation can be found in Chapter 4. Chapter 5 presents (switchable) omnithermal metamaterials, radiative
cooling, and restructurable metasurfaces, which is followed by conclusion and outlook in Chapter 6.

2. Controlling heat conduction

2.1. Transformation method

2.1.1. Thermal cloak
Inspired by transformation optics [4], Fan et al. [9] proposed the theory of transformation thermotics, with which they

esigned thermal cloaking and found apparently negative thermal conductivities. Nowadays thermal cloaking is featured
y both zero temperature gradient in a central region and undistorted temperature distribution in the matrix outside the
entral region. So, such cloaking has applications in hiding or protecting objects from being detected or destroyed, see
ig. 2.1(a). Apparently negative thermal conductivities indicate that the direction of heat flux is from the region with low
emperatures to that with high temperatures, which seems to violate the second law of thermodynamics. In fact, it is a
ocal apparent effect which is still of physical feasibility.

Very soon Chen et al. [10] extended the theory of transformation thermotics from treating isotropic thermal conduc-
ivities of backgrounds to treating anisotropic ones. They revealed that as long as the anisotropic thermal conductivities
re expressed in tensorial forms, the original transformation rule can still be applied. They also designed thermal cloaking
hich can work in the backgrounds with anisotropic thermal conductivities. Their work makes thermal cloaking more
pplicable under more complex conditions.
The above two works discussed steady cases of heat conduction, and neglected transient cases. To solve this problem,

uenneau et al. [20] extended the theory of transformation thermotics from steady cases to transient cases by taking
ime-changing parameter (here refers to temperature) into consideration. They revealed the transformation principle of
ensity and heat capacity, yielding a good performance of transient thermal cloaking. Their work started to make thermal
loaking applicable in both steady cases and transient cases. In other words, a complete framework for manipulating
hermal conduction was established, which promoted the development of thermal metamaterials.

So far, the exploration of thermal metamaterials was limited to theories, and no experiments were performed. To
o further, Narayana et al. [21] performed the first experiment on thermal metamaterials. By applying multilayered
tructures based on the effective medium theory, they fabricated three devices with functions of cloaking, concentrating,
nd rotating. Multilayered structures provide the possibility of implementing anisotropic thermal conductivities. Sample
tructures, computer simulations, and experimental results are displayed in Fig. 2.2. Although their work considered only
teady cases, it started the experimental exploration of thermal metamaterials. The field of thermal metamaterials started
eveloping rapidly, and more thermal functions with different artificial structures became experimentally possible.
The experimental demonstration of thermal cloaking was also extended from steady cases to transient states soon. By

dditionally considering the time-changing temperature, Schittny et al. [22] designed thermal cloaking in transient cases.
ultilayered structures were still applied to fabricate the device, and holes with different sizes were drilled in each layer

o match the expected parameters. Their simulations and experiments indicated that thermal cloaking can be achieved
n transient cases indeed. Their work enlightened the experimental explorations of thermal metamaterials in transient
ases, and other thermal metamaterials beyond thermal cloaking can be similarly extended to transient cases.
These devices of thermal cloaking are almost perfect, and a feature is that the temperature gradient in the center is

ero as mentioned above. Nevertheless, the feature is adverse in some specific cases. For example, let us see the object
4
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Fig. 2.1. Schematic graph showing the behavior of six representative thermal metamaterials or devices (made of thermal metamaterials). Solid lines
denote the flow of heat.

as a sensor. In this case, although thermal cloaking can protect the sensor from being detected, the sensor in a cloak also
cannot detect the local temperature distribution due to the zero temperature gradient inside. To solve this problem, Shen
et al. [43] proposed a method to hide an object with thermal feeling, which was based on the theory of transformation
thermotics. As a result, the object can not only keep thermally invisible, but also detect the local temperature distribution.
Therefore, their work largely broadened the application scope of thermal cloaking.

So far, the discussion on the theory of transformation thermotics was limited to linear thermal conductivities (which
ndicate that thermal conductivities are temperature-independent). However, many natural materials are nonlinear
thermal conductivities are temperature-dependent), such as glasses and ceramic. Naturally, it becomes a problem
hether the existing transformation thermotics can be applied to nonlinear cases. Li et al. [44] solved the problem by
roposing the theory of temperature-dependent transformation thermotics. By taking nonlinear thermal conductivities
nto consideration, they designed switchable thermal cloaking and further fabricated a macroscopic thermal diode. In
he experimental setup, shape-memory alloys were applied to achieve such a nonlinear thermal conductivity. And the
omposites of shape-memory alloys, copper and expanded-polystyrene result in the behavior of thermal diode indeed.
heir work started the exploration of nonlinear thermotics and intelligent thermal metamaterials.
As is known, thermal cloaking can keep the central region at a constant temperature with fixed boundary conditions.

owever, this constant temperature may change its value if the boundary conditions are changed. This is not beneficial
f one requires a thermostat. To solve this problem, Shen et al. [45] designed a thermostat with shape-memory alloys
acting as nonlinear materials). By applying two types of shape-memory alloys, the temperature of the central region can
e maintained unchanged. Such a scheme requires no extra energy import, thus also called zero-energy-consumption
hermostat. This device can help to reduce energy consumption.

Above, we have discussed thermal conduction at the macroscopic scale, which can be described by the Fourier law. In
act, this Fourier law is also valid at the microscale due to the same diffusive transport of heat as that at the macroscopic
cale. Indeed, a microscopic thermal cloak was experimentally fabricated by focused ion irradiation [46,47]. However,
hermal conduction at the nanoscale may have different mechanisms from that at the macroscopic scale or microscopic
cale, due to the ballistic transport of heat. In other words, the traditional Fourier law cannot be directly utilized at
he nanoscale. Therefore, the exploration of thermal metamaterials at the nanoscale becomes particularly important. Ye
t al. [48] extended the exploration of thermal metamaterials to the nanoscale. They applied the method of molecular
ynamics simulation and revealed a similar cloaking effect at the nanoscale. Owing to the microminiaturization of
lectronic devices, their work has practical applications in thermally protecting electronic devices from being destroyed
y large heat flux.
Most studies on thermal cloaking are based on circular/spherical shapes. However, actual shapes can be more

lentiful [9]. For example, to promote the development, Han et al. [49] designed thermal cloaking with noncircular
5
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Fig. 2.2. (a1–a3) Thermal cloak. (b1–b3) Thermal concentrator. (c1–c3) Thermal rotator. The first, second, and third columns present the schematic
diagrams, simulation results, experimental results, respectively.
Source: Figure reproduced with permission from Narayana et al. Phys. Rev. Lett., 108, 214303, 2012.
© 2012 American Physical Society.

shapes; see Fig. 2.3. Fig. 2.3(a) presents the schematic diagrams of cloaked sensor, invisibility cloak, and super expander,
whose practical structures are shown in Fig. 2.3(b). The thermal conductivity along y axis of the structure κy is plotted
as a function of period L; see Fig. 2.3(c). Then, one can design devices according the shell size and background thermal
conductivity according to Fig. 2.3(d).

2.1.2. Thermal concentrator
Beyond the function of thermal cloaking, thermal concentrating was also a research focus, see Fig. 2.1(b). Yu et al. [50]

applied transformation thermotics to design thermal concentrating, and Guenneau et al. [20] extended the scheme to
transient states. Thermal concentrating can enhance the local heat flux without distorting external thermal fields, which
has practical applications in harvesting heat energy. Similar to thermal cloaking, multilayered structures were also applied
to design thermal concentrating [21,51–54]. These thermal concentrating were not switchable. To promote practical
applications, Li et al. [55] designed switchable thermal concentrating based on the temperature-dependent transformation
thermotics. Their work provided intelligence into thermal concentrating, making the scheme more flexible.

With the proposal of more and more functions, researchers found that it is possible to design bifunctional devices. For
this purpose, Li et al. [19] designed thermal cloaking and electrical cloaking on a single device based on the transformation
theory. Their work opened the gate for bifunctional devices and had practical applications in device integration. From then
on, bifunctional devices were proposed intensively. Ma et al. [56] experimentally demonstrated a device with functions
of both thermal cloaking and electrical cloaking; see Figs. 2.4–2.5. Fig. 2.4(a–d) show the electrical cloaking results and
Fig. 2.5(a–d) show the thermal cloaking results.

In addition, Moccia et al. [57] theoretically designed a device with functions of both thermal concentrating and
electrical cloaking. Lan et al. [58] proposed a device with functions of both thermal concentrating and electrical
concentrating. Stedman et al. [59] considered the coupling effect of heat and electricity (say, thermo-electric effect) to
design cloaking. Shen et al. [60] fabricated a device with functions of both thermal cloaking and thermal concentrating
(switching according to concrete temperatures).
6
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Fig. 2.3. (a) Schematic diagrams and (b) practical structures of sensor, cloak, and expander. (c) Thermal conductivity κy as a function of period L.
(d) κb/κ2 as a function of ξ2/ξ1 .
Source: Figure reprinted with permission from Han et al. Adv. Mater., 26, 1731–1734, 2018.
© 2018 Wiley.

Fig. 2.4. Electrical cloaking. (a) Simulation result without a cloaking shell. (b) Simulation result with a cloaking shell. (c) Experimental set up. (d)
Experimental result with a cloaking shell.
Source: Figure reprinted with permission from Ma et al. Phys. Rev. Lett., 113, 205501, 2014.
© 2014 American Physical Society.

2.1.3. Thermal rotator
Thermal rotating is also a representative function of thermal metamaterials, see Fig. 2.1(c). Based on the multilayered

structures, Narayana et al. [21] fabricated the first device with thermal rotating, which can control the local direction
of heat flux. Their work considered only steady cases. To go further, Guenneau et al. [61] designed thermal rotating in
7



S. Yang, J. Wang, G. Dai et al. Physics Reports 908 (2021) 1–65
Fig. 2.5. Thermal cloaking. (a) Simulation result without a cloaking shell. (b) Simulation result with a cloaking shell. (c) Experimental set up. (d)
Experimental result with a cloaking shell.
Source: Figure reprinted with permission from Ma et al. Phys. Rev. Lett., 113, 205501, 2014.
© 2014 American Physical Society.

transient cases based on transformation thermotics. These results are expected to have more applications, such as realizing
waste-heat recovery and designing apparently negative thermal conductivities.

Transformation thermotics has achieved great success till now, and the metamaterials based on it have also yielded
fruitful results. However, the intelligence of materials is more concerned nowadays, so the lack of intelligence is a
sore point for transformation-thermotics-based metamaterials. Their key parameters, such as thermal conductivities, are
directly related to the background materials, which means that if the background changes, the designed metamaterials
will fail. This shortcoming greatly limits the practical application because the well-designed meta-device can only work
in a specific environment, but it is obvious that the environment cannot remain unchanged in real life.

To overcome this problem, Yang et al. proposed a mechanism to improve the intelligence of transformation thermal
metamaterials [62]. They used transformation-invariant materials to design thermal metamaterials. Transformation-
invariant materials are also called highly anisotropic materials which have aroused great interest in acoustics and
electromagnetism. This kind of material can respond adaptively to the changes in the environment because of its
extremely anisotropic parameters. Therefore, it is an excellent choice to design intelligent thermal metamaterials based on
transformation-invariant materials. Then they applied coordinate transformations to this kind of material, and obtained
corresponding thermal meta-devices. These meta-devices retain the property of transformation-invariant materials, which
can have adaptive responses to environmental changes, just like a chameleon. Therefore, they call it chameleon-like
metamaterial. For application, they took thermal rotators as an example to demonstrate the intelligence of designed
metamaterials. To realize highly anisotropic parameters, they used air and copper as transformation-invariant materials,
and fabricated a multilayer composite structure to realize a thermal rotator. Their experiment results are consistent with
the simulation results, which verifies their theory and the feasibility of chameleon-like thermal metamaterials.

2.1.4. Thermal camouflage
As a more general concept, thermal camouflaging (Fig. 2.1(f)) also aroused attention due to its broad application in

the fields of industry and military. Chen et al. [63] theoretically designed a camouflage device based on transformation
thermotics. Such a device can thermally disguise an object into another one. In addition, Hu et al. [64] experimentally
fabricated a camouflage device which can make one heat source look like four heat sources; see Fig. 2.6. They fabricated
three devices to validate their theory. These devices have applications in future infrared detection.

2.2. Other methods

2.2.1. Macroscopic theory based on conduction equation
Transformation thermotics usually requests anisotropy, inhomogeneity, and singularity of thermal conductivity, which

brings difficulties to manufacturing. Fortunately, this problem was soon removed by two groups almost at the same
time [65,66]. Inspired by the previous work of shielding static magnetic fields with scattering cancellation method [67],
8
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Fig. 2.6. Experimental result of thermal camouflaging. (a–c) Experimental samples. (d–f) Experimental results corresponding to (a–c). (g–i) Simulation
results corresponding to (d–f). (j) Temperature curves along the large dashed circle in (h) and (i). (k) Temperature curves along the small dashed
circle in (h) and (i).
Source: Figure reprinted with permission from Hu et al. Adv. Mater., 30, 1707237, 2018.

2018 Wiley.

hey solved this trouble by solving the conduction equation directly. Accordingly, a bilayer structure was theoretically pro-
osed and experimentally verified for cloaking heat flux with isotropic materials, instead of extreme parameters. Starting
rom the steady-state Laplace equation, the temperature field of a bilayer structure located at a homogeneous background
edium could be analytically obtained. After setting the thermal conductivity of inner layer as zero (e.g., approximately
chieved by air), both the desired thermal conductivity and radius of the outer shell can be determined accurately.
ith appropriate selection of materials and geometric dimensions, the two-dimensional [65] and three-dimensional [66]

xperimental demonstrations were executed. Simulation and experimental results of the two-dimensional bilayer thermal
loak are shown in Fig. 2.7 and the fabrication process of the three-dimensional bilayer thermal cloak is shown in
ig. 2.8. This method overcame the weakness of transformation thermotics, offering a more convenient scheme for
hermal cloaking. Incidentally, inspired by Ref. [68], some researchers [69] proposed an exact approach to achieving an
ffectively infinite thermal conductivity with constant-temperature boundary conditions, which can be realized by an
xternal thermostat. Since the effectively infinite thermal conductivity corresponds to zero refractive indexes in photonics,
hey theoretically designed and experimentally demonstrated zero-index thermal cloaks working in highly conductive
ackgrounds with simple structures [69].
9
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Fig. 2.7. Simulation and experimental results of a two-dimensional bilayer thermal cloak. (a–d) Results without a bilayer cloak. (e–f) Results with
a bilayer cloak. (g–h) Results with a bilayer cloak in nonuniform field.
Source: Figure reprinted with permission from Han et al. Phys. Rev. Lett., 112, 054302, 2014.

2014 American Physical Society.

Besides thermal cloaking, the devices of thermal illusion and camouflage were also developed on the basis of the
irect solution of governing equations. These devices are particularly interesting and have direct applications in industrial
r military domains. Similar to bilayer cloaking, the illusion and camouflage phenomena were achieved with natural
aterials. Han et al. extended the bilayer structure with an additionally pre-designed pattern outside the shell [65]. Then,

he original object hidden in the center was undetectable, and another signature (caused by the new pattern outside the
hell) emerged instead, as if only the new pattern was located in the background. The illusion effects were omnidirectional
nd time-independent, which were verified by experiments. This result makes it feasible to fabricate illusion devices with
ubsistent natural materials. However, the proposed scheme has some limitations. For example, it works imperfectly
nder transient conditions, where the central regions are distinct from the sole illusion patterns through out-of-plane
etection. This is because the inner layer is thermally insulated. The heat flux hardly runs into the interior. Yang et al.
mproved this illusion device by taking the time-dependent conduction equation into consideration [70]. In their design,
he inner layer does not require a near-zero thermal conductivity. Thus, the central temperature distribution could match
he sole illusion, as if no objects existed inside the bilayer cloaks. Experimental demonstrations behaved well under
ime-dependent conditions. The camouflaging effects were also generalized to a multi-physical-field sensor [71], which
as invisible under multiple physical fields. They checked the conduction equations of heat and direct current together,
nd obtained the condition of simultaneous invisibility with a single layer. By elaborately selecting natural materials for
atching the ratio of thermal and electric conductivities, this kind of sensor was easy to fabricate, as demonstrated in

heir experiments. In this case, impedance (or thermal conductivity) matching is an indispensable condition. Recently,
n anisotropic monolayer scheme was also designed and fabricated to make thermal sensors accurate and invisible [72].
he above discussions are mostly based on two-dimensional models. Beyond the aforementioned bilayer schemes, Wang
10
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Fig. 2.8. Experimental set up of a three-dimensional bilayer thermal cloak. (a) Manufacturing method of half of the three-dimensional thermal
cloak. (b) Schematic diagram and picture of half of the three-dimensional thermal cloak. (c) Schematic diagram and picture of full three-dimensional
thermal cloak.
Source: Figure reprinted with permission from Xu et al. Phys. Rev. Lett., 112, 054301, 2014.

2014 American Physical Society.

t al. designed different devices for illusion [54] or camouflage [73] with other structures. They adopted many-particle
omposite structure for illusion and graded layer structure for camouflage, whose effective thermal conductivities were
n accordance with the predictions of the classical Bruggeman theory and the Maxwell–Garnett theory, respectively. The
eported results gave prototypes for combining metamaterial design with the known effective medium approximations,
eading to numerous subsequent studies on designing novel thermal devices with composite media. More recently, Peng
t al. [41] proposed the concept of three-dimensional illusion with separated thermal illusions.
Thermal transparency is another novel phenomenon achieved by solving exact solutions of conduction equations.

ifferent from thermal cloaking, transparency allows heat flux to run into the center of the shells, allowing the feeling
f external thermal environments, see Fig. 2.1(d). So bilayer structures can be extended to multilayer ones without
he need of zero thermal conductivities. He et al. [74] transferred the effective parameter conclusions from direct-
urrent fields to thermal fields, and examined spherical and spheroidal shapes for thermal transparency. Owing to the
orm analogy between direct-current and heat-conduction equations, the effective thermal conductivities of the above
tructures are easy to be obtained. With the parameter matching between structures and backgrounds, the expected
ffects were obtained indeed. Soon after, the proposed transparency scheme was verified by experiments [75]. Zeng
t al. [75] demonstrated that such transparency device could be used to measure the time evolution of heat sources
ithout the disturbance of surroundings.
Based on the effective medium approximation, the structures with particles embedded in media were carefully

nvestigated beyond core–shell structures. For example, Yang et al. [76] investigated the case that a single elliptical particle
s located at the center of background, and designed a full control of thermal signature in different directions. Then, it
11
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as generalized to many-particle systems. Random [77] and periodic [78,79] distributions of particles were theoretically
tudied and experimentally designed for transparency, which echoed with the Bruggeman theory and the Maxwell–
arnett theory. This kind of device can effectively reduce the heat-stress concentration caused by heat-flux concentration
n some critical parts of devices. Besides, the advantage of out-of-plane invisibility makes it possess a high survival ability.
he remaining challenges may be the lack of theory for treating the cases that shapes and thermal conductivities are
nisotropic simultaneously, which is more common in applications.
The one-dimensional heat conduction equation in homogeneous materials is formally concise. In 2018, Shang et al.

roposed a digital thermal metasurface with the one-dimensional heat transfer along z axis [80] to demonstrate a thermal
mitator. They designed an ultrathin structure with tiny cells arrayed periodically. The thermal conductivity of each
ell was specially designed with different composite ratios. So this kind of metasurface showed specific temperature
istribution with out-of-plane observation, which could, in principle, be used for mimicking thermal signatures of arbitrary
bjects. In experiments, they fabricated a human pattern with this metasurface, and observed the target infrared signature;
ee Fig. 2.9. This method can be applied in remote infrared camouflage or illusion, expanding its functionality from in-
lane observation to out-of-plane observation. Moreover, as the scheme does not request specific materials, it is easy to
abricate different kinds of samples. Future works are required to adapt to complex environments, or to adjust feature
atterns for varying external conditions.
Core–shell structures have attracted various research interests due to their symmetries associated with parameters

nd geometries. So this is an extremely ideal platform for tailoring novel thermal functionality, which has been studied
ompletely in electromagnetism. As the form-similarity of electrostatic fields and steady temperature fields, the pre-
xisting technologies can be readily transferred to control the flow of heat. With the elaborate design of anisotropic
arameters of the shells, the thermal properties of a core can be extended to the whole cylinder or sphere. As a result,
hermal golden touch [81], heat flow rotation [82], and chameleon-like metashells [62,83] were successively implemented.
hen, one can take the chameleon-like metashells as an example to expound the manipulation of core–shell structures.
Chameleon-like metashells can be defined as a kind of intelligent thermal metamaterials. Different from the previous

‘active’’ schemes [44,45,60,84] to fabricate intelligent metamaterials which need to consider environmental effects in
dvance, here Xu et al. adopted the ‘‘passive’’ method without the pre-knowledge of environments. The effective thermal
onductivities of the chameleon-like metashells can adaptively change with objects in the vicinity, just like chameleons
hose colors can change with nearby objects. Nature creatures have helped scientific development from the aspects of
henomena and/or mechanisms, such as structure colors [85,86], adaptive camouflage [87,88], radiation cooling [36,89],
nd so on. To some extent, such idea is inspired by nature creatures. The scheme can be validated by theory, simulation,
nd experiment.
Chameleon-like thermal metashells can change their thermal conductivities adaptively. Considering a two-dimensional

ystem; see Fig. 1(a) of Ref. [83]. The metashell (Region II) splits the system into three regions. The tensorial conductivities
re κ̃1, κ̃2, and κ̃3 corresponding to Regions I, II, and III, respectively. Xu et al. supposed the object and background are
sotropic, and the metashell is anisotropic. All the tensors in their work are expressed in cylindrical coordinates (r, θ)

nless otherwise indicated. Then one can obtain κ̃1 = κ1 Ĩ2, κ̃3 = κ3 Ĩ2, and κ̃2 = diag (κrr , κθθ ) where Ĩ2 is the second-order
identity matrix.

