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For manipulating heat flow efficiently, recently we established a theory of temperature-dependent 
transformation thermotics which holds for steady-state cases. Here, we develop the theory to unsteady-
state cases by considering the generalized Fourier’s law for transient thermal conduction. As a result, we 
are allowed to propose a new class of intelligent thermal metamaterial — switchable concentrator, which 
is made of inhomogeneous anisotropic materials. When environmental temperature is below or above 
a critical value, the concentrator is automatically switched on, namely, it helps to focus heat flux in a 
specific region. However, the focusing does not affect the distribution pattern of temperature outside the 
concentrator. We also perform finite-element simulations to confirm the switching effect according to the 
effective medium theory by assembling homogeneous isotropic materials, which bring more convenience 
for experimental fabrication than inhomogeneous anisotropic materials. This work may help to figure out 
new intelligent thermal devices, which provide more flexibility in controlling heat flow, and it may also 
be useful in other fields that are sensitive to temperature gradient, such as the Seebeck effect.

© 2016 Elsevier B.V. All rights reserved.
1. Introduction

Heat is one of the most common forms of energy in nature. To 
control heat flux and temperature gradient is both challenging and 
important. In recent years, many attempts have been made toward 
the possibility of manipulating thermal conduction to achieve de-
sired temperature distribution or heat flux patterns [1–3], among 
which the approach with thermal metamaterials has won great 
successes.

In 2008, with the aforementioned attempt, Fan et al. [4] pro-
posed steady-state transformation thermotics (or transformation 
thermodynamics) enlightened by the transformation optics estab-
lished in 2006 [5,6], which has been successfully extended to other 
fields, such as acoustics waves [7–9], elastic waves [10], electric 
currents [11,12], and matter transport [13]. Later, originated from 
the steady-state and unsteady-state transformation thermotics [4,
14–18], researchers have designed plenty of thermal metamate-
rials with novel functions [19–27]. This method promises people 
to manipulate heat flow with more freedom by tailoring thermal 
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conductivities of materials. It is long known that thermal conduc-
tivities vary with temperature, meaning a strong nonlinearity in 
the conduction equation (generalized Fourier equation). The ex-
isting theory of transformation thermotics does not take this ef-
fect into account until we recently put forward the theory of 
temperature-dependent transformation thermotics [28]. The new 
theory not only extended the existing transformation thermotics 
to a broader range of materials with temperature-dependent con-
ductivities, but also offers a different tool to design devices with 
novel functions. However, our last work [28] only describes the 
steady-state cases, namely, the time-independent heat conduction 
process. Since the change of temperature distribution with time is 
always important in real applications, it becomes necessary to pro-
pose a temperature-dependent transformation thermotics which 
deals with the unsteady-state conduction equation. This is just an 
agenda of this work. Then, we take thermal concentrators as an 
example to show how the unsteady-state temperature-dependent 
transformation thermotics works. A thermal concentrator can help 
to raise the temperature gradient in a specific region, which, how-
ever, does not affect the pattern of temperature distribution out-
side the concentrator [19]. Here, we shall propose an intelligent 
concentrator, which can automatically be switched on or off as en-
vironmental temperature changes. Such a concentrator provides a 
different approach to non-invasively control the temperature gra-
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dient in real time, and thereby may help to adjust the efficiency 
of thermoelectric effects [29–31] or thermal energy harvesting cell 
[32] without unexpected interferences to the system. Also, it has 
other potential applications in heat preservation or energy-saving 
machines, and can be employed as building blocks in more com-
plicated facilities.

2. Theory and design method

Our recently established theory of temperature-dependent (or 
nonlinear) transformation thermotics [28] only takes the steady-
state thermal conduction into consideration. As a necessary exten-
sion, here we apply the theory on transient thermal conduction.

Consider the generalized Fourier’s law for transient thermal 
conduction in n-dimension (without heat source),

∂ρc(T )T

∂t
= ∇ · [κ(T ) · ∇T ] , (1)

where ρ is the density, c is the specific heat capacity, and κ(T ) is 
the thermal conductivity tensor which depends on temperature T . 
We take the multiply ρc(T ) as a whole and assume it to be also 
temperature-dependent. By expressing Eq. (1) in a curvilinear coor-
dinate system (xi, i = 1, . . . , n) corresponding to a transformation, 
we have

∂ρc(T )T

∂t
= ∂

∂xi
κ i j(T )

∂

∂x j
T + �i

ikκ
kj(T )

∂

∂x j
T , (2)

where �i
ik is the Christoffel symbol satisfying

�i
ik = 1

2
gil ∂

∂xk
gil = det( J )

∂

∂xk

1

det( J )
, (3)

where g is the metric tensor, and J is the Jacobian matrix corre-
sponding to the transformation. In order to rewrite Eq. (2) in the 
physical Cartesian coordinate system (x′ i , i = 1, . . . , n), we perform 
the variable change from xi to the Cartesian coordinate x′ i and ob-
tain