To derive the effective thermal conductivity of the object and metashell, consider the dominate equation of heat
conduction,

∇ · (−κ̃∇T ) = 0, (2.1)

here κ̃ is tensorial thermal conductivity and T is temperature.
Then, Eq. (2.1) for Region II in cylindrical coordinates (r, θ) is given by

1
r

∂

∂r

(
rκrr

∂T2
∂r

)
+

1
r

∂

∂θ

(
κθθ

∂T2
r∂θ

)
= 0, (2.2)

here T2 is the temperature in Region II. Analogously, T1 and T3 are defined for Region I and Region III.
Then, calculating the general solution of Eq. (2.2) as

T2 = A0 + B0 ln r +

∞∑
i=1

[Ai sin (iθ) + Bi cos (iθ)] r im1 +

∞∑
j=1

[
Cj sin (jθ) + Dj cos (jθ)

]
r jm2 , (2.3)

here m1, 2 = ±
√

κθθ/κrr . T1 and T3 can also be determined by the right side of Eq. (2.3) with m1, 2 = ±1. The coefficients
n T1, T2 and T3 can be obtained by the following boundary conditions,⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

T1 < ∞,

T1 (R1) = T2 (R1) ,

T2 (R2) = T3 (R2) ,

(−κ1∂T1/∂r)R1 = (−κrr∂T2/∂r)R1 ,

(−κrr∂T2/∂r)R2 = (−κ3∂T3/∂r)R2 ,

∇T3 (r → ∞) = ∇T0,

(2.4)

here ∇T represents external linear temperature gradient.
0
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H

Fig. 2.9. Experimental set up of the digital thermal metasurface. (a) Schematic diagram of the sample. (b) The sample with corresponding thermal
conductivities. (c) Experimental set up. (d) The temperature distribution of (a).
Source: Adapted from Ref. [80].

Consider the symmetry of boundary conditions, and only keep several terms of Eq. (2.3) to calculate T1, T2, and T3.
Then,

T1 = A0 + B11r cos θ, (2.5)

T2 = A0 + B12rm1 cos θ + D12rm2 cos θ, (2.6)

T3 = A0 + B13r cos θ + D13r−1 cos θ. (2.7)

ere A represents the temperature at θ = ±π/2.
0
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With Eqs. (2.5)–(2.7), Eq. (2.4) can then be simplified as⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

B11R1 = B12R
m1
1 + D12R

m2
1 ,

B12R
m1
2 + D12R

m2
2 = B13R2 + D13R−1

2 ,

κ1B11 = κrr

(
m1B12R

m1−1
1 + m2D12R

m2−1
1

)
,

κrr

(
m1B12R

m1−1
2 + m2D12R

m2−1
2

)
= κ3

(
B13 − D13R−2

2

)
,

B13 = |∇T0| ,

(2.8)

The solution of Eq. (2.8) yields⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

B11 =
−4R

m1−1
1 R

m1+1
2 m1κrrκ3|∇T0|

R
2m1
1 (−κ1+m1κrr )(m1κrr−κ3)−R

2m1
2 (κ1+m1κrr )(m1κrr+κ3)

,

B12 =
2(κ1+m1κrr )R

m1+1
2 κ3|∇T0|

R
2m1
1 (κ1−m1κrr )(m1κrr−κ3)+R

2m1
2 (κ1+m1κrr )(m1κrr+κ3)

,

D12 =
−2(κ1−m1κrr )R

2m1
1 R

m1+1
2 κ3|∇T0|

R
2m1
1 (κ1−m1κrr )(m1κrr−κ3)+R

2m1
2 (κ1+m1κrr )(m1κrr+κ3)

,

B13 = |∇T0| ,

D13 =
R
2m1
1 (−κ1+m1κrr )(m1κrr+κ3)−R

2m1
2 (κ1+m1κrr )(m1κrr−κ3)

R
2m1
1 (κ1−m1κrr )(m1κrr−κ3)+R

2m1
2 (κ1+m1κrr )(m1κrr+κ3)

R2
2 |∇T0| ,

(2.9)

where m2 = −m1.
Finally, D13 is set to be zero for ensuring the thermal field of the background to be linear. Then, the value of κ3 is

exactly the overall thermal conductivity of Region I+II (denoted by κe),

κe = m1κrr
κ1 + m1κrr + (κ1 − m1κrr)

(√
p
)2m1

κ1 + m1κrr − (κ1 − m1κrr)
(√

p
)2m1

, (2.10)

here m1 =
√

κθθ/κrr , and p = (R1/R2)2 is the area fraction.
The limit of κe can be calculated when κθθ/κrr goes to 0,

κe = κrr
κ1 − κθθ ln

√
p

κrr − κ1 ln
√
p

. (2.11)

Eq. (2.11) help us find out the requirement of chameleon-like metashells. The chameleon-like metashell can change
ts thermal conductivity with nearby objects (Region I),

κ2 = κ1, (2.12)

here κ2 is the effective scalar thermal conductivity of chameleon-like metashell (Region II). Since the thermal conduc-
ivity of Region I or II is κ1, that the effective thermal conductivity κe of Region I+II has the only possibility to be

κe = κ1. (2.13)

Comparing Eq. (2.12) with Eq. (2.11), the requirement of the metashell can be derived as

κθθ = 0+ and κrr ≫ κ1, (2.14)

or κθθ/κrr → 0. Clearly, Eq. (2.14) makes Eq. (2.11) satisfy the requirement of Eq. (2.13). Here κθθ = 0+ is a physical
ondition, which can be realized by materials with low thermal conductivities, such as air (with thermal conductivity
.026W m−1 K−1). As numerically demonstrated in Fig. 1(b) of Ref. [83], a larger κrr could lead to a better chameleon-like
ehavior incidentally.
Then Xu et al. performed finite-element simulations to validate the theory. There are three regions in Fig. 2.10(a–f),

amely, chameleon-like metashells, normal shells, and reference shells, which are respectively located in Region II of
ig. 2.10(a) and (d), (b) and (e), and (c) and (f). For the convenience of comparison, Xu et al. set the background (Region III)
o have the same thermal conductivity as the corresponding object (Region I). Therefore, one can just compare the
emperature profiles in the background (Region III) corresponding to the chameleon-like metashell and the reference
hell to check whether the thermal conductivity of the metashell (Region II) changes with the inside object (Region I). If
he temperature profiles are the same, the proposed chameleon-like metashell does work as expected.

Chameleonlike metashell yields an object can change its thermal conductivity corresponding to the object adaptively,
hich results in the same temperature profile in background as the reference shell; see Fig. 2.10(a) and (c). However, the
ormal shell distorts the background isotherms because of its different thermal conductivity; see Fig. 2.10(b). Further,
u et al. changed the thermal conductivity of the object, and kept the metashell unchanged; see Fig. 2.10(d). As a result,
he thermal conductivity of the chameleon-like metashell also changes adaptively, which results in the same background

emperature profile as that corresponding to the reference shell; see Fig. 2.10(f). In this case, the normal shell cannot

14
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Fig. 2.10. Finite-element simulations of chameleon-like thermal metashells. The thermal conductivities of (a) and (d) chameleon-like metashell, and
(b) and (e) normal shell are diag (4000, 0) and 40 (W m−1 K−1), respectively. The thermal conductivities of the object (Region I) and background
(Region III) are set to be the same, which are (a)–(c) 20 and (d)–(f) 60 (W m−1 K−1). The thermal conductivities of reference shells in (c) and (f) are
the same as those of corresponding objects. The simulation box in (a)–(f) is 20 × 20 (cm2), R1 = 4.8 (cm), and R2 = 7.2 (cm). White lines represent
sotherms.
ource: Adapted from Ref. [83].

Fig. 2.11. Experimental results of chameleon-like thermal metashells. (a) Experimental setup; (b) and (f) Photos of two samples. The measured and
simulation results of (b) [or (f)] are shown in (c) and (g) [or (d) and (h)], respectively. (e) and (i) Simulation results of the pure background as
adopted in (b) and (f). The thermal conductivities of the copper and air are 400 and 0.026 (W m−1 K−1), respectively. These parameters cause the
ensorial thermal conductivity of the chameleon-like metashell in (b) and (f) to be diag (264.68, 0.08) (W m−1 K−1), and the thermal conductivities
f the object [or background] to be 20 (W m−1 K−1) for (b) and 60 (W m−1 K−1) for (f). The sample sizes in (b) and (f) are the same as those for
ig. 2.10(a).
ource: Adapted from Ref. [83].

hange; see Fig. 2.10(e). The parameters of the chameleon-like metashell are designed according to Eq. (2.14), and the
erformance of Fig. 2.10(a) and (d) echoes with the red line in Fig. 1(b) of Ref. [83].
Xu et al. also set up the measuring device shown in Fig. 2.11(a) to validate the theory and simulations. They fabricated

wo experimental samples [Fig. 2.11(b) and (f)] corresponding to Fig. 2.10(a) and (d). The chameleon-like metashell in
ig. 2.10(a) and (d) is very curious material with very ideal parameters, but Xu et al. used approximate parameters to
onduct experiments and the results are not affected. They fabricated the two samples by laser cutting, and measured
hem by the apparatus which was shown in Fig. 2.11(a). The corresponding measured results are shown in Fig. 2.11(c) and
g), proving that the thermal conductivity of chameleon-like metashell changes with different objects indeed. Xu et al.
lso performed simulations based on the two samples to remove the effects of convection and radiation; see Fig. 2.11(d)
nd (h). As references, Fig. 2.11(e) and (i) show the simulation results of the pure background with drilled air holes whose
izes are the same as the background in Fig. 2.11(b) and (f). Both simulations [Fig. 2.10(a) and (d), and Fig. 2.11(d) and
h)] and experiments [Fig. 2.11(c) and (g)] can validate the feasibility of the chameleon-like metashell.

Finally, Xu et al. extended the chameleon-like metashell from uniform/isotropic/circular to nonuniform/anisotropic/
omplex; see Fig. 2.12. Chameleonlike metashells, normal shells, and reference shells can be found in Fig. 2.12(a), (d),
15
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Fig. 2.12. Finite-element simulations of extended chameleon-like thermal metashells: (a)–(c) non-uniform fields generated by point heat sources;
(d)–(f) anisotropic objects; (g)–(i) non-circular shapes. The thermal conductivities of object/background are (a)–(c) and (g)–(i) 20 (W m−1 K−1), and
d)–(f) [(30, 20), (20, 30)] (W m−1 K−1) (tensorial form in Cartesian coordinates). The metashell in (a), (d), and (g) is the same as that in Fig. 2.10(a)
nd (d), namely, diag (4000, 0) (W m−1 K−1). The thermal conductivity of the normal shell is 100 (W m−1 K−1). The thermal conductivity of the
eference shell is the same as that of the corresponding object, namely 20 (W m−1 K−1) for (c) and (i), and [(30, 20), (20, 30)] (W m−1 K−1) for
f). Other parameters are same as those for Fig. 2.10(a).
ource: Adapted from Ref. [83].

nd (g); (b), (e), and (h); and (c), (f), and (i), respectively. Chameleonlike metashell can adaptively change its thermal
onductivity corresponding to the object when it reaches an object with non-uniform fields [Fig. 2.12(a)], which results
n the same temperature profile in the background (Region III) as the reference shell [Fig. 2.12(c)]. However, because of the
ifferent thermal conductivity, the normal shell distorts the background isotherms [Fig. 2.12(b)] significantly. Similarly,
hen the chameleon-like metashell reaches an object with anisotropic parameters [Fig. 2.12(d)], it can adaptively change

ts thermal conductivity corresponding to the anisotropic object, which results in the same temperature profile in
ackground (Region III) as the reference shell [Fig. 2.12(f)]. However, the normal shell also distorts the background
sotherms [Fig. 2.12(e)]. Then Xu et al. arbitrarily changed the shape of the chameleon-like metashell while without
hanging the other parameters to check whether it still works. The ability of the chameleon-like shell is demonstrated by
he same temperature profile in background (Region III) between Fig. 2.12(g) and (i). Again, the normal shell distorts the
ackground isotherms [Fig. 2.12(h)]. These results indicate that chameleon-like metashells are applicable under different
onditions.
Chameleonlike metashells in transient regimes are also promising, and good results can be expected in the light of the

ioneering results on transient regimes [20,22,70,90].
These series of research provide a useful tool for calculating the effective thermal conductivities in core–shell

odels, which is essential to design metamaterials. However, the main studies were confined in circular or spherical
ases. Elliptical or even irregular core–shell structures need to be further investigated for generalizing these theoretical
redictions.
The above discussions are based on linear materials, that is, thermal conductivities are temperature-independent

linear). However, one category of natural materials has temperature-dependent (nonlinear) thermal conductivities. The
onlinear cases lead to many novel phenomena different from linear ones in most research fields [91]. A convenient
ethod is to solve the nonlinear conduction equation directly. Dai et al. [92] and Yang et al. [93] respectively studied
16
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Fig. 2.13. Simulation and experimental results of an energy-free thermostat. Up-left panels: (a) Schematic graph of an energy-free thermostat, which
consists of common material and type-A (type-B) nonlinear materials; (b–d) Simulations of (a) for different temperatures; (e) Schematic graph of a
reference model; (f)–(h) Simulations of (e). For all the simulations, central temperatures (marked with +) are extracted and shown above each panel.
Down-left panels: (-) Experimental results corresponding to (b–d) in up-left panels, respectively. The central temperatures keep almost unchanged.
(d–f) Experimental results corresponding to (f–h) in up-left panels, respectively. The measured central temperature varies evidently. Right panels:
(a) Schematic graph of type-A and type-B nonlinear materials; (b) Schematic graph of the experimental setup; (c) The relationship between the
effective thermal conductivity and temperatures for type-A and type-B materials.
Source: Adapted from Ref. [45].

he weak nonlinearity in many-particle composite systems and core–shell structures, in which thermal conductivities can
e executed by the Taylor expansion. Then, the enhancement of nonlinear coefficient can be calculated. About strong
onlinearity cases, Dai et al. developed a new approach by introducing Rayleigh method [94], and they simulated an
ffective thermal diode with asymmetrical nonlinear materials. Recently, Wang et al. [95] designed thermal bistability in
acroscopic diffusion systems with asymmetrical nonlinearity, which is a macroscopic counterpart of microscope thermal
emory proposed in 2008 [96]. The classical Kirchhoff transformation method was also introduced for treating nonlinear
eat transfer problems in their work. The proposed macroscopic bistability made an attempt in macroscopic calculations.
ubsequent research may be to apply the nonlinearity property in designing other macroscopic calculation elements and
ntegrating them for practical applications.

Phase-change theory, describing a kind of extremely strong nonlinearity phenomena beyond common nonlinear cases,
as introduced in the design of thermal metamaterials. In 2016, Shen et al. proposed an energy-free thermostat device
ith antisymmetric phase-change materials assembled at both sides of a high-conductivity common material [45].
hen the ambient temperature varies, the applied phase-change material (shape-memory alloy) is self-adapting to

he environments, keeping the central temperature invariant. The energy of temperature maintenance is totally from
he ambient temperature. They conducted experiments and simulations to verify the theory. In detail, they used the
omposites of shape-memory alloys and copper to achieve the effective thermal conductivity in the form of a step
unction. Their simple experimental setup makes it possible to be used in daily life and industry, see Fig. 2.13. Wang
t al. generalized this concept and introduced thermo-electric effects [97]. As a result, they designed a thermostat with
lectric-energy generation within ambient temperature differences. Coupling multiple physical fields may be a research
endency for phase-change metamaterials.

In the above discussion, no matter transformation method or scattering cancellation method, the problems of singular
nd uncommon thermal conductivities still cannot be solved simultaneously. For example, one may resort to a matrix with
very high thermal conductivity, such as copper (400 W m−1 K−1) because high thermal conductivities correspond to the

high efficiency of heat transfer. When a bilayer cloak is designed, thermal conductivities of the inner and outer shells are
respectively 0 and 2615 W m−1 K−1, which are singular and uncommon; see Fig. 2.14(a). When the concept of neutral
inclusion [71,74,75,98] is used, the thermal conductivity of the shell should be 727 W m−1 K−1, which is also uncommon;
see Fig. 2.14(b). When a near-zero-index cloak [68] is designed, the thermal conductivity of the inner shell should tend to
17
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Fig. 2.14. Different approaches to thermal invisibility. (a) A bilayer cloak. κm = κs2 (1 − p) /(1 + p), and p = (rs1/rs2)2 . (b) The concept of neutral
inclusion. κm = κs

(
κp + κs +

(
κp − κs

)
p
)
/
(
κp + κs −

(
κp − κs

)
p
)
where p =

(
rp/rs

)2 . (c) A near-zero-index cloak. κm = κs2 (1 + p) /(1 − p), and
p = (rs1/rs2)2 . (d) A thermal dipole. Clearly, none of these approaches can simultaneously remove the requirements of singular and uncommon
thermal conductivities except for the present dipole-driven scheme.
Source: Adapted from Ref. [99].

infinity, which is singular; see Fig. 2.14(c). These two problems (singular and uncommon thermal conductivities) largely
restrict the development of thermal metamaterials because they require either complex structures or rare materials. For
example, for the realization of infinite thermal conductivities, thermal convection should be introduced based on complex
structures [68].

To completely solve these two problems, Xu et al. proposed the theory of dipole-assisted thermotics [99]. Such a
scheme can neglect the requirements of singular and uncommon thermal conductivities simultaneously. Furthermore,
dipole-assisted thermotics does not even have to design a shell, and an appropriate thermal dipole is enough which is
shown in Fig. 2.14(d). This lies in the particularity of the thermal field of a thermal dipole, which can just offset the
influence of a particle by designing the thermal dipole moment (M).

Aims of thermal invisibility are to keep the matrix thermal field undistorted, so one should focus on the matrix thermal
field. When a particle (with thermal conductivity κp and radius rp) is embedded in the matrix (with thermal conductivity
κm) and in the presence of an external uniform thermal field G0, it will distort the matrix thermal field. The matrix thermal
field (generated by the external uniform thermal field), is denoted as Gme. It can be expressed as

Gme = −∇Tme. (2.15)

Tme denotes the temperature distribution which is given by [81]

Tme = −G0r cos θ −
κm − κp

κm + κp
r2pG0r−1 cos θ + T0, (2.16)

where (r, θ) is the cylindrical coordinates whose origin is in the center of the particle, G0 = |G0|, and T0 is the temperature
at θ = ±π/2.

The thermal dipole (with heater power Q and distance l) will generate a thermal field in the matrix when that is in the
center of the particle. The matrix thermal field (generated by the thermal dipole), denoted as Gmd, which can be written
as

G = −∇T . (2.17)
md md
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md is the temperature distribution given by

Tmd =
M

π
(
κm + κp

) r−1 cos θ + T0, (2.18)

where M is the thermal dipole moment given by M = Ql. When r ≫ l, which is investigated in the discussion section,
Eq. (2.18) is valid. The following is detailed derivations of Eq. (2.18). The general solution [81] to the heat conduction
equation ∇ · (−κ∇T ) = 0 in passive regions can be expressed as

T = A0 + B0 ln r +

∞∑
i=1

[Ai sin (iθ) + Bi cos (iθ)] r i +
∞∑
j=1

[
Cj sin (jθ) + Dj cos (jθ)

]
r−j. (2.19)

Because of the continuous temperatures and normal heat fluxes, boundary conditions can be written as

Tpd
(
rp
)

= Tmd
(
rp
)
, (2.20)(

−κp∂Tpd/∂r
)
rp

= (−κm∂Tmd/∂r)rp , (2.21)

where Tpd and Tmd are temperature distributions (generated by the thermal dipole) of the particle and matrix, respectively.
To determine the forms of Tpd and Tmd, Xu et al. performed some limit analyses. Suppose rp → ∞, and express the

particle temperature distribution (generated by the thermal dipole) as

Tpd
(
rp → ∞

)
=

−Q
2πκp

ln r+ +
Q

2πκp
ln r− =

Ql
2πκp

r−1 cos θ =
M

2πκp
r−1 cos θ, (2.22)

where r+ and r− are the distances to the heater and cooler of the dipole, respectively. When r ≫ l (or l → 0), Eq. (2.22)
is valid. Thus, the temperature distribution of a thermal dipole in two dimensions is characterized by r−1 cos θ .

Furthermore, consider that rp is finite. The matrix temperature distribution should have the form of r−1 cos θ , but with
a different coefficient from Eq. (2.22). The particle temperature distribution has two components. One is determined by
Eq. (2.22), and the other is a uniform thermal field generated by the ‘‘thermal polarization’’. These can be concluded as

Tpd =
M

2πκp
r−1 cos θ + αr cos θ + T0, (2.23)

Tmd = βr−1 cos θ + T0. (2.24)

The undetermined coefficients can be derived by solving Eqs. (2.20)–(2.21) and Eqs. (2.23)–(2.24),

α =
−M

(
κm − κp

)
2πr2pκp

(
κm + κp

) , (2.25)

β =
M

π
(
κm + κp

) . (2.26)

ith Eq. (2.26), Eq. (2.24) becomes Eq. (2.18).
Because of the superposition principle of vector fields, the matrix thermal field which is generated by the external

niform thermal field and thermal dipole together can be denoted as Gs. Then,

Gs = Gme + Gmd = −∇Ts. (2.27)

Ts is the temperature distribution given by

Ts = −G0r cos θ −

(
κm − κp

κm + κp
r2pG0 −

M
π
(
κm + κp

)) r−1 cos θ + T0. (2.28)

When the thermal field of the matrix is undistorted, thermal invisibility is obtained, and thus the second term on the
ight side of Eq. (2.28) should be zero,

κm − κp

κm + κp
r2pG0 −

M
π
(
κm + κp

) = 0. (2.29)

The thermal dipole moment can be derived by solving Eq. (2.29),

M =
(
κm − κp

)
fG0, (2.30)

where f = πr2p is the acreage of the particle. Thermal invisibility can be achieved when the thermal dipole moment is
set as required by Eq. (2.30).

Xu et al. further performed two dimensional finite-element simulations to confirm the theoretical analyses. The
temperatures of the left and right boundaries are set at 323 K and 283 K, and the upper and lower boundaries are
19
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Fig. 2.15. Finite-element simulations in the presence of (a) and (d) an external uniform thermal field, (b) and (e) a thermal dipole, and (c) and
(f) an external uniform thermal field and a thermal dipole together. The simulation box is 20 × 20 cm2 , rp = 6 cm, and l = 2 cm. The thermal
onductivities of the particle and the matrix are 200 and 400 W m−1 K−1 , respectively. The thermal dipole moment should be 452.4 W·m as required
y Eq. (2.30), which leads to Q = 22620 W. The heater or cooler of the thermal dipole has a radius 0.5 cm. White lines represent isotherms. For
he convenience of comparison, temperatures higher than 323 K are shown as 323 K, and temperatures lower than 283 K are shown as 283 K.
ource: Adapted from Ref. [99].

nsulated; see Fig. 2.15(a) and (d). In Fig. 2.15(d), there is a particle with different thermal conductivity from the matrix in
he center, and the isotherms are contracted due to the smaller thermal conductivity of the particle. The particle is visible
ith infrared detection because of the distorted temperature profile. Then, Xu et al. explored the thermal profile of a
hermal dipole; see Fig. 2.15(b) and (e). The temperature profile is presented in Fig. 2.15(e). Xu et al. set the temperature
t θ = ±π/2 at 303 K as reference temperature and all boundaries are insulated. Finally, combine the structures which are
resented in Fig. 2.15(a) and 2.15(b) together. Then, the expected structure is obtained, shown in Fig. 2.15(c). As predicted
y Eq. (2.30), the distorted temperature profile can be restored; see Fig. 2.15(f). Therefore, thermal invisibility is achieved
ith a thermal dipole because the particle becomes invisible with infrared detection.
To validate the theoretical analyses and finite-element simulations, Xu et al. also performed laboratory experi-

ents. The sample based on a copper plate (400 W m−1 K−1) are fabricated by laser cut. In Fig. 2.16(a), air holes
0.026 W m−1 K−1) are engraved on the copper plate to make the effective thermal conductivity of the corresponding
egion to be 200 W m−1 K−1. To reduce the negative effects of infrared reflection and thermal convection, the upper and
ower surfaces are covered with the transparent plastic and foamed plastic respectively.

The designed power of the thermal dipole is an extremely large value, say, 22 620 W for the heater and −22620 W
or the cooler, respectively. The thermal dipole can maintain the uniform thermal field of the matrix and also generate a
20
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Fig. 2.16. Laboratory experiments. (a) is schematic diagrams of the experimental devices and fabricated sample. (b) and (c) are the measured results
without and with a thermal dipole. (d) and (e) are the corresponding finite-element simulations based on the experimental settings in (a). Copper:
thermal conductivity 400 W m−1 K−1 , density 8960 kg·m−3 , and heat capacity 385 J kg−1 K−1 . Air: thermal conductivity 0.026 W m−1 K−1 , density
.29 × 10−3 kg·m−3 , and heat capacity 1005 J kg−1 K−1 . The radius of the 256 air holes is 0.22 cm, and the distance between air holes is 2/3 cm.
ource: Adapted from Ref. [99].

igher/lower temperature inside the heater/cooler than the hot/cold source. To be mentioned, only the edge temperature
f the heater/cooler makes sense so the higher/lower temperature inside the heater/cooler does not contribute to the effect
f thermal invisibility. Such statement can be understood by the uniqueness theorem in thermotics [100]. Therefore, when
he temperature of heater/cooler is kept as 325/281 K, thermal invisibility can be achieved as ensured by the uniqueness
heorem in thermotics. 325/281 K is obtained from the finite-element simulation; see Fig. 2.15(f). The temperatures are
ependent on the radius of the heater/cooler. Thus, the thermal dipole is realized by a ceramic heater and an ice water
ag in their work. Water can maintain a constant temperature for several minutes since its heat capacity is a very large
alue, say, 4.2 × 103 J kg−1 K−1. It is enough for the steady experiments.
Xu et al. measured the sample between the hot source (323 K) and the cold source (283 K) with infrared camera Flir

60. The temperature distribution without and with a thermal dipole can be found in Fig. 2.16(b) and (c), respectively.
oreover, based on the structure presented in Fig. 2.16(a), they have performed finite-element simulations. The thermal
ipole is set at two constant temperatures shown in Fig. 2.16(d) and (e). The theory is validated by both the experimental
esults [Fig. 2.16(b) and (c)] and finite-element simulations [Fig. 2.15(d), and (f), 2.16(d), and (e)].
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Fig. 2.17. Effects of the thermal dipole on thermal invisibility. (a) The dipole-driven temperature distribution. (b) The temperature distribution when
he thermal conductivities of the matrix and particle are the same (400 W m−1 K−1). (c) The matrix temperature-difference distribution. (d) and
e) shows the effects of two parameters (l and rd) on thermal invisibility. The upper panel in (e) is with rd = 0 cm. The lower panel in (e) is with
= 2 cm.
ource: Adapted from Ref. [99].

r ≫ l is the only one approximation in the whole process to ensure the validity of Eq. (2.18). Therefore, Xu et al.
iscussed the effect of the approximation on thermal invisibility. It can be seen that the matrix temperature distributions
re totally the same by comparing the dipole-driven result shown in Fig. 2.17(a) whose parameters are the same as
hose for Fig. 2.15(f) with a reference [Fig. 2.17(b)]. Then, to present quantitative analyses, Xu et al. plotted the matrix
emperature-difference distribution, say, ∆T = T1−T2; see Fig. 2.17(c). The maximum value of the temperature difference
∆Tmax) is 0.04 K. Compared with the temperature difference between the hot and cold sources (∆T0 = 40 K), the relative
rror (∆Tmax/∆T0) is only 0.1%. So the dipole-driven scheme shows the excellent performance.
Clearly, the effect of the thermal dipole on thermal invisibility can be reflected by relative errors. Therefore, Xu et al.

alculated ∆Tmax/∆T0 with different rd (the radius of the heater or cooler) and l (the distance between the heater and
ooler); see Fig. 2.17(d), and plot two curves showing ∆Tmax/∆T0 changing with l/

(
2rp
)
and 2rd/l; see Fig. 2.17(e). The

pper curve proves that the performance of the thermal dipole decreases with the increment of l/
(
2rp
)
; see Fig. 2.17(e).

hen l/
(
2rp
)

→ 0, ∆Tmax/∆T0 → 0, which indicates the perfect performance. However, the lower curve in Fig. 2.17(e)
hows that the performance of the thermal dipole keeps unchanged with the increment of 2rd/l. Therefore, only one
arameter (say, the distance l) mainly affects the effect of the thermal dipole on thermal invisibility, and the shorter it is
he better.

Based on the experimental settings presented in Fig. 2.16(a), Xu et al. also performed transient simulations; see Fig.
of Ref. [99]. When the initial temperature is set at the middle temperature of the hot and cold sources, the transient
ehavior is good. References without a thermal dipole are shown in Fig. 5(a–d) of Ref. [99]. The distorted matrix isotherms
ake the particle in the center visible. By contrast, the straight matrix isotherms demonstrate that the thermal dipole
an realize thermal invisibility in transient regimes; see Figs. 5(e–h) of Ref. [99].
Use primes to indicate three dimensions. The matrix’s thermal field (generated by the external uniform thermal field

′

0), denoted as G ′

me, can be expressed as

G ′

me = −∇T ′

me. (2.31)
′
me is the temperature distribution given by [81]

T ′

me = −G′

0r cos θ −
κ ′
m − κ ′

p
′ ′

r ′3
p G′

0r
−2 cos θ + T ′

0. (2.32)

2κm + κp
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The matrix thermal field (generated by the thermal dipole), denoted as G ′

md, can be expressed as

G ′

md = −∇T ′

md. (2.33)
′

md is the temperature distribution given by

T ′

md =
3M ′

4π
(
2κ ′

m + κ ′
p

) r−2 cos θ + T ′

0. (2.34)

he following is detailed derivations of Eq. (2.34). The general solution to the heat conduction equation in three
imensions is [81]

T =

∞∑
i=0

(
Air−1/2+

√
1/4+i(i+1)

+ Bir−1/2−
√
1/4+i(i+1)

)
Pi (cos θ) , (2.35)

where Pi is the Legendre polynomial. The boundary conditions are given by the continuous temperatures and heat fluxes,
which have the same mathematical forms as Eqs. (2.20)–(2.21). Xu et al. performed similar limit analyses to determine
the forms of T ′

pd and T ′

md, and suppose r ′
p → ∞, and then the particle temperature distribution (generated by the thermal

dipole) in three dimensions can be expressed as

T ′

pd

(
r ′

p → ∞
)

=
Q ′

4πκ ′
p
r ′−1
+

+
−Q ′

4πκ ′
p
r ′−1
−

=
Q ′l′

4πκ ′
p
r−2 cos θ =

M ′

4πκ ′
p
r−2 cos θ, (2.36)

Eq. (2.36) is valid only when r ≫ l′ (or l′ → 0). The temperature distribution of a thermal dipole in three dimensions is
characterized by r−2 cos θ . Then consider a finite r ′

p. Similar to two dimensions, T ′

pd and T ′

md can be expressed as

T ′

pd =
M ′

4πκ ′
p
r−2 cos θ + α′r cos θ + T ′

0, (2.37)

T ′

md = β ′r−2 cos θ + T ′

0. (2.38)

he undetermined coefficients can be derived by solving Eqs. (2.20)–(2.21) and Eqs. (2.37)–(2.38),

α′
=

−M ′
(
κ ′
m − κ ′

p

)
2πr ′3

p κ ′
p

(
2κ ′

m + κ ′
p

) , (2.39)

β ′
=

3M ′

4π
(
2κ ′

m + κ ′
p

) . (2.40)

ith Eq. (2.40), Eq. (2.38) becomes Eq. (2.34).
The matrix thermal field (generated by the external uniform thermal field and the thermal dipole together) can be

enoted as G ′

s because of the superposition principle,

G ′

s = G ′

me + G ′

md = −∇T ′

s . (2.41)
′
s is the temperature distribution given by

T ′

s = −G′

0r cos θ −

[
κ ′
m − κ ′

p

2κ ′
m + κ ′

p
r ′3
p G′

0 −
3M ′

4π
(
2κ ′

m + κ ′
p

)] r−2 cos θ + T ′

0. (2.42)

To achieve thermal invisibility, the second term on the right side of Eq. (2.42) to be zero,

κ ′
m − κ ′

p

2κ ′
m + κ ′

p
r ′3
p G′

0 −
3M ′

4π
(
2κ ′

m + κ ′
p

) = 0, (2.43)

The thermal dipole moment can be derived by solving Eq. (2.43),

M ′
=
(
κ ′

m − κ ′

p

)
f ′G′

0, (2.44)

where f ′
= 4πr ′3

p /3 is the volume of the particle.
The dipole-driven scheme has shown the flexibility and superiority in thermal management, and potential applications

in infrared signature reduction. For example, an object (with different thermal conductivity from the matrix) in a system
will distort the infrared signature. However, if applying the dipole-driven scheme, the distortion will reduce to ensure a
pure infrared signature. Thermal dipoles may also realize other thermal phenomena beyond invisibility, such as thermal
camouflage [101–103], thermal Janus structures [82], and many-particle systems [79,104]. Moreover, the properties of
thermal quadrupole may contain other interesting points. To be mentioned, the essence of their work is about macroscopic
thermal processes rather than thermal conductivities. Although the dipole-driven scheme is at the macroscale, it may also

be extended to the nanoscale [105,106].

23



S. Yang, J. Wang, G. Dai et al. Physics Reports 908 (2021) 1–65

c
S
©

2

c
u
m
e
N
T
t
t
b
a
s
g
f
g
w
b
c
e
a
t
t

p
h
s
n
i

Fig. 2.18. (a) and (b) Yellow areas are the frequency gaps with patterns S1 and S2, respectively. (c) Schematic diagram of thermocrystal. (d) The
orresponding phononic band diagram.
ource: Figure reprinted with permission from Maldovan Phys. Rev. Lett., 110, 025902, 2013.
2013 American Physical Society.

.2.2. Phonon transport theory
Phonon transport is the dominant microscopic mechanism of heat transfer in non-metal materials. For wave systems,

rystal structures based on either the Bragg scattering in periodic structures or the local resonance have been widely
tilized to manipulate light and sound. However, although phonons are the dominant heat carrier in non-metallic
aterials, thermal phonons usually have much smaller wave lengths (nanoscale) than acoustic phonons, so they are
asier to be scattered. Thus, under room temperatures, thermal phonons behave more like diffusive particles than waves.
anoscale wavelengths also make it difficult to fabricate corresponding periodic structures to control thermal phonons.
o exhibit the wave nature of thermal phonons, Maldovan predicted a material with a narrow phonon spectrum for heat
ransfer [107]; see Fig. 2.18. On the one hand, germanium nanoparticles are incorporated into silicon germanium alloy
o shorten the mean free path of high-frequency phonons. On the other hand, extreme low-frequency phonons are also
locked from transport by boundary scattering of a thin film. Thus, thermal phonons in this material are concentrated into
narrow hypersonic spectrum, which can be handled as acoustic phonons. Then, Maldovan designed periodic air-hole
tructures with periodicity of 10–20 nm in this material, and its phononic band simulated by continuum mechanics has a
ap located in the narrow hypersonic spectrum. So, it may be called a thermocrystal, and can be used to manipulate heat
lux. Based on the thermocrystal, they have some proposals about thermal devices; see Fig. 2.19. Also, local resonance can
enerate hybridization gaps and then control heat conduction accordingly. Davids and Hussein designed a silicon thin film
ith pillars periodically placed on it and called it nanophononic metamaterial [108]. Each pillar is a local resonator and can
e coupled with propagating bulk phonons with the same frequency and polarization, which is called anti-crossing and
an generate band gaps at frequencies below 4 THz. Thus, the thermal conductivity is reduced accordingly. In addition, Zhu
t al. found that hybridization gaps can also exist when disorder is introduced into the material [109]. Random defects
s localized modes can also be coupled with delocalized modes, so anti-crossing happens. One can see that the band
heory in heat conduction is actually related to phononic band engineering. Two recent reviews are available on thermal
ransport engineering based on phononic crystals or nanophononic metamaterial [110,111].

Recently, Zhang’s group made a significant progress on the theory of phonon transport [112]. Inspired by the theoretical
rediction of Pendry et al. [113], they experimentally demonstrated a heat-transfer process between two plates with a
undreds-of-nanometer gap; see Fig. 2.20. The space of the intermediate region is vacuum, so only radiative transfer
eems to work. Interestingly, after they checked the energy transport process, they excluded the radiative modes (even
ear-field radiation). As a result, they concluded that the quantum fluctuation of phonons mediated by the Casimir effect
s the only reason to explain their findings related to heat conduction in vacuum. Their experimental result is a solid
24
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Fig. 2.19. Applications of thermocrystal. (a) Heat waveguide. (b) Thermal lattice. (c) Heat imaging. (d) Thermo-optics. (e) Thermal diode. (f) Thermal
cloak.
Source: Figure reprinted with permission from Maldovan Phys. Rev. Lett., 110, 025902, 2013.

2013 American Physical Society.

erification of the previous theoretical prediction. Their work also has practical implications to thermal management in
anotechnology.

.2.3. Application
So far, several typical thermal metamaterials including thermal cloaking, thermal concentrating, and thermal rotating,

hermal camouflaging are introduced. For practical applications, Dede et al. [114,115] combined three devices, say, thermal
loaking, concentrating, and rotating on a single printed circuit board to realize the efficient heat dissipation of electronic
evices; see Fig. 2.21. The experimental results indicated that the local temperature can be 10 degrees lower than that
ithout the designed structure, which shows an exciting performance in thermal dissipation. Simulation and experimental
esults can be seen in Fig. 7 of Ref. [114]. Therefore, the scheme can be expected to have more practical applications in
eat dissipation, especially for miniature devices.

. Controlling heat conduction and convection

.1. Transformation method

.1.1. Unsteady state
Convection is also a fundamental mechanism of heat transfer, which is usually the dominant one in moving media like

luids. Convection means that heat transport is driven by the movement of media. More precisely, the mechanism refers to
dvection. Usually, convection coexists with other mechanisms especially conduction, and the typical governing equation
25
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Fig. 2.20. (a) Schematic diagram of the experimental set up. (b, c) Optical images of the left and right samples.
Source: Figure reprinted with permission from Fong et al. Nature, 576, 243, 2019.
© 2019 Nature.

of heat transfer in moving media is the well-known convection–diffusion equation, which can be directly obtained by
using material derivative of time in the Fourier law.