1

det( J )

∂ρc(T )T

∂t
= ∂ det−1( J )ρc(T )T

∂t

= ∂

∂x′ i

[
Jκ(T ) J t

det( J )

]i j
∂

∂x′ j
T , (4)

where J t and det( J ) are respectively the transverse and the de-
terminant of the Jacobian matrix J . We can see that the desired 
thermal conductivity κ̃(T ) is the same as that for the steady-state 
case

κ̃(T ) = Jκ(T ) J t

det( J )
. (5)

The additional requirement on the metamaterial for the transient 
case is that the multiply of its density ρ̃ and heat capacity c̃ should 
satisfy

ρ̃ c̃(T ) = ρc(T )

det( J )
. (6)

This requirement makes at least one of ρ̃ and c̃ a function of the 
spacial coordinates, and increases the difficulty in designing and 
realizing the device. Later, we shall present a convenient approach 
to handle this problem.

It is shown in our previous work [28] that κ̃(T ) can be ex-
pressed in the following form

κ̃(T ) = J̃ (T )κ0 J̃ (T )t

˜ , (7)

det[ J (T )]
Fig. 1. Schematic graphs of a switchable thermal concentrator when the concentrat-
ing effect is switched (a) on or (b) off. The red lines with arrows represent the flow 
of heat. R1 and R3 denote the interior radius and exterior radius, respectively. R2

and r′ are also indicated, whose meaning can be found in the text. (For interpre-
tation of the references to color in this figure legend, the reader is referred to the 
web version of this article.)

where J̃ (T ) is the Jacobian matrix corresponding to a trans-
formation which varies with temperature, and κ0 is a constant 
temperature-independent thermal conductivity. Similarly, we can 
also have

ρ̃ c̃(T ) = ρ0c0

det[ J̃ (T )] , (8)

where ρ0 and c0 are temperature-independent density and heat 
capacity, respectively. Based on the above expressions, we are able 
to make a thermal metamaterial behave differently at different en-
vironmental temperatures. As a demonstration, we introduce the 
concept of switchable thermal concentrator.

The function of a thermal concentrator is schematically plotted 
in Fig. 1(a), where a polar coordinate system (r′, θ ′) is constructed. 
The device is the gray ring with interior radius R1 and exterior ra-
dius R3. It guides heat flux (indicated with red lines with arrows) 
to travel through its inner region (r′ < R1), and thus increases 
the temperature gradient inside it without disturbing the temper-
ature distribution of the background (r′ > R3). As researchers have 
proved [15,19], this function can be achieved by using a transfor-
mation, r′ = f (r) and θ ′ = θ , where

r′ = f (r) =
{

r R1
R2

, r′ < R1

r R3−R1
R3−R2

+ R3
R1−R2
R3−R2

, R1 ≤ r′ ≤ R3
. (9)

Here, R2 is a constant parameter that satisfies R1 < R2 < R3. Based 
on the original idea of a thermal concentrator, the switchable 
thermal concentrator is a device which only functions at certain 
temperature range. For example, the device can be designed to 
function as a normal thermal concentrator when environmental 
temperature is lower (or higher) than a critical temperature Tc , 
but have no influence on the field profile when temperature is be-
yond (or below) Tc .
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The switching effect can be realized by revising Eq. (9). It is no-
ticed that an identical mapping, r′ = r and θ ′ = θ , does not affect 
the temperature distribution or the heat flux, and by replacing R2
in Eq. (9) with R1 we get exactly the identical mapping. There-
fore we construct a function R∗(T ) which approaches R2 as T
decreases below Tc and approaches R1 as T increases above Tc . 
One convenient form of R∗(T ) with such properties is

R∗(T ) = R1 + (R2 − R1)/
[

1 + eβ(T −Tc)
]
, (10)

where β is a scaling factor. The new transformation for the switch-
able thermal concentrator is then r′ = F (r, T ) and θ ′ = θ , where

F (r, T ) =
{

r R1
R∗(T )

, r′ < R1

r R3−R1
R3−R∗(T )

+ R3
R1−R∗(T )
R3−R∗(T )

, R1 ≤ r′ ≤ R3
. (11)

Next, the desired the thermal conductivity distribution of the de-
vice can be calculated according to Eq. (7). The results written in 
the polar coordinate system are⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

κ̃r(T ) = κ0,

κ̃θ (T ) = κ0, r′ < R1

κ̃r(T ) = κ0

[
1 + R3

r′
R∗(T )−R1
R3−R∗(T )

]
,

κ̃θ (T ) = κ0

[
1 + R3

r′
R∗(T )−R1
R3−R∗(T )

]−1
, R1 ≤ r′ ≤ R3,

(12)

where κ0 is the constant temperature-independent thermal con-
ductivity of the background and the inner region.