Now the first question is how to extend the previous designs for heat conduction (including cloaks, concentrators
and rotators) to convective environments. Guenneau et al. proved that the convection–diffusion equation satisfies the
transformation theory and gave transformation rules of thermal conductivity and velocity of fluids [116,117]. However,
the convection–diffusion equation cannot determine the whole thermodynamic quantities of fluids, so how to achieve
the required velocity distribution is still a problem. As Landau and Lifshitz wrote in their textbook [118], one needs five
quantities to describe the state of moving fluid in a three-dimensional space. Thus, there should exist five governing
equations, namely, three spatial components of the Navier–Stokes equations, the continuity equation of fluid motion,
and the convection–diffusion equation. In general, the processes of heat and mass transfer are coupled with each
other, so manipulating thermal convection means designing a bifunctional device which can control thermal fields and
fluid fields simultaneously. Since the Navier–Stokes equations do not meet the requirement of transformation theory,
researchers [119,120] followed the work of Urzhumov and Smith on fluid-flow cloak with the Darcy flow [121] and
established a transforming convection theory based on the creeping flows in porous media.

In this work [120], Dai et al. proposed the transformation theory to handle unsteady thermal convection of creeping
flow in a porous medium based on the model raised in Ref. [119], where temperature, velocity and material density are
not restricted to constants during the process of heat and mass transfer. Then, they confirmed the theoretical designs of
convective cloaks, concentrators and rotators in such unsteady regimes with finite-element simulations; see Fig. 3.1.
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Fig. 2.21. (a) The schematic of thermal-composite substrate with optimized thermal metamaterials. (b) Baseline substrate.
Source: Figure reprinted with permission from Dede et al. AIP Adv., 6, 055113, 2016.
© 2016 AIP Publishing.

Fig. 3.1. Schematic design for cloak, concentrator or rotator in thermal conduction and convection. The ring-shaped area in light-blue is made of
thermal metamaterials with the function of cloaking, concentrating or rotating for corresponding coordinate transformations. The black dashed circle
with radius R3 indicates the auxiliary parameter for concentrators.

Dai et al. extended the transformation theory to transient thermal convection in a porous medium. Firstly, the Darcy
aw can be modified as [122–124]

τ
∂v⃗

∂t
+ v⃗ = −

β

η
∇p, (3.1)

here τ is the characteristic time for varying velocity v⃗ with time t , β is the permeability of porous medium and η is
dynamic viscosity. In general, the relaxation process is very fast in a porous medium, and then τ ∂v⃗

∂t is quite small [124].
Therefore, this term can be neglected and the steady Darcy regime can be still used. Also, the continuity equation can be
rewritten as [118]

∂(φρf )
+ ∇ · (ρf v⃗) = 0, (3.2)
∂t
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here ρf is the density of fluid material and φ is porosity. Then, the heat transfer of incompressible flow in a saturated
orous medium is governed by [125,126]

∂(ρC)mT
∂t

+ ∇ · (ρf Cf v⃗T ) = ∇ · (κm∇T ), (3.3)

here T is temperature and ρs is the density of solid. Here, Cf and Cs are the specific heat of fluid and solid material,
respectively. The effective product of density and specific heat of the whole porous medium can be given by the
average-volume method [126],

(ρC)m = (1 − φ)(ρsCs) + φ(ρf Cf ). (3.4)

imilarly, the effective thermal conductivity κm can also be the summation of κf (for fluids) and κs (for solids) according
o the mean-volume method,

κm = (1 − φ)κs + φκf . (3.5)

q. (3.3) is just the unsteady convection–diffusion equation whose form-invariance under coordinate transformations has
een proved [116,117]. What is more, the substitution of Eq. (3.2) into Eq. (3.3) yields

(ρC)m
∂T
∂t

+ ρf Cf (v⃗ · ∇T ) = ∇ · (κm∇T ). (3.6)

Since Eq. (3.2) is an transient diffusion equation, it can be concluded that all the equations for unsteady heat and mass
transfer in a porous medium can meet the requirement of transformation theory just like the steady cases [119]. For both
steady and unsteady cases, the transformation matrix for a homogeneous space is JJ⊺

det J , where J is the Jacobian matrix
rom the transformed coordinate to the original one. Still, Dai et al. transformed the permeability and heat conductivity

s β ′
=

JβJ⊺

det J
and κ ′

m =
JκmJ⊺

det J
. The difference is that, for unsteady cases, Dai et al. must also transform the porosity and

the product of density and specific heat as⎧⎪⎪⎪⎨⎪⎪⎪⎩
φ′

=
φ

det J
(ρf Cf )′ = ρf Cf

(ρsCs)′ =
1 − φ

det J − φ
ρsCs

. (3.7)

n this way, one can keep fluid’s parameters unchanged after transformation and only construct solid metamaterial as
equired. ρf is no longer a constant as it has a relationship with temperature changing with time. For simplicity, assume

ρ = ρ0[1 − γ (T − T0)], (3.8)

here γ = ( ∂ρ

∂T )p/ρ denotes the volume expansion ratio at constant pressure. Without loss of generality, set γ > 0.
Finally, the set of transformed equations can be written as⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

v⃗′
= −

β ′

η
∇p

∂(φ′ρf )
∂t

+ ∇ · (ρf v⃗
′) = 0

(ρC)′m
∂T
∂t

+ ρf Cf (v⃗′
· ∇T ) = ∇ · (κ ′

m∇T )

, (3.9)

here the transformed velocity v⃗′ is equal to J⊺v⃗/det J [116,117,119] and (ρC)′m = (1 − φ′)(ρsCs)′ + φ′(ρf Cf ).
In general, there are two ways of manipulating heat flux, namely, controlling area (volume) or direction. For heat

onduction, some novel functional devices have been successfully designed, such as thermal cloaks, thermal concentrators
nd thermal rotators. Also, cloaks and concentrators for steady thermal convection have been theoretically designed [119],
hile the rotator has not. Here, Dai et al. tried to realize rotators in transient thermal convection. For simplicity, they
stablished the model in a two-dimensional space and considered circular cloaks/concentrators/rotators.
Cloak. The familiar geometrical transformation [4]{

r ′
= R1 +

R2 − R1

R2
r, 0 < r < R2

θ ′
= θ

(3.10)

s used to protect the outside region r ′ > R1 from being disturbed by objects placed in 0 < r ′ < R1. The corresponding
acobian matrix is

J =

(
cos θ −r ′ sin θ

′

)( R2−R1
R2

0
)(

cos θ sin θ
sin θ cos θ

)
, (3.11)
sin θ r cos θ 0 1 − r r
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nd it is easy to see

det J =
R2 − R1

R2

r ′

r
. (3.12)

Concentrator. Consider the transformation adopted in Ref. [127]⎧⎪⎨⎪⎩
r ′

=
R1

R3
r, r < R3,

r ′
=

R1 − R3

R2 − R3
R2 +

R2 − R1

R2 − R3
r, R3 < r < R2,

(3.13)

hich squeezes the region 0 < r < R3 to r ′ < R1 and stretching the region R3 < r < R3 to R1 < r ′ < R2. Physical
quantities can be enlarged in the squeezed region. The corresponding Jacobian matrix is

J1 =

(
R1
R3

0
0 R1

R3

)
(3.14)

or region r ′ < R1. So, the determinant is

det J1 =

(
R1

R3

)2

. (3.15)

lso, for region R1 < r ′ < R2,

J2 =

(
cos θ −r ′ sin θ

sin θ r ′ cos θ

)( R2−R1
R2−R3

0
0 1

)(
cos θ sin θ

−
sin θ
r

cos θ
r

)
(3.16)

and the determinant is

det J2 =
R2 − R1

R2 − R3

r ′

r
. (3.17)

Rotator. Moreover, it is also useful to guide the direction of heat flux at will. Dai et al. focused on the continuous
ransformation of direction, which can be realized by a rotator. To design a rotator for heat transfer, consider a space
ransformation proposed in Ref. [128],{

θ ′
= θ + θ0, r < R1,

θ ′
= ar + b, R1 < r < R2,

(3.18)

here a =
θ0

R1−R2
, b = θ +

R2
R2−R1

θ0 and R1 < r < R2. The transformation indicates that the region r < R1 is rotated by an
ngle of θ0, while in the region R1 < r < R2, the rotation angle gradually decreases from θ0 to zero as r is reduced. The
ransformation matrix is also different in these two regions. For region r < R1, the Jacobian matrix is expressed as

J1 =

(
cos θ0 − sin θ0
sin θ0 cos θ0

)
(3.19)

y which the velocity and heat flux are rotated by an angle of θ0. Moreover, an identity transformation matrix can be
ritten as

J1J⊺1
det J1

==

(
1 0
0 1

)
, (3.20)

so it is not necessary to do any transformation for material properties in this region. For region R1 < r < R2, a unitary
Jacobian matrix can also be obtained

J2 =

(
cos θ ′

−r sin θ ′

sin θ ′ r cos θ ′

)(
1 0
α 1

)(
cos θ sin θ

−
sin θ
r

cos θ
r

)
. (3.21)

To confirm the theory, Dai et al. performed finite-element simulations. The numerical results of temperature distribu-
ion are shown in Fig. 3.2. Fig. 3.3 illustrates the velocity distribution and Fig. 3.4 is for the thermal flux distribution.

So far, they have not taken natural convection into consideration, where the flow is driven by density difference in the
ield of gravity. When considering the effect of buoyancy, gravitational acceleration g⃗ should be added in the Darcy law

v⃗ = −
β

η
(∇p − ρf g⃗). (3.22)

t seems quite difficult to transform g⃗ to satisfy the requirement of form-invariance. However, the accuracy of cloak,
oncentrator and rotator can still be evaluated when considering g⃗ . Here g⃗ is along the −y direction, and no pressure
ifference is applied on any boundary with no-flux condition set on the two vertical boundaries. They presented the
29



S. Yang, J. Wang, G. Dai et al. Physics Reports 908 (2021) 1–65

t

Fig. 3.2. Simulation results of temperature distribution for forced convection. The white lines represent isotherms. The first row (a1–a4) shows the
emperature distributions of a thermal cloak at time t = 0.004 s, t = 0.008 s, t = 0.012 s and t = 0.016 s. Similarly, (b1–b4) shows those of a
thermal concentrator, (c1–c4) shows those of a thermal rotator, and (d1–d4) shows those of the background.
Source: Adapted from Ref. [120].

simulation results of temperature, velocity and heat flux in Figs. 11–13 of Ref. [120], respectively, which illustrates the
corresponding distributions for the cloak, concentrator, rotator and background.

When the density of fluid changes more drastically, one must consider other methods to control heat flux in natural
or mixed convection, such as various optimization techniques for controlling flows [121,129–131].

It can be seen that the main difficulty for controlling thermal convection (with conduction) lies in the control of mass
flow. Recently, researchers designed another series of hydrodynamic metamaterials for the Stokes flows based on the
transformation theory, and fabricated them with microfluidics devices to realize anisotropic dynamic viscosity [132,133].
The simulation and experimental results of the hydrodynamic metamaterial cloak and rotator are shown in Figs. 3.5–3.6,
respectively. They fabricated microscopic metamaterials in a microfluidic device, and added fluorescent substance to the
fluid to observe the flow.

Their research implies that transforming dynamic viscosity can be used to achieve the same effect as transforming
permeability in porous media. What is more, by combining the existing method to fabricate anisotropic thermal
conductivities, one can expect thermal metamaterials for convection to be experimentally realized in the near future.
Actually, if the convective part of heat flux is much larger than the conductive part, one can say, for example, a fluid-flow
cloak is approximately a (convective) thermal cloak. This is because now only velocity is required to be transformed for
both heat and mass transfer. Again, it must be emphasized that most of the studies mentioned above [119,120,132,133] are
restricted to small Reynolds numbers (usually smaller than 1) and some [132,133] can be incorporated into the framework
of lubrication theory or the Hele-Shaw flow since the depth of flows is much smaller than the size of the other dimensions.
There are still many challenges for both larger Reynolds numbers and more general three-dimensional flows, and a feasible
route might rely on optimization algorithms.

3.1.2. Thermal wave
Last but not least, recently two researchers [134–136] proposed a framework of complex thermotics for dealing

with conduction and convection (advection). In detail, it is known that conduction and convection are two fundamental
30
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Fig. 3.3. Simulation results of velocity distribution for forced convection. The color surface represents the value of speed, and the black arrows
represent the directions of velocities. Again, the row (a1–a4) shows the velocity distributions of a thermal cloak at time t = 0.004 s, t = 0.008 s,

= 0.012 s and t = 0.016 s. (b1–b4), (c1–c4) and (d1–d4) show those of a concentrator, a rotator, and the background, respectively.
ource: Adapted from Ref. [120].

ethods of heat transfer, which are always considered to be independent. They managed to unify them by coining a
omplex thermal conductivity whose real and imaginary parts are related to conduction and convection (advection),
espectively. Then, the conduction–convection process with thermal waves is dominated by the complex conduction
quation, thus called complex thermotics. Further, they established the theory of transformation complex thermotics
y both proving the form-invariance of the complex conduction equation and deriving the transformation principle of
omplex thermal conductivities. As applications, they also designed three devices for cloaking, concentrating, and rotating
hermal waves. Moreover, they also suggested experimental demonstrations with a porous medium whose effective
omplex thermal conductivity can be calculated with the approach of weighted average. These findings could broaden
he fundamental knowledge of conduction and convection, and have relevance in designing thermal metamaterials for
ontrolling conduction and convection together.

.2. Other methods

.2.1. Zero-index cloak
Besides the transformation theory, metamaterial based on the scattering-canceling theory can also be realized

n convective systems. Researchers attempted to manipulate heat transfer in the Darcy flow and used a core–shell
tructure to design thermal function including transparency, concentrating, and cloaking [137] in convection–conduction
convection–diffusion) systems. The values of thermal conductivity and permeability were obtained for homogeneous
aterials by solving the Darcy law, the conservation law of fluid motion, and the convection–diffusion equation. Also,
ynamic viscosity can be modulated instead of permeability. For the incompressible fluid, the Darcy law and the continuity
quation just give the Laplace equation for pressure, so the Darcy flows (and the Hele-Shaw flows) are potential flows and
he scattering-canceling theory used here can also be applied to regulate the fluid flow individually. Yeung et al. proposed
31
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Fig. 3.4. Simulation results of heat flux distribution for forced convection. The value of heat flux is displayed by the color surface, and the black
arrows here represent the directions of heat flux. The row (a1–a4) shows the heat flux distribution of a thermal cloak at time t = 0.004 s, t = 0.008
, t = 0.012 s and t = 0.016 s. (b1–b4), (c1–c4) and (d1–d4) are for the concentrator, rotator and background, respectively.
ource: Adapted from Ref. [120].

kind of thermal and hydrodynamic cloak using only isotropic materials [138], which provides a convenient method for
he follow-up research; see Fig. 3.7.

On the other hand, convection can also bring some novel phenomena for designing new thermal devices whose
unctions cannot be realized only through conduction. For example, it is known that convective systems can have much
igher heat dissipation efficiency than conductive ones, and related devices like heat pipes and vapor chambers have been
idely used in heat management. Such a difference in heat dissipation comes from the fact that convective heat flux is
roportional to the velocity, so an infinite effective conductivity might be achieved in convection. Based on this idea, Li
t al. proved that thermal zero-index means an infinite thermal conductivity and designed a bilayer structure to shield
n object [68].
The zero-index cloak in Ref. [68] is similar to a bilayer cloak in conduction while the parameters come from the solution

f convection–diffusion equation, and the inner layer with infinite effective thermal conductivity is a channel in which
ater circulates around the object. Another main difference from the conduction cloaks is that the interior temperature

nside the zero-index cloak is sensitive to environmental changes. In the experiment, the rotating water can be regarded
s an inner layer, which is the key to an effectively infinite thermal conductivity. The background and outer layer are
omposed of copper. The experimental setup and results can be found in Fig. 3.8. Interestingly, Li et al. [68] provided
n effective approach to breaking the upper limit of thermal conductivities of naturally occurring materials, and can be
pplied to control heat transfer with high efficiency.
Convective systems can also be made of only solid components if at least one component is moving or deformed.
hen convective term competes with the diffusive nature of conduction, some novel phenomena can be revealed. Non-
ermitian quantum physics related to parity-time symmetry [139] has become an important topic in the past two decades.
owever, almost all the studies focused on open wave systems with energy exchange, and diffusion systems are seldom
ouched. A recent work found that, in a diffusion heat transfer system including two coupled solid rings rotating with
qual-but-opposite speed, anti-parity-time symmetry is broken when the rotation speed is larger than the exceptional
32
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Fig. 3.5. Simulation and experimental results of the hydrodynamic metamaterial cloak. Simulation results for bare, obstacle, and metamaterial cloak
of (a)–(c) pressure fields, (d)–(f) velocity fields, (g)–(i) streamlines. (j)–(l) are the experimental results for bare background, obstacle, and metamaterial
cloak, respectively.
Source: Figure reprinted with permission from Park et al. Phys. Rev. Lett., 123, 074502, 2019.

2019 American Physical Society.

oint [140]. The dynamic equation of the system can be written as the Schrödinger equation with a two-level non-
ermitian–Hamiltonian, where ‘‘quantum state’’ represents the temperature distributions of the two rings. This phase
ransition of anti-parity-time symmetry at the exceptional point can be shown by the switch from motionless temperature
rofiles (symmetric) to moving profiles (asymmetric) of the two rings.
The diffusion process is dominated by⎧⎪⎪⎪⎨⎪⎪⎪⎩

∂T1
∂t = D

(
∂2T1
∂x2

+
∂2T1
∂z2

)
− u ∂T1

∂x , wi/2 ≤ z ≤ wi/2 + w

∂Ti
∂t = Di

(
∂2Ti
∂x2

+
∂2Ti
∂z2

)
, −wi/2 < z < wi/2

∂T2
∂t = D

(
∂2T2
∂x2

+
∂2T2
∂z2

)
+ u ∂T2

∂x , −wi/2 − w ≤ z ≤ −wi/2

, (3.23)

here D is the diffusivity of the upper and lower rings, and Di is that of the intermediate layer. The thicknesses of the
wo moving rings and intermediate layer are denoted as w and w , respectively.
i
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Fig. 3.6. Simulation and experimental results of the hydrodynamic metamaterial rotator. Simulation results of (a) pressure fields, (b) velocity fields,
c) flow streamlines. Experimental results in (d) the entrance region, (e) the left-side region, (f) the central region.
ource: Figure reproduced with permission from Park et al. Phys. Rev. Applied, 12, 061002, 2019.
2019 American Physical Society.

Fig. 3.7. Simulation results of the thermal and hydrodynamic cloak. (a) Bare background. (b) Bare background with obstacle. (c) Bare background
with obstacle and cloak. (a1–c1), (b2–c2), and (a3–c3) displayed isotherms, isobars, and streamlines, respectively.
Source: Figure reprinted with permission from Yeung et al. Phys. Rev. Applied, 13, 064030, 2020.
© 2020 American Physical Society.
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Fig. 3.8. (a) Schematic diagram of the experimental set-up. (b) Picture of the sample. (c) Experimental results when the water is motionless.
(d) Experimental results when the water is rotating.
Source: Figure reprinted with permission from Li et al. Nat. Mater., 18, 48–54, 2019.
© 2019 Nature.
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It is reasonable to suppose that the temperature variance along z axis is negligible (∂2T/∂z2 = 0) as a quasi one-
dimensional model. Heat energy can exchange between the two moving rings through the intermediate layer. Therefore,
the middle equation of Eq. (3.23) can be replaced by two source terms, say, s1 for the upper ring and s2 for the lower ring.
Then, {

∂T1
∂t = D ∂2T1

∂x2
− u ∂T1

∂x +
s1
ρc , wi/2 ≤ z ≤ wi/2 + w

∂T2
∂t = D ∂2T2

∂x2
+ u ∂T2

∂x +
s2
ρc , −wi/2 − w ≤ z ≤ −wi/2

, (3.24)

here the density-heat capacity products of the upper and lower rings are the same, denoted as ρc.
The boundary conditions are given by the continuities of temperatures and heat fluxes,⎧⎪⎪⎨⎪⎪⎩

T1 = Ti, z = wi/2
T2 = Ti, z = −wi/2
j1 = −κ1

∂T1
∂z = −κi

∂Ti
∂z , z = wi/2

j2 = κ2
∂T2
∂z = κi

∂Ti
∂z , z = −wi/2

, (3.25)

here j1 and j2 are heat fluxes to the upper and lower rings, respectively. κ1, κ2, and κi are the thermal conductivities of
he upper ring, lower ring, and intermediate layer, respectively.

Since the higher order terms (∂2T/∂z2 = 0) is neglected, Ti is linear along z axis, yielding ∂Ti/∂z = (T1 − T2) /wi.
eanwhile, w is small enough, so the two sources (s1 and s2) are uniformly distributed along the ring width, say,

1 = j1/w = −κi(T1 − T2)/(wwi) and s2 = j2/w = −κi(T2 − T1)/(wwi). Then, Eq. (3.24) can be reduced to{
∂T1
∂t = D ∂2T1

∂x2
− u ∂T1

∂x + h (T2 − T1) , wi/2 ≤ z ≤ wi/2 + w
∂T2
∂t = D ∂2T2

∂x2
+ u ∂T2

∂x + h (T1 − T2) , −wi/2 − w ≤ z ≤ −wi/2
, (3.26)

here h = κi/(ρcwwi) is the exchange rate of heat energy between the two moving rings.
Then, plane-wave solutions are introduced,{

T1 = A1ei(kx−ωt) + T0
T2 = A2ei(kx−ωt) + T0

, (3.27)

here A1 (or A2) is the temperature amplitude in the upper (or lower) ring, k is wave number, ω is frequency, and T0 is
eference temperature.

The substitution of Eq. (3.27) into Eq. (3.26) yields{
ωA1 = −ik2DA1 + kuA1 + ih (A2 − A1) , wi/2 ≤ z ≤ wi/2 + w

ωA2 = −ik2DA2 − kuA2 + ih (A1 − A2) , −wi/2 − w ≤ z ≤ −wi/2
. (3.28)

q. (3.28) can also be expressed as

Ĥ |ψ⟩ = ω|ψ⟩, (3.29)

here |ψ⟩ = [A1, A2]τ is eigenstate, and τ denotes transpose. The Hamiltonian Ĥ reads

Ĥ =

[
−i
(
k2D + h

)
+ ku ih

ih −i
(
k2D + h

)
− ku

]
. (3.30)

The eigenvalue of the Hamiltonian [Eq. (3.30)] takes on the form

ω± = −i
[(

k2D + h
)
±

√
h2 − k2u2

]
. (3.31)

s u varies, the system exhibits two different properties, and the point uEP = h/k serves as an exceptional point.
For u < uEP, the corresponding eigenstates are

|ψ+⟩ =
[
1, ei(π−α)

]τ
, |ψ−⟩ =

[
1, eiα

]τ
, (3.32)

here α = sin−1 (ku/h). Therefore, the temperature profiles maintain a constant phase difference and decay without
otion.
For u = uEP, the difference between ω+ and ω− disappears and two eigenstates possess the same phase difference of

/2 and also decay without motion.
For u > uEP, the corresponding eigenstates become

|ψ+⟩ =
[
e−δ, eiπ/2−2δ]τ , |ψ−⟩ =

[
e−δ, eiπ/2]τ , (3.33)

here δ = cosh−1 (ku/h). Therefore, two eigenstates maintain a phase difference of π/2 but decay with motion.
They also carried out experiments to confirm their theory, which indicates that anti-parity-time symmetry can be

chieved in diffusion systems indeed, the experimental setup can be seen in Fig. 3.9. The key point of their results lies in
he competition between heat conduction and convection.
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Fig. 3.9. (a–b) Schematic of the experimental setup.

Their work provides an interesting route to both studying parity-time related physics in diffusion frameworks like
convection–conduction systems and developing potential methods to control heat and mass transfer. It is worth noting
that higher-order exceptional points were reported recently in a similar diffusion system [141]. Similar extension was also
attempted for macroscopic convection–diffusion systems. Following Li et al. [140], researchers studied two moving rings
with equal-but-opposite velocities, joined together by a stationary intermediate layer [142]. They firstly confirmed an
exceptional point of velocity which separates a stationary temperature profile and a moving one. They then investigated
a cyclic path of time-varying velocity containing the exceptional point, and an extra phase difference of appears (say,
the geometric phase). They finally revealed the mechanism of effective conductivity enhancement, which helps design an
invisibility cloak. These results broaden the scope of geometric phase and effective conductivity enhancement, which
have potential applications in thermal management. Although these explorations were conducted in a heat transfer
system, the corresponding conclusions are general for other convection–diffusion systems such as mass transfer. Therefore,
researchers also conducted similar explorations in particle diffusion systems [143]. Certainly, there are also obvious
differences between heat transfer and particle diffusion. For the former, it is essentially related to energy transport; for the
latter, it is essentially associated with mass transport. The application scope can also be extended to chemical reactions,
fuel cells, drug delivery, and catalysis with the efforts in particle diffusion systems.

3.2.2. Thermal convection–conduction crystal
Finally, it is necessary to mention a most recent work on thermal convection–diffusion (convection–conduction)

crystals, which can be used to manipulate wave-like temperature profiles [144]. In particular, it is known that periodic
structures have crucial applications in wave systems, such as atomic crystals, photonic crystals, and phononic crystals. In
Ref. [144], the authors extend the related physics from wave systems to convection–diffusion systems and propose the
concept of thermal convection–diffusion crystals, referring to a periodic porous medium with moving fluids. Phenomenally
speaking, only the temperature profiles with allowed frequencies can propagate stably in the thermal convection–diffusion
crystal, and those with forbidden frequencies have to change their frequencies for stable propagation. As a model
application of thermal convection–diffusion crystals, they further designed a thermal-frequency modulator to control
wave-like temperature profiles. Their results might broaden the application realm of periodic structures in convection–
diffusion systems and enlighten further development of thermal management and thermal metamaterials with the help
of thermal convection–diffusion crystals.

3.2.3. Negative thermal transport
The concept of negative refractive index has drawn much attention due to its unique properties and practical

applications in (electromagnetic) wave systems [1–3,145,146]. To promote the related physics in thermotics (diffusion
systems), most recently some researchers [134] managed to coin a complex thermal conductivity whose imaginary part
corresponds to the real part of complex refractive index. Therefore, the thermal counterpart of negative refractive index
(namely, negative real part of complex refractive index) is just negative imaginary part of complex thermal conductivity.
This is featured by the opposite directions of energy flow and wave vector in thermal conduction and advection, thus
called negative thermal transport. To avoid violating causality, they designed an open system with energy exchange and
explored three different cases to reveal negative thermal transport. They further provided experimental suggestions with
a solid ring structure. All finite-element simulations agree with theoretical analyses, indicating that negative thermal
transport is physically feasible. Their results have potential applications, such as designing the inverse Doppler effect in
thermal conduction and advection.

In fact, many other novel phenomena can also appear in thermal conduction–convection systems, say, thermal
chameleon-like behavior in microfluidics [147], and so on. This fact implies that thermal conduction–convection systems
can be a good model system for producing novel physics, partly because convection provides an additional degree of
freedom for controlling the flow of heat in conduction process.
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Fig. 4.1. Schematic graphs. (a) The illustration of multithermotics. Wavy arrow, dashed arrow, and solid arrow represent radiative flux, conductive
flux, and total flux, respectively. (b) The illustration of cloaking. (c) The illustration of concentrating. (d) The illustration of rotating. The color surface
indicates the thermal field (temperature distribution).

4. Controlling heat conduction and radiation

4.1. Transformation method

4.1.1. Cloak, concentrator, and rotator
By now, radiation has not been touched yet, while it exists almost everywhere. Although many different models beyond

he Stefan–Boltzmann law for near-field or far-field radiation have been studied, a transformation theory for dealing
ith radiation and other heat transfer modes like conduction was absent in a long time. Xu et al. [148] studied a model
ase including both radiation and conduction based on the Rosseland diffusion approximation which can be seen as a
erturbation of black body radiation [149]. The Rosseland diffusion approximation or the Rosseland radiation model was
roposed by Rosseland for optical-thick materials in astrophysics and its applications include mantle radiation [150] and
hermal behaviors of insulation materials under high temperatures [151,152]. Here, radiative heat flux is proportional to
he temperature gradient just like its conductive counterpart, and gives a radiative part of thermal conductivity related
o the cube of temperature and the Rosseland mean opacity.

Xu et al. [148] investigated three temperature intervals in which conductive and radiative heat flux may have different
roportions. The theory of transformation multithermotics is established; see Fig. 4.1(a). They further designed three
evices including cloaking, concentrating, and rotating as model applications. Cloaking [Fig. 4.1(b)] can protect inside
bjects from being discovered by infrared detection; concentrating [Fig. 4.1(c)] can enhance the intensity of local heat
lux; and rotating [Fig. 4.1(d)] can control the direction of local heat flux. Instead of inhomogeneous and anisotropic
aterials, they resorted to layered structures (which are composed of two homogeneous and isotropic materials) to
implify fabrication.
Xu et al. considered a transient process of heat transfer including thermal radiation and conduction. Based on

he Rosseland diffusion approximation [153], radiative flux can be written as J rad
(
= −16/3β−1n2σT 3

· ∇T
)
, where

is the Rosseland mean attenuation coefficient, n is relative refractive index, σ is the Stefan–Boltzmann constant
= 5.67 × 10−8 W m−2 K−4

)
, and T denotes temperature. Conductive flux J con (= −κ · ∇T ) is given by the Fourier law,

here κ is thermal conductivity.
Consider a passive heat transfer process, then the dominant equation of multithermotics can be expressed as

ρC∂T/∂t + ∇ · (J rad + J con) = 0, (4.1)

here ρ and C are the density and heat capacity of participating media, respectively.
Based on the Jacobian transformation matrix A, Eq. (4.1) will keep its form-invariance under a space transformation

from a curvilinear space X to a physical space X ′).
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In view of this, Xu et al. wrote down the component form of Eq. (4.1). In a curvilinear space with a contravariant basis
gu, gv, gw}, a covariant basis

{
gu, gv, gw

}
, and corresponding contravariant components {xu, xv, xw}, radiative term

can be obtained

∇ ·
(
αT 3

· ∇T
)

= gw
·

∂

∂xw

(
αuvT 3gu ⊗ gv · g l ∂T

∂xl

)
= gw

·
∂

∂xw

(
αuvT 3gu

∂T
∂xv

)
=

∂αuvT 3

∂xu
∂T
∂xv

+
∂2T

∂xu∂xv
αuvT 3

+ gw
·
∂gu

∂xw

(
αuvT 3 ∂T

∂xv

)
= ∂u

(
αuvT 3∂vT

)
+ Γ w

wuα
uvT 3∂vT

= ∂u
(
αuvT 3∂vT

)
+

1
√
g
(∂u

√
g)αuvT 3∂vT

=
1

√
g
∂u
(√

gαuvT 3∂vT
)
,

(4.2)

here α
(
= 16/3β−1n2σ

)
is the radiative coefficient, and g is the determinant of the matrix with components gij = gu ·gv .

efine the Christoffel symbol as Γ w
vu = ∂gu/∂xv

· gw , thus resulting in Γ w
wu =

(
∂u

√
g
)
/
√
g . Similarly, conductive term can

be rewritten as

∇ · (κ · ∇T ) =
1

√
g
∂u
(√

gκuv∂vT
)
. (4.3)

hen, Eq. (4.1) can be expressed in detail in the curvilinear space.
√
gρC∂tT − ∂u

(√
g
(
αuvT 3

+ κuv) ∂vT
)

= 0, (4.4)

o far, they have proved the form-invariance of Eq. (4.1). Then, Eq. (4.1) is rewritten in the physical space to get the
ransformation rules of material properties, which is usually written in the Cartesian coordinate system

{
xu

′

, xv′

, xw′
}
,

√
gρC∂tT − ∂u′

∂xu
′

∂xu

(
√
g
(
αuvT 3

+ κuv) ∂xv′

∂xv
∂v′T

)
= 0, (4.5)

here ∂xu
′

/∂xu and ∂xv′

/∂xv are the components of the Jacobian transformation matrix A, and g = det−2 A. Then, space
ransformation is replaced with material transformation,

ρC
detA

∂tT − ∂u′

((
Au′

u αuvAv′

v

detA
T 3

+
Au′

u κuvAv′

v

detA

)
∂v′T

)
= 0. (4.6)

herefore, transformation rules can be written as

(ρC)′ = ρ0C0/detA,

α′
= Aα0Aτ/detA,

κ′
= Aκ0Aτ/detA.

(4.7)

0, C0, α0, and κ0 are the density, heat capacity, radiative coefficient, and thermal conductivity of the background,
espectively. Aτ denotes the transpose of A. Radiative coefficient is composed of two physical quantities, say, the Rosseland
ean attenuation coefficient and relative refractive index which dominates thermal radiation.
The relative refractive indexes of all regions are set to be 1. Then, considering the transformation rule of the Rosseland

ean attenuation coefficient for controlling variables. If the transformation requirement of radiative coefficient is satisfied,
he present theory can also be applied to other relative refraction indexes. Then, Eq. (4.7) can be simplified as

(ρC)′ = ρ0C0/detA,

n′
= n0,

β′
= A−τβ0A

−1 detA,

κ′
= Aκ0Aτ/detA.

(4.8)

q. (4.7)/(4.8) is the key to transformation multithermotics. To perform finite-element simulations, consider Eq. (4.8) for
revity.
Since transformation multithermotics does not restrict space dimensions, Xu et al. designed cloaking, concentrating,

nd rotating in two dimensions without loss of generality.
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To realize the space transformation of cloaking, one should compress a circular region (r < r1) from the center into a
hell (r1 < r < r2), then

r ′
= (r2 − r1) r/r2 + r1,

θ ′
= θ.

(4.9)

1 and r2 are the inner and outer radii of the shell, and 0 < r < r2 except for additional statements.
To realize the space transformation of concentrating, compress a large circular region (r < rm) into a small one (r < r1)

irstly. Then, stretch the small shell (rm < r < r2) into a large one (r1 < r < r2), which can be concluded as

r ′
= r1r/rm for r < rm,

r ′
= ((r2 − r1) r + (r1 − rm) r2) /(r2 − rm) for rm < r < r2,

θ ′
= θ,

(4.10)

where rm is the concentrating ratio.
To realize the space transformation of rotating, one should rotate the core (r < r1) with angle θ0 and rotate the shell

(r1 < r < r2) as

r ′
= r

θ ′
= θ + θ0 for r < r1,

θ ′
= θ + θ0 (r − r2) /(r1 − r2) for r1 < r < r2,

(4.11)

where θ0 is the rotation angle.
Calculate the Jacobian transformation matrix of Eqs. (4.9)–(4.11) as

A =

(
∂r ′/∂r ∂r ′/(r∂θ)
r ′∂θ ′/∂r r ′∂θ ′/(r∂θ)

)
. (4.12)

Then, Xu et al. further performed transient finite-element simulations to validate the theory. Heat transfer equation is
rewritten with tensorial parameters in the interface with general partial differential equations.

To present the influence of thermal radiation, they chose three different temperature intervals. In (I) 300–320 K
temperature interval, conductive flux is far larger than radiative flux (J con ≫ J rad) due to the low temperature. In (II) 300–
1000 K temperature interval, thermal radiation starts influencing the temperature profile J con ∼ J rad as the temperature
rises. (III) In 300–3000 K temperature interval, the temperature is very high, thermal radiation becomes the dominant
effect, say J con ≪ J rad. The left and right boundaries are set as different temperature intervals, and the upper and lower
boundaries are insulated. Xu et al. set the initial temperature at 300 K. It takes about 100 min, 50 min, and 5 min for
the three temperature intervals to reach steady states, respectively. The transient finite-element simulations of cloaking,
concentrating, and rotating are shown in Figs. 4.2–4.4, respectively. To be mentioned, 3000 K is reasonable because carbon
aerogels can tolerance up to high temperature of 3073 K [154].

The cloaking parameters are set based on Eq. (4.9). The boundary at r = r1 is also set to be insulated to make the
cloaking effect clear because any object can be placed in the white regions presented in Fig. 4.2. Furthermore, insulation
can avoid the errors resulting form the singular parameters of cloaking. Xu et al. simulated the time evolutions of
temperature profiles with three different temperature intervals; see Fig. 4.2(a)–(d), Fig. 4.2(e)–(h), and Fig. 4.2(i)–(l),
respectively. Temperature profiles of the background are never distorted over time which indicate that the cloaking
performance is excellent .

As required by Eq. (4.10), Xu et al. set the concentrating parameters. The time evolutions of temperature profiles with
three preset temperature intervals are shown in Fig. 4.3(a)–(d), Fig. 4.3(e)–(h), and Fig. 4.3(i)–(l), respectively. It can be
seen that isotherms in the center are concentrated, and meanwhile, those in the background are not distorted. Therefore,
the concentrating effect is achieved.

Xu et al. set the rotation angle to be θ0 = π/6 to realize the direction control of local heat flux based on Eq. (4.11).
Fig. 4.4(a)–(d), Fig. 4.4(e)–(h), and Fig. 4.4(i)–(l) illustrate the evolutions of temperature profiles over time with different
temperature intervals. In the regions r < r1, the high temperature appears at the left-top corner, indicating that the
direction of heat flux is changed, which validate the rotating effect.

It is difficult to obtain the parameters directly because parameters derived from transformation multithermotics are
anisotropic (for all functions) and divergent (for only cloaking). To solve this problem, it is imagined that layered structures
have different properties along the directions of series connection and parallel connection with the physical image of
series–parallel connection. Then, they resorted to the layered structure composed of two isotropic and homogeneous ma-
terials to realize effective anisotropy. In other words, the effective parameters of layered structures are the approximation
of the theoretical parameters, which are anisotropic as expected.

There are two general principles of structural effects: (I) the more layers, the better; (II) the bigger difference of both
thermal conductivities and the Rosseland mean attenuation coefficients between material A and material B, the better.
Material parameters are chosen to be around the order of aerogels. A recent study reported that the thermal conductivity
of ceramic aerogels can be as low as 0.0024 W m−1 K−1 [155]. Therefore, the material foundation is well established. In
Fig. 5(a), (e), and (i) of Ref. [148], the layered structures of cloaking, concentrating, and rotating are shown, respectively.
The corresponding steady results with three different temperature intervals are demonstrated in Figs. 5(b)–(d), (f)–(h),
and (j)–(l) of Ref. [148], respectively. These results indicate that the designed structures have good performance.
40



S. Yang, J. Wang, G. Dai et al. Physics Reports 908 (2021) 1–65

n

n

t
k
t

4

i
h
t

Fig. 4.2. Simulations of cloaking. The size is 10 × 10 cm2 , r1 = 2.4 cm, r2 = 3.6 cm, and the background parameters are ρ0C0 = 106 J m−3 K−1 ,

0 = 1, β0 = 100 m−1 , and κ0 = 1 W m−1 K−1 . The shell parameters are A = diag
[

r2−r1
r2

,
r2−r1
r2

r ′
r ′−r1

]
, (ρC)′ =

(
r2

r2−r1

)2
r ′−r1
r ′ × 106 J m−3 K−1 ,

′
= 1, β′

= diag
[

r ′
r ′−r1

,
r ′−r1
r ′

]
× 100 m−1 , and κ′

= diag
[

r ′−r1
r ′ , r ′

r ′−r1

]
W m−1 K−1 . The evolutions over time are demonstrated in (a)–(d), (e)–(h),

and (i)–(l), with three different temperature intervals. White lines represent isotherms, and rainbow surfaces denote temperature distributions.
Source: Adapted from Ref. [148].

Xu et al. only transformed spaces or materials, so transformation multithermotics is exact and robust under other
conditions such as complex shapes and nonuniform thermal fields. In addition, thermal radiation in their work is
essentially a far-field effect. It is also promising to extend transformation multithermotics to other radiative models [156],
such as considering heat flux due to photons or other heat carriers both in near fields and far fields [157–159]. The
proposed theory and devices indicate the exotic manipulations of multithermotics. Their work have applications in
thermal camouflaging and solar energy utilizing [36,160,161].

Since thermal radiation features T 3 temperature-dependence, it is an excellent candidate of thermally responsive
metamaterials [162,163]. Thermally response refers to the behavior that the devices can adjust their temperatures by
changing the emissivity [162] or actively turning on or off [163] when the ambient temperature changes. In [163], the
modular design of thermally tunable unit cells was proposed, which can realize an R⃝on–off thermal function in response
o the temperature conditions. In this mechanism, the phase change of inner materials at the critical temperature is the
ey point. As an application, researchers used a switchable thermal shield to protect temperature-sensitive devices from
he harm of thermal disturbance. Simulations and experiments are designed to validate the theory.

.1.2. Thermal camouflage
Also, thermal camouflage is an important application of transformation theory and thermal metamaterials, which

nvolves both conduction and radiation. Conventional transformation techniques are usually employed for controlling
eat flow in a plane or inside a bulk. However, as thermal signatures can be detected out of plane in most situations,
hese techniques may be invalid because they cannot be used to conceal the location of actual objects.
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Fig. 4.3. Simulations of concentrating. The background parameters are unchanged. The shell parameters are A = diag
[

r2−r1
r2−rm

,
(r2−r1)r ′

(r2−rm)r ′−(r1−rm)r2

]
,

ρC)′ =
(r2−rm)2r ′−(r2−rm)(r1−rm)r2

(r2−r1)2r ′
× 106 J m−3 K−1 , n′

= 1, β′
= diag

[
(r2−rm)r ′

(r2−rm)r ′−(r1−rm)r2
,

(r2−rm)r ′−(r1−rm)r2
(r2−rm)r ′

]
× 100 m−1 , and κ′

=

iag
[

(r2−rm)r ′−(r1−rm)r2
(r2−rm)r ′ ,

(r2−rm)r ′

(r2−rm)r ′−(r1−rm)r2

]
W m−1 K−1 with rm = 3.2 cm.

ource: Adapted from Ref. [148].

Li et al. proposed a novel strategy to regenerate the conductive transformation thermotics for radiative regime [39].
hey investigated the existing methods for radiative camouflage and pointed out that tailoring surface temperatures
r emissivities were two straightforward methods for tailoring typical infrared imaging. However, the engineered-
missivity approach was background-dependent, thus restricting practical applications. They resorted to the conductive
ransformation technique and applied it along z axis. In detail, the out-of-plane coordinate transformation was executed
wice. First, the background was stretched upwards in order to transfer the original background temperatures of each sites
o the top surface. Second, compressing the created space for hiding an actual object inside. By taking the thickness limit
f the new space to near-zero, an ultrathin thermal surface was designed for the purpose. They performed experimental
emonstration by composing copper and polydimethylsiloxane to layers for achieving anisotropic thermal conductivities
ccording to the transformation theory; see Fig. 4.5. The infrared images and temperature curves showed that the object is
otally invisible as if it does not exist inside. This work enabled the compatibility of conductive transformation in radiative
ields, enriching the application realm of transformation techniques.

.2. Other methods

.2.1. Far-field radiation
Moreover, Xu et al. proposed an effective-medium theory to control conductive and radiative heat transfer. Xu et al.

onsidered a passive and steady process of heat transfer and proved the that total heat flux satisfies the linear Laplace
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Fig. 4.4. Simulations of rotating. The background parameters are unchanged. The shell parameters are A =

[
(1, 0) ,

(
θ0r ′

r1−r2
, 1
)]

, (ρC)′ =

106 J m−3 K−1 , n′
= 1, β′

=

[((
θ0r ′

r1−r2

)2
+ 1, −θ0r ′

r1−r2

)
,

(
−θ0r ′

r1−r2
, 1
)]

× 100 m−1 , and κ′
=

[(
1, θ0r ′

r1−r2

)
,

(
θ0r ′

r1−r2
,

(
θ0r ′

r1−r2

)2
+ 1

)]
W m−1 K−1 with

0 = π/6.
ource: Adapted from Ref. [148].

quation after theoretical analyses [98]. They derived the effective thermal conductivity and the radiative coefficient of
core–shell structure by solving the Laplace equation in ellipsoidal coordinates. There are two key parameters which
an help to control the process of heat conduction and radiation. Furthermore, they designed three different core–shell
adiative metamaterials, including transparency [Fig. 4.6(a)], cloak [Fig. 4.6(b)], and expander [Fig. 4.6(c)]. Finite-element
imulations is also applied to validate the theory. These radiative metamaterials are well-behaved in both steady and
ransient states.

In the condition of a passive and steady process of heat transfer, the total heat flux J total which is composed of the
onductive flux J con and the radiative flux J rad is divergency-free,

∇ · J total = ∇ · (J con + J rad) = 0. (4.13)

ased on the Fourier law, the conductive flux J con can be written as

J con = −κ∇T , (4.14)

here κ is thermal conductivity. The radiative flux J rad is dominated by the Rosseland diffusion approximation,

J = −γ T 3
∇T . (4.15)
rad
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Fig. 4.5. (a) Schematic diagram of the thermal radiation camouflage. Simulation results of (b) object on the upper surface, (c) object covered with
the designed cloak, and (d) practical structure. Experimental results of (e) pure background, (f) object on the surface, and (g) objected covered with
the designed cloak. (h) Surface temperature deviation ∆T as a function of position x.
ource: Figure reprinted with permission from Li et al. Nat. Commun., 9, 273, 2018.
2018 Nature.

(
= 16β−1n2σ/3

)
is the radiative coefficient, β is the Rosseland mean extinction coefficient, n is relative refraction index,

nd σ is the Stefan–Boltzmann constant
(
= 5.67 × 10−8 W m−2K−4

)
.

Considering a three-dimensional core–shell structure which has a core with thermal conductivity κc , the Rosseland
mean extinction coefficient βc , and relative refraction index nc (radiative coefficient γc) coated by a shell with corre-
ponding parameters κs, βs, and ns (radiative coefficient γs); see Fig. 4.6(a). The subscript c/s denotes the core/shell. λci
nd λsi (i = 1, 2, 3) are semi-axis lengths of the core and shell, respectively. To realize the same effect of conduction and
adiation, define a constant ratio α = γ /κ of the core–shell structure, say γc/κc = γs/κs = α. Then, Eq. (4.13) can be
rewritten as

∇ ·
(
−κ∇T − ακT 3

∇T
)

= ∇ ·
(
−κ

(
1 + αT 3)

∇T
)

= ∇ ·
(
−κ∇

(
T + αT 4/4

))
= 0. (4.16)
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Fig. 4.6. Schematic diagrams of (a) thermal transparency, (b) thermal cloak, and (c) thermal expander. (d) and (e) qualitatively show the radiative
emittance j, conductive flux Jcon , and radiative flux Jrad as a function of temperature T .
ource: Adapted from Ref. [98].

he variable substitution ϕ = T + αT 4/4 leads to

∇ · (−κ∇ϕ) = 0. (4.17)

herefore, strong nonlinearity (Eq. (4.13)) becomes a linear one (Eq. (4.17)).
Then, proceed with the derivation in ellipsoidal coordinates (ρ, ξ, η),⎧⎪⎪⎪⎨⎪⎪⎪⎩

x2

ρ+λ21
+

y2

ρ+λ22
+

z2

ρ+λ23
= 1 (confocal ellipsoids)

x2

ξ+λ21
+

y2

ξ+λ22
+

z2

ξ+λ23
= 1 (hyperboloids of one sheet)

x2

η+λ21
+

y2

η+λ22
+

z2

η+λ23
= 1 (hyperboloids of two sheets)

, (4.18)

here λ1, λ2, and λ3 are three constants, satisfying ρ > −λ2
1 > ξ > −λ2

2 > η > −λ2
3. in ellipsoidal coordinates, Eq. (4.17)

an be expressed as

∂

∂ρ

(
g (ρ)

∂ϕ

∂ρ

)
+

g (ρ)

ρ + λ2
i

∂ϕ

∂ρ
= 0, (4.19)

here g (ρ) =

√(
ρ + λ2

1

) (
ρ + λ2

2

) (
ρ + λ2

3

)
. Eq. (4.19) can be solved as

ϕ =

(
u + v

∫ ρ

0

(
ρ + λ2

i

)−1
g (ρ)−1 dρ

)
xi, (4.20)

here u and v are two constants, and xi (i = 1, 2, 3) denotes Cartesian coordinates. The temperatures (after variable
ubstitution) of the core, shell, and background are ϕc , ϕs, and ϕb, respectively. Then,⎧⎪⎪⎨⎪⎪⎩

ϕc = ucxi

ϕs =

(
us + vs

∫ ρ

ρc

(
ρ + λ2

i

)−1
g (ρ)−1 dρ

)
xi . (4.21)
ϕb = ubxi
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ased on the boundary conditions, uc , us, and vs can be determined. ρc and ρs can denote the exterior surfaces of the core
nd shell, where boundary conditions are given by continuities of temperatures and normal heat fluxes, then⎧⎪⎪⎪⎨⎪⎪⎪⎩

uc = us

ub = us + vs

∫ ρs

ρc

(
ρ + λ2

i

)−1
g (ρ)−1 dρ

uc = 2vsκs (κc − κs)
−1 g (ρc)

−1

ub = 2vsκs (κei − κs)
−1 g (ρs)

−1

, (4.22)

where κei is the effective thermal conductivity of the core–shell structure along the direction of xi. The expression ofκei
can be directly derived by solving Eq. (4.22). Then, to simplify the complex formula, define the semi-axis lengths of the
core λci and shell λsi as⎧⎨⎩ λci =

√
λ2
i + ρc

λsi =

√
λ2
i + ρs

, (4.23)

here i = 1, 2, 3. Thus, the volume fraction f can be written as

f = λc1λc2λc3/(λs1λs2λs3) = g (ρc) /g (ρs) . (4.24)

efine the shape factor dwi along the direction of xi as

dwi =
λw1λw2λw3

2

∫
∞

0

(
τ + λ2

wi

)−1 ((
τ + λ2

w1

) (
τ + λ2

w2

) (
τ + λ2

w3

))−1/2
dτ , (4.25)

where the subscript w can take c or s, representing the shape factor of the core or shell. Thus,∫ ρs

ρc

(
ρ + λ2

i

)−1
g (ρ)−1 dρ =

∫
∞

ρc

(
ρ + λ2

i

)−1
g (ρ)−1 dρ −

∫
∞

ρs

(
ρ + λ2

i

)−1
g (ρ)−1 dρ

= 2dcig (ρc)
−1

− 2dsig (ρs)
−1 .

(4.26)

Finally, a brief expression for κei can be obtained

κei = κs

[
f (κc − κs)

κs + (dci − fdsi) (κc − κs)
+ 1

]
. (4.27)

u et al. presented a standard method to calculate the Laplace equation [164]. The shape factors satisfy dw1+dw2+dw3 = 1.
In principle, the effective thermal conductivity of any core–shell structure can be derived with Eq. (4.27). However,
Eq. (4.27) is only applicable for the case that the core–shell structure is confocal or concentric. Moreover, Eq. (4.27)
can also handle the cylindrical (two-dimensional) cases by taking λw3 = ∞, thus yielding dw1 = λw2/(λw1 + λw2),
dw2 = λw1/(λw1 + λw2), and dw3 = 0 (dw1 + dw2 + dw3 = 1 is still satisfied).

Since γ /κ is a constant, one can get the effective radiative coefficient

γei = γs

[
f (γc − γs)

γs + (dci − fdsi) (γc − γs)
+ 1

]
, (4.28)

where γei is the effective radiative coefficient of the core–shell structure along the direction of xi. The effective thermal
conductivity and effective radiative coefficient can be predicted by Eqs. (4.27)–(4.28). For realizing the same effect of
conduction and radiation, one should keep γ /κ as a constant.

Further, Xu et al. confirmed the theoretical analyses by performing finite-element simulations. As qualitatively shown
in Fig. 4.6(d), the Stefan–Boltzmann law indicates that the radiative emittance j is proportional to T 4. In the presence
of a same temperature gradient, the conductive flux Jcon is independent of concrete temperatures, whereas the radiative
flux Jrad is proportional to T 3, as qualitatively presented in Fig. 4.6(e). Therefore, compared with thermal conduction,
thermal radiation is of great significance at high temperatures. To show the temperature effects, three temperature
intervals are applied when performing finite-element simulations. (I) 273–313 K, a small upper temperature limit where
conduction (Con.) is dominant. (II) 273–673 K, a medium upper temperature limit where conduction and radiation (Rad.)
are comparative. (III) 273–4273 K, a large upper temperature limit where radiation is dominant.

Thermal transparency aims to design a shell according to the object, making the temperature profile outside the shell
undistorted; see Fig. 4.7.

A thermal cloak can protect an object inside from being detected. The parameters are independent of the object. To
design a thermal cloak and keep the heat flux off the object, an insulated layer is required. Then, one can equivalently
regard an insulated core as the object plus the insulated layer, say, κc = γ = 0. Further, to remove the effect of the
nsulated core, Xu et al. designed a shell based on Eqs. (4.27)–(4.28). The simulation results are shown in Fig. 4.8(a–c) and
ig. 4.8(d–f). As can be seen from the results, the isotherms are kept off the object, and the heat flux cannot enter the
bject. Meanwhile, the temperature profiles of the background are not distorted. That is, in this case, the cloaking works
ndeed.
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Fig. 4.7. Steady results of thermal transparency. (a)–(c): λc1 = λc2 = 2 cm, λs1 = λs2 = 3 cm, κc = 2 W m−1 K−1 , βc = 50 m−1 , κs = 0.62 W m−1 K−1 ,
and βs = 161.1 m−1 . (d)–(f): λc1 = 2.5 cm, λc2 = 1.25 cm, λs1 = 3 cm, λs2 = 2.08 cm, κc = 0.5 W m−1 K−1 , βc = 200 m−1 , κs = 1.61 W m−1 K−1 ,
and βs = 62 m−1 . (g)–(i) are the references with pure background parameters. (j)–(l) are the theoretical temperature distributions of the references.
Circular (or elliptical) dashed lines are plotted for the comparison with circular (or elliptical) transparency.
Source: Adapted from Ref. [98].

Based on the design of two elliptical cloaks, thermal expander can enlarge a small source into a large one efficiently.
Xu et al. put two elliptical cloaks together, and take out a quarter of the whole structure as an expander; see Fig. 4.6(c).
The temperature distribution of the background is not distorted with the uniqueness theorem in thermotics [100],
so the expander does work. In Fig. 4.9(a–c), finite-element simulations are presented. The straight isotherms of the
background indicate the excellent performance. However, the isotherms of the background are strongly distorted with
a pure background material; see Fig. 4.9(d–f). This device is flexible to adjust the source sizes and has applications in
uniform heating and effective dissipating.

The above results hold only for the steady states. In fact, these radiative metamaterials can also be extended to transient
states if both density and heat capacity are taken into account accordingly. For designing the transient transparency and
cloak, Xu et al. set the heat diffusivity κ/(ρC) to be a constant. Although it is an approximate method, its performance
is still satisfying. The corresponding results at t = 10, 20, 60 mins are presented in Figs. 5(a–c) and (d–f) of Ref. [98],
respectively. For designing a transient expander, they adopted the optimization method and set the diffusivity of the shell
larger than that of the background to achieve the best transient effect. The corresponding results at t = 6, 10, 20 mins
are presented in Figs. 5(g–i) of Ref. [98].

Based on the effective medium theory for thermal radiation and conduction, Xu et al. gave the theoretical designs
of three radiative metamaterials. Their work have potential applications in designing thermal camouflage [165] and
thermal diode [44,166] in the regimes at high temperatures where thermal radiation is the dominant effect. Moreover,
the present theory can be extended to those novel conductive metamaterials with layered structures (such as thermal
bending) [167–169] to the radiative regimes. Thermal bending means that by using carefully placed layered structures
with different isotropic thermal conductivities, the size and direction of heat flux can be changed according to the
structure. This mechanism is effective in both steady state and transient state. Differences between the elements of the
thermal conductivity tensor provide the possibility for the anisotropic heat transport. Based on the thermal bending, some
novel phenomena such as anomalous refraction of heat flux and heat signature control have been realized.

In addition, some researchers attempted to control the process of thermal radiation by adjusting the emissivity [170].
Thin films of tungsten-doped vanadium dioxide are used to manipulate the infrared radiation. With this mechanism,
the integrated emissivity can be reduced arbitrarily when the temperature is close to room temperature. They gave two
examples; see Figs. 2–3 in [170]. Fig. 2 in [170] demonstrates a thermal infrared radiation camouflage, and one cannot
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Fig. 4.8. Simulations of thermal cloak. An inner object is coated by an insulated layer with κ = 10−5 W m−1 K−1 and β = 105 m−1 . The inner
object plus the insulated layer can be equivalently regarded as an insulated core with κc = 10−5 W m−1 K−1 and βc = 105 m−1 because the heat
flux cannot enter into the insulated layer. Parameters are as following. (a)–(c): λc1 = λc2 = 2.5 cm, λs1 = λs2 = 3 cm, κs = 5.54 W m−1 K−1 , and
βs = 18.1 m−1 . (d)–(f): λc1 = 2.5 cm, λc2 = 1.25 cm, λs1 = 3 cm, λs2 = 2.08 cm, κs = 2.35 W m−1 K−1 , and βs = 42.5 m−1 .
Source: Adapted from Ref. [98].

get the true temperature of the object from the infrared image. Fig. 3 in [170] demonstrates a thermal infrared radiation
decoy which means that the observer will be deceived by fake infrared images deliberately.

4.2.2. Near-field radiation
However, the Fourier law for thermal conduction is valid at the macroscale. Thus, it remains to be further explored

for systems at the nanoscale where phononic effects should be considered. Meanwhile, there are many other radiative
models that need to be studied further, such as near-field radiative heat transfer, see Fig. 4.10.

When the distance between objects is comparable with or shorter than the characteristic wavelength of thermal
radiation, the evanescent wave on the surface contributes significantly to the radiative heat transfer. Therefore, the objects
close to each other can increase heat transfer due to their enhanced near-field coupling. This behavior just corresponds
to enhanced near-field radiative heat transfer [171]. Hargreaves is the first to observe the near-field enhancement of
radiative heat transfer between two conducting planar plates [172] . Then, with the development of nanotechnology,
Hu et al. observed that parallel glass plates have a higher near-field radiative heat transfer enhancement than metallic
materials [173].

Recently, Fernandez-Hurtado et al. [159] designed a system that consists of two identical metasurfaces, which
are formed by periodic arrays of square holes drilled in a doped Si layer; see Fig. 4.11. By combining fluctuation
electrodynamics with a rigorous coupled wave analysis, they calculated that the Si-based metasurfaces can exhibit a
larger heat transfer coefficient than any other unstructured materials. Their structure can greatly modify the properties of
the surface plasmon polaritons, which dominate the radiative heat transfer in the near-field regime. Their work implies
that the broadband surface-plasmon polaritons are a key factor. How to construct systems to extend the frequency of the
surface-plasmon polaritons is worth further studying.

Incidentally, a further experimental exploration of near-field thermal radiation may focus on equipment fabrication
and method improvement, such as applying nanoscale metamaterials in the fabrication and detecting thermal radiation
quantitatively in extremely near fields.
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Fig. 4.9. Simulation results of thermal expander in steady regimes. Parameters: λc1 = 2.08 cm, λc2 = 4.17 cm, λs1 = 3.46 cm, λs2 = 5 cm, and
he width between hot and cold sources is 6 cm. Other parameters are as follows. (a)–(c): κs = 4.91 W m−1 K−1 and βs = 20.3 m−1 . (d)–(f): pure
ackground parameters.
ource: Adapted from Ref. [98].

Fig. 4.10. Three typical modes of near-field radiative heat transfer between (a) thin films, (b) porous media, and (c) multilayer structures.

. Controlling heat conduction, convection and radiation

.1. Transformation method

.1.1. Transformation rule
So far, transformation theories for thermal conduction, convection, and radiation have all been introduced for some

onvection or radiation models. Then, it is natural to think about how to take all the three basic heat transfer mechanisms
nto a single framework of transformation theory.

Recently, some researchers proposed the concept of transformation omnithermotics [174] which is a comprehensive
odel to transform conduction, convection, and radiation simultaneously. Firstly, the researchers considered the heat
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Fig. 4.11. Schematic diagram of two doped-Si metasurfaces.
Source: Figure reprinted with permission from Fernandez-
Hurtado et al. Phys. Rev. Lett., 118, 203901, 2017.
© 2017 American Physical Society.

ransfer equation, which is a continuity equation of the total heat flux, and designed a series of devices including cloaking,
oncentrating, and rotating.
In the work, the radiative flux is modeled by the Rosseland diffusion approximation, and the heat transfer equation

an be seen as a convection–diffusion equation where the total temperature-responsive conductivity consists of both
onductive part and convective part. Here, the conductive/radiative thermal conductivities and the velocity need to be
ransformed directly according to the transformation theory. Then the researchers turned to a set of equations governing
eat and mass transfer in porous media including the Darcy law, the continuity equation of fluid motion, and the heat
ransfer equation. In view of the transformation convection theory as mentioned above, designing related thermal devices
eans transforming both the permeability of porous media (or dynamic viscosity of fluids for convection) and the total

hermal conductivity for conduction–radiation. In fact, porous media can be a typical model taking the three basic heat
ransfer mechanisms into account at the same time, especially under high temperatures. As a result, they predicted
mnithermal metamaterials, which can control heat conduction, convection and radiation simultaneously. Details are
s following.
Fluids or gases are indispensable to the existence of convective flux. In spite of different forms, they follow the same

quation in terms of heat transfer. For brevity, Xu et al. [174] considered the transient process of heat transfer in pure
luids (or gases) by taking into account conduction, convection, and radiation. This process can be described by

ρf Cf ∂T/∂t + ∇ ·
(
−κf · ∇T + ρf Cf vf T − αf T 3

· ∇T
)

= 0,
∂ρf /∂t + ∇ ·

(
ρf vf

)
= 0,

(5.1)

where ρf , Cf , κf , and vf are the density, heat capacity, thermal conductivity, and velocity of fluid, respectively. αf(
= 16β−1

f n2
f σ/3

)
can be regarded as radiative coefficient where βf , nf , and σ

(
= 5.67 × 10−8 W m−2 K−4

)
are the

Rosseland mean attenuation coefficient, relative refractive index, and the Stefan–Boltzmann constant, respectively. T and
t denote temperature and time, respectively. Physically speaking, the two equations in Eq. (5.1) describe the conservation
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f heat flux and mass flux, respectively. Conductive flux J1 is determined by the Fourier law J1 = −κf · ∇T ; convective
lux J2 is given by J2 = ρf Cf vf T ; radiative flux J3 is dealt with the Rosseland diffusion approximation J3 = −αf T 3

· ∇T ;
nd total flux J T is the summation of conductive, convective, and radiative fluxes J T = J1 + J2 + J3.
Eq. (5.1) is form-invariant under the space transformation from a curvilinear space S to a physical space S ′, which is

etermined by the Jacobian transformation matrix Λ. To prove the form-invariance, Xu et al. wrote down the component
orm of Eq. (5.1). In the curvilinear space with a set of contravariant basis

(
g i, g j, gk

)
and corresponding contravariant

omponents
(
si, sj, sk

)
, Eq. (5.1) can be rewritten as

√
gρf Cf ∂tT + ∂i

(
√
g
(
−κ

ij
f ∂jT + ρf Cf v

i
f T − α

ij
f T

3∂jT
))

= 0,
√
g∂tρf + ∂i

(√
gρf v

i
f

)
= 0,

(5.2)

where g is the determinant of the matrix g i · g j, and
(
g i, g j, gk

)
is a set of covariant basis. Eq. (5.2) is written in the

curvilinear space, which should be rewritten in the physical space with the Cartesian coordinates
(
si

′

, sj
′

, sk
′
)
,

√
gρf Cf ∂tT + ∂i′

∂si
′

∂si

(
√
g
(
−κ

ij
f

∂sj
′

∂sj
∂j′T + ρf Cf v

i
f T − α

ij
f T

3 ∂sj
′

∂sj
∂j′T

))
= 0,

√
g∂tρf + ∂i′

∂si
′

∂si
(√

gρf v
i
f

)
= 0,

(5.3)

here ∂si
′

/∂si and ∂sj
′

/∂sj are just the components of the Jacobian transformation matrix Λ, and
√
g = 1/detΛ. The key

to transformation theory is to turn space transformation into material transformation. For this purpose, Eq. (5.3) can be
rewritten as

ρf
detΛCf ∂tT + ∂i′

(
−

∂si
′

∂si
κ
ij
f

∂sj
′

∂sj
detΛ ∂j′T +

ρf
detΛCf

∂si
′

∂si
vi
f T −

∂si
′

∂si
α
ij
f

∂sj
′

∂sj
detΛ T 3∂j′T

)
= 0,

∂t
ρf

detΛ + ∂i′
(

ρf
detΛ

∂si
′

∂si
vi
f

)
= 0.

(5.4)

hus, transformation rules can be derived as

ρ ′

f = ρf /detΛ,

C ′

f = Cf ,

κ′

f = ΛκfΛ
τ/detΛ,

v′

f = Λvf ,

α′

f = ΛαfΛ
τ/detΛ,

(5.5)

here Λτ is the transpose of Λ. The radiative coefficient is determined by two parameters, namely the Rosseland mean
ttenuation coefficient and relative refractive index. Since natural materials have only a small range of relative refractive
ndexes, it is not necessary to transform relative refractive indexes, namely n′

f = nf . Then, the transformation of radiative
coefficient αf becomes β′

f = Λ−τβfΛ
−1 detΛ. For brevity, they also did not transform relative refractive indexes when

performing finite-element simulations.

5.1.2. Omnithermal metamaterial
To exhibit different influences of the three basic heat transfer mechanisms, Xu et al. chose three different cases in the

simulations. The first case (I): the temperature interval is 300–360 K and background velocity is along +x axis. In case
(I), convection is dominant. The second case (II): the temperature interval is 300–1200 K background velocity is along +x
axis. In case (II), radiation starts taking effects. The third case (III), the temperature interval is 300–1200 K and background
velocity is along −x axis. In case (III), the total flux recedes because convective flux has an opposite direction compared
to cases (I) and (II). When the initial temperatures are set at 300 K, it needs about 80, 30, and 50 mins for the three cases
to reach steady states.

Fig. 5.1 presents the transient simulation results of cloaking. The temperature evolutions with time under three
different cases (say, I, II, and III) are demonstrated in Fig. 5.1(a–d), (e–h), and (i–j), respectively. To avoid the problems of
singular parameters, the boundary at r = R1 is set with insulated and no-flow conditions. In this way, any object can be
placed in the central white regions of Fig. 5.1. Moreover, the background isotherms are kept unchanged, thus confirming
the cloaking effect.

Xu et al. also plotted the conductive, convective, radiative, and total flux of the background in Fig. 5.1(d), (h), and (l)
for quantitative analyses. The distributions of heat fluxes are presented in Fig. 5.2(a–c).

Concentrating effect is shown in Fig. 3 of Ref. [174]. The isotherms in the center of each simulation are more intensive
than those in the background, indicating the presence of larger heat fluxes. Therefore, the concentrating effect is achieved,
as expected.

Figure 4 of Ref. [174] presents the rotating effect. The isotherms in the center of each simulation become horizontal
and high temperatures appear in the bottom, indicating that the direction of heat fluxes is vertically upward. In other
words, heat fluxes are successfully rotated π/2 rad.
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Fig. 5.1. Transient simulations of cloaking. The size of each simulation box is 0.1 m×0.1 m, R1 = 0.024 m, and R2 = 0.036 m, where R1 and R2 are
he inner and outer radii, respectively. The parameters of background fluid are as following: density of the fluid ρf = 1000 kg/m3 , heat capacity of
he fluid Cf = 1000 J kg−1 K−1 , thermal conductivity of the fluid κf = 1 W m−1 K−1 , velocity of the fluids vf = 10−5 m/s, the Rosseland mean
ttenuation coefficient βf = 100 m−1 , and relative refractive index nf = 1. (a)–(d), (e)–(h), and (i)–(l) show the temperature evolutions over time
ith case I, II, and III, respectively. White lines represent isotherms, and color surfaces denote temperature distributions.
ource: Adapted from Ref. [174].

Fig. 5.2. Heat flux distributions in background along x axis. (a), (b), and (c) present the distributions of steady heat flux with the same boundary
conditions applied in the first, second, and third columns in Fig. 5.1, respectively.
Source: Adapted from Ref. [174].

In the above discussion, they transformed flow velocity directly because velocity field is pre-established. This operation
is completely right in mathematics, but extremely difficult in experiments. Therefore, Xu et al. controlled flow velocity
with porous media to ensure feasibility.
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To confirm the theoretical analyses, they also performed finite-element simulations. The first row in Fig. 5 of Ref. [174]
resents the results with transforming the permeability of porous media as η′

s = ΛηsΛ
τ/detΛ. The second row in Fig. 5

f Ref. [174] shows the results with directly transforming flow velocity as v′

f = Λvf /detΛ. As a result, they confirmed the
feasibility of controlling flow velocity with designed permeability by comparing the velocity distributions of two different
methods.

For most commonly used coordinate transformations, it is a challenge to construct an anisotropic radiative conductivity
or a radiative conductivity tensor, which is similar to transformation multithermotics [148]. A convenient method is to
adopt composites made of bulk homogeneous isotropic materials with different Rosseland mean opacities or radiative
conductivities. On the other hand, from a microscopic perspective, the anisotropy in an anisotropic diffusive radiation
model for porous media usually comes from the anisotropic scattering and absorption process. The radiative conductivity
tensor is a complicated function of extinction and scattering coefficients [175]. In general cases, the Beer–Lambert law
might break down and the Rosseland model should be adjusted or generalized [176–178]. Anyway, since one needs a
radiative transport equation with an anisotropic radiative thermal conductivity, in the transformed space, the radiation
process does not need to satisfy all the assumptions of the Rosseland diffusion approximation. But it can be described by
a more general radiative Fourier law.

For experimental demonstration, one can resort to porous media by adjusting thermal conductivities, permeabilities,
and extinction coefficients simultaneously. Fortunately, the experiments on either conduction or convection have been
conducted as mentioned above. Nevertheless, for the current purpose, the crucial challenge lies in combining heat
radiation into the existing frameworks.

Xu et al. established the theory of transformation omnithermotics to control thermal conduction, convection and
radiation simultaneously. In other words, within the theoretical framework of transformation omnithermotics, Xu et al.
had achieved a unification among the three basic modes of heat transfer. They further designed three devices with
functions of cloaking, concentrating, and rotating as model applications. Finite-element simulations are used to confirm
the theory. To ensure the feasibility and completeness of this work, Xu et al. also applied porous media to control flow
velocity. These results have potential applications, say, in solar vapor generation or aerogel insulation, where conduction,
convection, and radiation must be taken into account simultaneously.

5.2. Other methods

5.2.1. Radiative cooling
Radiative cooling is common in real life. For example, people feel cool at night because there is almost no radiation

from the sun, but the earth radiates heat to the outer space [179]. The principle of radiative cooling is shown in Fig. 5.3.
Consider an object which is exposed to the sun. It dissipates heat through radiation but absorbs heat under the direct
sunlight. In addition, natural convention and thermal conduction also affect the temperature. To achieve cooling, one needs
to cover the object with a carefully designed layer to enhance its radiation and reflection of the sunlight. It is known that
the earth has a transparency window in the atmosphere, mostly between 8 and 13 µm. Raman and coauthors [161]
described the net cooling power Pcool(T ) of a radiative cooler as Pcool(T ) = Prad(T ) − Patm(T ) − Psun(T ) − Pcond+conv(T ),
here Prad(T ) is the radiative power, Patm(T ) is the absorbed power due to incident atmospheric thermal radiation, Psun(T )

s the incident solar power absorbed by the object, and Pcond+conv(T ) is the power loss or gain due to convection and
onduction. To achieve the best cooling effect, the radiative cooler must emit strongly and selectively in the atmospheric
ransparency window to maximize Prad(T ), and reflect all other light at visible and near-infrared wavelengths to minimize
atm(T )+ Psun(T ). The advent of nanoscale optical materials represented by photonic crystals and metamaterials makes it
ossible to design materials which can meet the above requirements. Therefore, the research of passive radiative cooling
hrough the atmospheric infrared transparency window has become a hot topic in the field of heat radiation.

In 2013, Fan’s group designed a metal–dielectric photonic structure which minimizes solar absorption and selectively
mits in the atmospheric transparency window by numerical simulations [180]. The photonic crystal is a multilayer micro–
ano structure with periodic holes, whose net cooling power exceeds 100 W/m2. Later, they simplified the multilayer
tructure, and fabricated a photonic crystal which is composed of SiO2, HfO2, and Sliver [161]. This structure can reflect 97
ercent of the incident sunlight while strongly and selectively emitting in the atmospheric infrared transparency window,
nd it can achieve 5 oC below the ambient temperature under the direct sunlight. However, the difficulty and cost of
rocessing seriously limit the large-scale application of this kind of device.
To solve the above problem, some other researchers designed a randomized glass-polymer hybrid metamaterial which

s made of polymethyl-pentene [36]. They randomly inlaid small spheres of SiO2 with an average diameter of eight
icrons on one side of the material and coated the other side with sliver. The 8-micron glass spheres can radiate heat

rom beneath of the material in infrared light of 8-14 µm, which corresponds to the atmospheric transparency window.
eanwhile, polymethyl-pentene and sliver layer will reflect most of incident visible light, see Fig. 5.4(a–b). This kind of
etamaterial has an infrared emissivity larger than 0.93 across the atmospheric window, and shows a 93 watts radiative
ooling power per square meter under the direct sunlight. The most prominent advantage of such metamaterials is that
t can be fabricated at low cost and on a large scale, based on which this type of metamaterials (films) has obtained mass
roduction successfully, see Fig. 4(A) in Ref. [36].
In 2018, some researchers fabricated hierarchically porous poly coatings (vinylidene fluoride-co-hexafluoropropene),

hich have excellent performance of passive daytime radiative cooling [181]. Poly and water were mixed in acetone, and
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Fig. 5.3. Schematic diagram showing the full heat-transfer modes associated with radiative cooling.

Fig. 5.4. (a) Schematic diagram of the hybrid metamaterial. The yellow circles are SiO2 . (b) Schematic of the polymer-based hybrid metamaterial
or large-scale radiative cooling.

ry it in air. The evaporation of the acetone and water results in the formation of micro–nano air cavity inside poly. As a
esult, this coating has a high reflectance of 96 percent in the visible light band, and shows a 96 watts cooling power per
quare meter. Compared with the previous approach, the polymer is convenient to use and easier to fabricate, which is a
romising candidate as a passive radiative cooling material.
It is interesting that the mechanism of radiative cooling exists in nature as well. Say, the silver ant of the Sahara desert

s a typical example. Shi et al. reported that Saharan silver ants are covered with a dense array of hairs on the top and sides
f their bodies [89]. The special arrangement of hairs enhances reflectivity in the visible and near-infrared and enhances
missivity in the middle-infrared, thus protecting ants against getting overheated.
It is known that the sun and the outer space are the two most important thermal resources for the earth. How

o combine solar heating and radiative cooling technology is a challenge. Fan et al. reported the first experimental
emonstration of simultaneously and synergistically harvesting energy from these two resources [182]. Their setup is
omposed of a solar absorber placed on the top of a radiative cooler, which is a selective emitter [183] with a high
ransparency in the 8–13 µm wavelength range. They enclosed the cooler in a vacuum chamber with a ZnSe window,
hich is also transparent in the atmospheric transparency window. The final experimental results show that the absorber
or the cooler) is 24 K (or 29 K) above (or below) the ambient with the same physical area. They offered a new way to
ake renewable energy more efficient.
The above-mentioned experimentally radiative cooling works in dry regions. Liu et al. studied the effect of atmospheric

ater vapor on radiative cooling performance [184]. Their theoretical calculations and experimental results show that the
ooling power decreases and the deceleration is attenuating with an increasing water vapor column. This is because the
ncrement of water vapor causes the radiative cooler to absorb more atmospheric radiation. Their work provides guidance
or practical applications of radiative cooling in different weather.

So far, the radiative cooling technology has been used in many practical applications, including those for making
oods stronger and cooler [37]. Some experiments also demonstrated the excellent effect of radiative cooling on daytime
uilding cooling [185–188]. Firstly, researchers proved the possibility of daytime radiative cooling [185]. A high content
i02 white paint is used to achieve a reduction of two degrees under direct sunlight on a clear day. Then, by using the
ethod of separating daytime and nighttime cooling, researchers proposed an integrated radiation cold system which
an provide efficient and continuous day-and-night cooling. Based on the existing results, this type of system can be up
o 10.6 degrees lower than the surrounding environment at noon [188]. Radiative cooling technology can also be used
o cool solar cells [189–191]. As we all know, solar radiation is necessary for the operation of solar devices, but at the
ame time, the heat caused by radiation will affect the performance of solar cells. To overcome this problem, researches
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roposed a comprehensive photonic approach to reduce the temperature of solar cells. One-dimensional photonic films
re used here to absorb sunlight selectively and meanwhile realize radiative cooling. Experimental results showed that by
pplying the photonic cooler, the temperature of the cell can be reduced by 5.7 degrees [191]. Recently, researchers have
lso used radiative cooling method to collect the dew efficiently [192–194]. Current radiation cooling devices can reflect
lmost all solar radiation, so even under direct sunlight, it can produce dew. What is more, metamaterials, which are
esigned and manufactured with nanotechnology, can achieve radiative cooling beyond silk. They are especially suitable
or making comfortable clothing [195–197].

Obviously, radiative cooling has a huge application prospect, and more work can be expected in this direction. Finally,
t is worth mentioning that, in all the existing application scenarios of radiative cooling, heat conduction and convection
lay an important role too. That is, the integrated effects of heat radiation, heat conduction and heat convection yield the
esired cooling at certain regions.

.2.2. Restructurable metasurface
Recently Wang et al. proposed a class of restructurable metasurfaces to show both illusion in infrared view and

imilarity in visible-light view [198]. They considered three basic modes of heat transfer (omnithermotics) in theoretical
esigns and adopt radiation-cavity effects in experimental manufactures. They also made it feasible to tune surface
emperature and emissivity synergistically.

Wang et al. designed an omnithermal restructurable thermal metasurface for infrared illusion; see Fig. 1 of Ref. [198].
The total thermal radiative energy density Ibb of a black body is determined by the Stefan−Boltzmann law [199], which

s related to the biquadrate of surface temperature Tsur,

Ibb =

∫
∞

0
ubb (λ, Tsur) dλ =

∫
∞

0

2πhc2

λ5

1

e
hc

λkBTsur − 1
dλ

=

(
2π5k4B
15c2h3

)
T 4
sur = σT 4

sur,

(5.6)

here λ is radiative wavelength and ubb (λ, Tsur) is the black-body spectral radiance, which is described by the Planck law.
ere, h is the Planck constant, c is light’s velocity in vacuum, kB is the Boltzmann constant, and σ is the Stefan−Boltzmann
onstant. Consider that an infrared camera captures the infrared signals of an object in a far field for identification, and
he actually received spectral radiance deviates from the result described by Eq. (5.6). This deviation can be described by
pectral directional emissivity εsur(λ, Tsur, θ, φ), which is defined as the spectral-radiance ratio of actual objects to black
odies at temperature Tsur, wavelength λ, and direction angles θ and φ. However, the diffuse-emitter approximation
s reasonable enough in most practical situations without elaborate directed thermal emission. Therefore, the surface
missivity can be simplified as εsur(λ, Tsur). Then, write down the actual radiative energy density Iac,

Iac =

∫
∞

0
εsur (λ, Tsur) ubb (λ, Tsur) dλ

=

∫
∞

0
εsur (λ, Tsur)

2πhc2

λ5

1

e
hc

λkBTsur − 1
dλ.

(5.7)

s the total thermal radiative energy is taken into consideration, the full wavelength emissivity εsur(Tsur) makes sense,
hich can be defined as

εsur(Tsur) =
Iac
Ibb

=

∫
∞

0 εsur (λ, Tsur) ubb (λ, Tsur) dλ∫
∞

0 ubb (λ, Tsur) dλ

=

∫
∞

0 εsur (λ, Tsur) ubb (λ, Tsur) dλ
σT 4

sur
.

(5.8)

xcept for the fact that the intrinsic emissivity affects thermal radiation, they took both signal collection range and
esolution of the infrared camera into consideration. The signal collection range (λ1, λ2) covers the main emission
and according to practical situations. Then, they could adopt the full wavelength emissivity εsur(Tsur) in this scene. The
ombination of Eqs. (5.7)–(5.8) yields the reading temperature Tread as [165]

Tread = C × Iac = C
∫ λ2

λ1

εsur (λ, Tsur) ubb (λ, Tsur) dλ

≈ Cεsur (Tsur)
∫ λ2

λ1

ubb (λ, Tsur) dλ

≈ Cεsur (Tsur)
∫ λ2 2πhc2

λ5

1
hc dλ,

(5.9)
λ1 e λkBTsur − 1
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Fig. 5.5. Different tuning methods. (a–b) A cuboid as a block unit. Conductive flow is comparable with convective and radiative flow in (a), but
ramatically different in (b). (c) Assembly of the units, which construct the whole metasurface.
ource: Adapted from Ref. [198].

here C is a built-in conversion parameter of the infrared camera. Eq. (5.9) indicates that two factors dominate the
nfrared imaging, say, the camera capacity [C, (λ1, λ2)] and the surface properties (Tsur, εsur). Here, modulating the
haracteristic radiative spectrum is of their concern, which depends on the surface properties (Tsur, εsur). Within a limited
surface temperature region, the full wavelength emissivity εsur(Tsur) is treated as εsur, which is independent on Tsur . To
be mentioned, if the surface temperature varies sharply, the coupling relation between εsur and λ should be underlined.
Meanwhile, while the surface temperature difference is large enough between units, the coupling relation between εsur
and Tsur should also be taken into account. Their strategy for controllable infrared illusion includes tuning Tsur and εsur
individually and assembling them in any specific way.

Wang et al. considered a three-dimensional bulk as a unit for the first step, as illustrated in Fig. 5.5(a). They set its
sides to be thermally insulated and place a homothermal source at the bottom. The heat flows in the bulk along z axis and
dissipates into surroundings from the top surface due to thermal convection and radiation. This process contains three
basic modes of heat transfer. In a steady regime, the temperature of top surface Tsur can be determined by the conservation
aw of heat flow,

Jcond = Jconv + Jrad, (5.10)

here Jcond, Jconv, and Jrad are conductive, convective and radiative heat flow density, respectively. The unit’s height is
enoted as Hb and thermal conductivity is κb. The convective coefficient and radiative emissivity of the surface are hb
nd εb, respectively. Moreover, they set the source and room temperatures as T0 and Tair, respectively. The expressions of
cond, Jconv, and Jrad can be written as

Jcond = κb∇T |bulk= κb
T0 − Tsur

Hb
, (5.11a)

Jconv = hb(Tsur − Tair), (5.11b)
Jrad = εbσ (T 4

sur − T 4
air)

= εbσ (T 2
sur + T 2

air)(Tsur + Tair)(Tsur − Tair)
= Rb(Tsur)(Tsur − Tair),

(5.11c)

where Rb(T ) = εbσ (T 2
sur + T 2

air)(Tsur + Tair), representing the radiative ability of the surface. The combination of
Eqs. (5.10)–(5.11c) yields the temperature of the top surface Tsur as

Tsur =
κbT0/Hb + [hb + Rb(Tsur)] Tair

. (5.12)

κb/Hb + hb + Rb(Tsur)
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Hereto, the general solution of the top-surface temperature of a unit is obtained. An iteration of Rb(Tsur) should be
xecuted by calculator to obtain the value of Tsur. Compared with the method reported in Ref. [80] where only κb is
uned, the present scheme has four parametric freedoms for realizing infrared illusion. They are κb, hb, εb, and Hb, involving
he three basic modes of heat transfer. κb and Hb play the role of controlling conductive flow. hb and εb are related to
onvective and radiative flows, respectively. These four parameters can be expressed as

κb =
Hb[hb(Tsur − Tair) + εbσ (T 4

sur − T 4
air)]

T0 − Tsur
, (5.13a)

Hb =
κb(T0 − Tsur)

hb(Tsur − Tair) + εbσ (T 4
sur − T 4

air)
, (5.13b)

hb =
κb(T0 − Tsur)/Hb − εbσ (T 4

sur − T 4
air)

Tsur − Tair
, (5.13c)

εb =
κb(T0 − Tsur)/Hb − hb(Tsur − Tair)

σ (T 4
sur − T 4

air)
. (5.13d)

n fact, only three of them are independent if the surface temperature Tsur of each unit is preset to create specific infrared
llusion. Moreover, these four parameters can be tuned arbitrarily and simultaneously to achieve the designed Tsur of each
unit. Thus, the tuning strategy is flexible. Suppose εb (equivalent to εsur) is uniform in each unit and approximate to that
f a black body. Then, the reading temperature can be estimated by Eq. (5.9) as

Tread1(x, y) ≈ C ×

∫ λ2

λ1

2πhc2

λ5

1

e
hc

λkBTsur − 1
dλ ≈ Tsur(x, y), (5.14)

here (x, y) refers to the central position of each unit.
Note that tuning εb plays a limited role in controlling Tsur due to its maximum value 1, especially in low temperature

regions. Moreover, when Tsur is nearly uniform in each unit under some circumstances, tuning surface emissivity is another
effective method to create illusion because εsur becomes a major impact beyond Tsur in Eq. (5.9). For example, if κb is far
greater than hb and Rb(Tsur), Tsur will reach T0 according to Eq. (5.12). Inversely, it will reach Tair, as shown in Fig. 5.5(b).
Therefore, tailoring emissivity is the only way for creating infrared illusion in the infrared imaging. On the basis of Eq. (5.9),
the reading temperature in this case can be expressed as

Tread2(x, y) ≈ εsur(x, y) × C ×

∫ λ2

λ1

2πhc2

λ5

1

e
hc

λkBTsur − 1
dλ ≈ εsur(x, y) · Tsur. (5.15)

The last step is to assemble these units together in a specific array to create infrared illusion, see Fig. 5.5(c). Each
nit can be regarded as a pixel. The fake surface temperature of each pixel should be distinguishable enough in infrared
maging, so as to make the illusion valid. Therefore, under any conditions, the contrast ratio should be larger than the
ntrinsic resolution of the infrared camera, which is based on the maximum and minimum values of reading temperatures.
herefore, the contrast ratio C can be defined as

C =
Tread

⏐⏐
max − Tread

⏐⏐
min

Tread
⏐⏐
max + Tread

⏐⏐
min

. (5.16)

read can be tailored in two ways. If the three modes of heat transfer are comparable, tuning Tsur solely is enough. According
to Eq. (5.14), Eq. (5.16) can be written as

C1 =
Tsur
⏐⏐
max − Tsur

⏐⏐
min

Tsur
⏐⏐
max + Tsur

⏐⏐
min

. (5.17)

therwise, tuning εsur is necessary to present a distinguishable temperature distribution in the infrared camera. With
q. (5.15), Eq. (5.16) can be written as

C2 =
εsur
⏐⏐
max − εsur

⏐⏐
min

εsur
⏐⏐
max + εsur

⏐⏐
min

. (5.18)

he contrast ratio is determined by the ratio of surface temperature or the extremum difference of effective emissivity,
hich is an intrinsic character of a sort of specifically-designed thermal metasurfaces. The flexible combination of units
ontributes to the reconfigurability, and does not affect the contrast ratio C . Therefore, the thermal metasurface can always
eet the resolution requirement of the detector once the units are designed completely.
Then, they performed finite-element simulations. They aimed to create an illusion of ‘‘FUDAN’’. When tuning κb, keep

b and εb as two constants, so as the other two parameters. Then, the six groups are assembled together as shown in
ig. 5.6(a). For brevity, the entire lower surface is heated with a homothermal source T0 to keep the room temperature Tair
t 300 K. To mimic the real situation, the laterals of the surface are thermal contacted with neighboring units. Fig. 5.6(b–d)
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t

Fig. 5.6. Simulation results of tuning temperature Tsur . (a) Six groups and arrays with letters ‘‘FUDAN’’. (b–g) Temperature distributions with different
uning methods. T0 is set at 350 K and 700 K. For tuning thermal conduction, κb is set as 0.5, 1, 2, 3, 4, and 5 W/(m·K) for six groups while hb is
50 W/m2K and εb is 1. For tuning thermal convection, hb is 5, 10, 20, 30, 40, and 50 W/m2K while κb is 1 W/(m·K) and εb is 1. For tuning thermal
radiation, εb is 0.1, 0.2, 0.4, 0.6, 0.8, and 1 while κb is 1 W/(m·K) and hb is 50 W/m2K. (h–j) Comparisons between theoretical values and simulation
values of Tsur , corresponding to the data extracted from (b–g).
Source: Adapted from Ref. [198].

respectively show the results of tuning κb, hb, and εb at T0 = 350 K, while Fig. 5.6(e–g) are the results at T0 = 700 K.
Under low-temperature surroundings, convection and radiation play a minor role.

Figs. 5.6(h–j) demonstrate the comparisons of Tsur between theoretical results and simulation results under three tuning
modes. They echo well at low temperatures, and show a little shift when the temperature is high. This is because the
thermal interaction between different units comes to appear. Therefore, more heat energy is exchanged in x–y plane,
which has impact on Tsur. One should tune the effective emissivity when the condition goes to extremes (say, Tsur reaches
T0 or Tair).

As presented in Fig. 5.6(d), it has little effect on infrared illusion by tuning radiation with emissivity at low-temperature
condition. However, the engineered emissivities can impact apparent temperature distribution. To modulate εsur, resort
to the surface-cavity effect [200,201]. The cavity structures on the surface promote the block to a higher radiant exitance.
Hence, apparent temperature in infrared imaging will be deviated from the actual one, forming an illusive pattern. For
simplification, the cylindrical structure is adopted because it is easy to fabricate, as demonstrated in Fig. 5.7(a). The process
of heat transfer is between surface cavity and free space, where the angle factor of the cavity can be neglected. According
to Ref. [200], the effective emissivity of an isolated cylindrical cavity εe depends on its area ratio of mouth and inwall,
which can be expressed as

εe = [1 +
S0
S1

(
1
εb

− 1)]−1, (5.19)

where S0 and S1 are the area of mouth and inwall, respectively. εsur is intrinsic surface emissivity. The surface temperature
can be considered as a constant owing to the high thermal conductivities and regular shape of the blocks. The plate surface
only allows heat energy to transfer into the environment, so only the thermal interaction between cavities occurs. Thus,
they derived a quantitative emissivity expression of the whole surface of the block as

εsur = ε′

e ≈ f εe + (1 − f )ε0 = f
[
1 +

S0 (
1

− 1)
]−1

+ (1 − f )εb. (5.20)

S1 εb
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Fig. 5.7. Experimental measurements for different effective emissivities εsur . (a) Cavity structure (upper panel) and effective emissivity principle.
The effective emissivity of a flat surface with cavity (upper panel) is equivalent to εsur of another flat surface (lower panel), which is quantitatively
expressed in Eqs. (5.19) and (5.20). The first column of (b), (c), and (d) shows the photo of experimental apparatus for a human pattern, a machine-gun
pattern, and an ‘‘FD’’ pattern, respectively. And the other three columns display the experimental measurements, each for one observation angle (0◦ ,
30◦ , or 60◦). Note that the experimental apparatus is placed in a heat bath of 50◦C. The unit of numerical values in the color bars is ◦C.
Source: Adapted from Ref. [198].

The area proportion of the cavity f and inherent area ratio S0/S1 help to tailor the effective emissivity of the surface, so
as to form a specific apparent temperature distribution in infrared imaging.

Wang et al. directly examined the practical effects with the infrared camera FLIR E60, whose resolution is 0.1 K. At
different angles to observe, its robustness is confirmed in both infrared and visible-light views, see Fig. 5.7(b–d). It is
worth mentioning that the feature pattern disappears when the surface is coated with an anti-reflection film, and the
reading temperatures become a little higher than the previous ones. This confirms that the cavity engineering method
helps to change the imaging indeed.

The proposed restructurability is essentially distinguished with the common reconfigurability or adjustability [202].
This is because the former is property-invariant but structurally rearrangeable, while the latter is structure-invariant but
property-adjustable.

5.2.3. Switchable omnithermal metamaterial
Both transparency and cloaking are two typical functions of thermal metamaterials. However, there are two restrictions

remaining to be solved: the first one is that the existing studies considered only one or two modes of heat transfer, which
may not be consistent with practical conditions because conduction, radiation, and convection often coexist; the second
one is that transparency and cloaking cannot be switched between each other at will. To solve these problems, based on
the Fourier law, the Rosseland diffusion approximation, and the Darcy law, some researchers [203] proposed an effective
medium theory to handle conductive, radiative, and convective (thus called omnithermal) processes simultaneously. As a
result, they designed an omnithermal metamaterial switchable between transparency and cloaking, which results from the
nonlinear properties of radiation and convection. Finite-element simulations help to confirm the scheme under different
boundary conditions [203]. Such results can inspire the researches on omnithermal metamaterials with switchable
functions, and have potential applications in nonlinear thermotics, intelligent thermotics, and thermal illusion/camouflage.

6. Conclusion and outlook

6.1. Conclusion

In this review, we have introduced the research development of thermal metamaterials for controlling the different
modes of heat transfer on the basis of the different implementation mechanisms described by both transformation theories
and their extended theories. Such theories are called theoretical thermotics for convenience [26]. In view of the current
era of thermal metamaterials, more achievements and breakthroughs can be expected in the near future, ranging from
fundamental theories to industrial applications.

6.2. Outlook

Convective heat flux has a completely different form from the Fourier law for heat conduction (diffusion), and radiative
heat flux with the Rosseland approximation shows a nonlinear thermal conductivity. It can be expected that more devices
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eyond conduction with the Fourier law can be designed by exhibiting the unique nature of convection and radiation.
or example, a nonreciprocal thermal material by spatiotemporal modulation in conduction [204] was reported, which is
ependent on an internal convection-like term for providing nonreciprocity.
In wave systems, gain and loss are commonly introduced to construct a non-Hermitian–Hamiltonian, and non-

ermitian physics has been intensively explored, including but not limited to parity-time-symmetry, anti-parity-time
ymmetry, and topology. In thermal systems, diffusion features inevitable energy loss, which is a natural non-Hermitian
ystem. Therefore, the novel phenomena revealed in non-Hermitian wave systems are possible to be extended to thermal
ystems. Anti-parity-time symmetry is a typical attempt by means of the non-Hermitian property of thermal systems,
hich provides insights into extending the non-Hermitian physics from wave systems to diffusion systems. In addition,
he thermal system where anti-parity-time symmetry is revealed is essentially a convection–diffusion system which has
oth parabolic and hyperbolic properties. Briefly speaking, convection has a hyperbolic property and diffusion has a
arabolic system. Therefore, when convection is dominant, the thermal process is governed by a hyperbolic equation;
hen conduction is dominant, the thermal process is governed by a parabolic equation. Therefore, the introduction of
onvection is crucially important because it essentially changes the equation property. In terms of that wave systems are
enerally dominated by hyperbolic equations, the introduction of convection can also make thermal systems possible to
isplay wave-like properties. A simplest example is that convection can support the propagation of temperature waves
here convection contributes to their propagation and conduction leads to their temperature amplitude decay.
Besides, the classical effective medium approximations play a critical role in designing thermal metamaterials. How-

ver, the theoretical prediction of composites often deviates from practical cases when applied on irregular geometries,
nhomogeneous distributions, asymmetric locations, and anisotropic thermal conductivities. More general theories are
equired to treat such complex systems. Another challenge is the integration of microscopic energy-band engineering
nd macroscopic thermal metamaterial design. As these two methods seem mutually independent for describing heat
ransport from different viewpoints, a bridge is surely to exist because energy transfer is substantial regardless of
escription ways. Then, the techniques on micro- and nano-heat become very important [205,206]. In this direction,
hermal metamaterials need more research about their extensions from the macroscopic scale to the microscopic scale
r even nanoscale [207]. This has both scientific significance and application value due to the different features of heat,
specially at the nanoscale, as already inspired by some initial works [46–48].
Also, nonlinear thermotics, referring to that thermal conductivities are temperature dependent, continues to thrive. On

he one hand, a large number of natural materials have nonlinear thermal conductivities. On the other hand, nonlinear
hermal conductivities provide new functions to conventional thermal metamaterials such as intelligent and switchable
hermal metamaterials. Therefore, more thermal metamaterials with nonlinear thermal conductivities can be expected
o have more practical applications. In addition to natural materials that can bring nonlinearity, other modes of heat
ransfer beyond thermal conduction can also lead to nonlinearity. For example, thermal convection can also give rise to
nonlinear temperature distribution; thermal radiation dominated by the Rosseland diffusion approximation features

he T 4 dependence of temperature, which belong to strong nonlinearity and become a powerful tool to achieve similar
ectification effects [157,158,208] as anomalous conduction in nonlinear lattices [209]. The combination of three basic
odes of heat transfer is more applicable for practical scenarios. More generally, the spatiotemporal modulation of

hermal conductivity, which is a recent research hot point, can also be regarded as nonlinearity, to some extent. This is
ecause that the spatiotemporal modulation of thermal conductivity (and mass density) can also generate an effective
onvective term which contributes to nonlinearity. In the application aspect, macroscopic calculation devices based
n nonlinearity thermotics are promising in achieving thermal-energy-based calculation, which is the counterpart of
hononic computers [209,210]. Moreover, nonlinear thermal conductivities are also beneficial for thermal rectification
nd thermal diode, which have practical applications to achieve one-way propagation in thermal protection or thermal
issipation. Meanwhile, their integration is another challenge for actual applications.
Regarding the practical applications of thermal metamaterials, a severe problem lies in the interfacial thermal

esistance between two different materials, which always results in temperature discontinuous. Fortunately, the interfacial
hermal resistance between macro-scale materials for constructing thermal cloaks with multilayer structures can be small
nough to be neglected according to an analytical method and a numerical method [211]. This provides a theoretical hint
n how to reduce the difficulty of fabricating macroscopic thermal metamaterials by eliminating the interfacial thermal
esistance as much as possible, say, by using the heterogeneous structure of solids and soft matters [21]. Incidentally, it
s worth noting that the interfacial thermal resistance plays a significant role at the nanoscale [212] due to many reasons
ncluding abnormal heat conduction, which has a non-negligible effect on macroscopic devices like thermal cloaks [19].
evertheless, we believe the interfacial thermal resistance is more close to engineering problems than physical problems.
or treating physical problems, one can initially neglect this kind of interfacial thermal resistance to reveal new physics,
s inspired by the roles of abundant ideal models (like ideal gases and free falling) in developing physics. After that, it
ust be carefully considered and tailored for practical applications in engineering.
Metamaterials were first discussed in electromagnetics. After more than ten years’ development, metamaterials have

chieved fruitful results in thermotics. Amounts of novel thermal devices are highly innovative in the entire field of
etamaterials, as we have mentioned before. These researches play a positive role in promoting the development of
etamaterials in various fields, even the interaction with other fields. For example, thermo-electricity metamaterials
re being actively developed. As the governing equations of heat or electricity conduction under steady states share
60
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imilar Laplacian forms, it is intuitional to simultaneously tailor thermal and electrical conductivities in a same way.
ased on this consideration, novel phenomena like cloaking, concentrating, and rotating were achieved in thermo-
lectric fields [19,56,57,71,213]. It is proved that both the transformation theory [19,57] and scattering-cancellation
ethod [56,71,213] can be transplanted to thermo-electric fields. But two issues need to be further addressed in
anipulating thermo-electric fields. One is that if heat and electricity flows are coupled via Seeback coefficients, the
overning equations are no longer Laplacian forms. Do the reported results continue to work? Fortunately, Stedman
t al. [59] have verified that the coupling thermo-electricity conduction equations still keep form invariance under
oordinate transformation. So the transformation theory are valid in coupling cases. It is a challenge to fabricate the
hermo-electric composite structure with anisotropic thermal conductivity, electrical conductivity and Seebeck coefficient
imultaneously. Several experimental schemes exist but have not been verified [59,214]. Another concern is how to
ctivate the scattering-cancellation method in coupling cases. In other words, an effective medium theory for treating
oupling thermo-electric fields needs to be studied. Although some attempts have been executed [97,215], the lack of
xperimental verification will limit its practical applications. Besides, thermo-electric metamaterials may play a role
n raising efficiency of energy generation and management due to its directional functionality. Integration of thermo-
lectric metamaterials and subsistent devices is another enormous problem, especially for further potential utilization. In
ddition to thermo-electricity metamaterials, thermo-acoustic and thermo-magnetic metamaterials remain to be explored.
rosperity in metamaterials is under way and can be expected in the future.
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