The temperature-dependent transformation thermotics for tran-
sient thermal conduction has requirements not only on the ther-
mal conductivity, but also on the density and heat capacity of the 
metamaterial, as expressed in Eq. (8). As for the switchable ther-
mal concentrator, we have

ρ0c0

det[ J̃ (T )]

=

⎧⎪⎨
⎪⎩

[
R∗(T )

R1

]2
, r′ < R1[

1 + R3
r′

R∗(T )−R1
R3−R∗(T )

][
R3−R∗(T )

R3−R1

]2
, R1 ≤ r′ ≤ R3.

(13)

It is noticed that although the thermal conductivity of the inner 
region is not changed according to Eq. (12), the density or heat ca-
pacity of the inner region should be modified. This fact introduces 
additional difficulty. To overcome these problems about ρ̃ c̃, we 
propose an approximate approach which keeps ρ̃c̃(T ) = ρ0c0. Un-
like the widely used approach for transient thermal cloaking [15,
16], it is suggested that no modification is applied on the thermal 
conductivity of the switchable thermal concentrator. The reason is 
that for a concentrator when R∗(T ) approaches R2, det−1[ J̃ (T )] in 
the whole region (r′ ≤ R3) averages to be one,∫ R3

0 det−1[ J̃ (T )]2πr′dr′

π R2
3

= 1

π R2
3

[ R1∫
0

(
R2

R1

)2

2πr′dr′

+
R3∫

R1

(
1 + R3

r′
R2 − R1

R3 − R2

)(
R3 − R2

R3 − R1

)2

2πr′dr′
]

= 1. (14)

Also when the concentrating effect is switched off as R∗(T ) ap-
proaches R1, det−1[ J̃ (T )] = 1 at any space point and no modifica-
tion is required for the density or heat capacity.
3. Results and discussion

After introducing the design of the switchable thermal concen-
trator, we perform finite element simulations with the commercial 
software COMSOL Multiphysics to see how the device works at dif-
ferent environmental temperatures. Without loss of generality, we 
adopt nondimensionalized units in our simulations. The units of 
length, temperature, thermal conductivity and time are defined as 
Lx/8 (Lx is the width of the simulation box), the initial temper-
ature, the conductivity of background κ0 and L2

xρc/64κ0, respec-
tively. A ring with interior radius R1 = 1 and exterior radius R3 = 3
is set in a box with size 8 × 7 as shown in Fig. 1, and the parame-
ter R2 is set as 2. Heat conducts from the left boundary with high 
temperature T H to the right boundary with low temperature T L , 
while the upper and lower boundaries of the simulation box are 
thermally isolated.

The simulation results of the time-dependent heat conduction 
through the device are shown in Fig. 2. The critical temperature 
Tc is set to be 1. According to the discussion aforementioned, 
the density ρ0 and heat capacity c0 are both constant and also 
nondimensionalized to the value of 1. In Fig. 2(a)–(d), when the 
temperature is low (T = 0.7 ∼ 0.9), we see that the device func-
tions as a concentrator throughout the whole simulation time 
(t = 0 ∼ 14), and the heat flow is focused in the core region, where 
the temperature gradient is raised. On the other hand, when the 
boundary temperatures are high enough (T = 1.1 ∼ 1.3), the con-
centrating effect is “turned off” during the same simulation time 
(Fig. 3(e)–(h)). The heat diffuses from left to right as if the device 
is absent. It should be noted that although the factor ρc is not 
multiplied by det( J ), the approximation seems to be good enough 
since the disturbances to the external temperature distribution are 
inconspicuous. Due to the antisymmetry, a switchable concentra-
tor that only functions at high temperature can also be figured out 
in the same way.

The thermal conductivity of such a thermal metamaterial is 
inhomogeneous and anisotropic. As a suggestion for further ex-
periment, we resort to the effective medium theory (EMT) [33,
14,34] by using a multi-layered structure. The concentric structure 
is consisted with alternating layers of two different homogeneous 
isotropic materials with conductivities κA(T ) and κB(T ) to achieve 
a compression transformation effect. This method has been applied 
successfully in the experiments of thermal cloaks based on trans-
formation thermotics [19,16]. For the extension transformation, the 
orientation of the two layers should be rotated an angle of π/2. 
Thus, the compression can be approximated by arraying alternating 
layers along radial direction, and the extension is achieved by such 
arrays along the azimuthal direction. Therefore, considering both 
two transformations, the switchable concentrator is divided into 
400 grids as shown in Fig. 3. According to the EMT, for each alter-
nating unit layer, which is consisted of two homogeneous isotropic 
sub-layers, the following relations exist for the effective parame-
ters,

1

κr(T )
= 1

1 + η

(
1

κA(T )
+ η

κB(T )

)
,

κθ (T ) = κA(T ) + ηκB(T )

1 + η
, (15)

where η = dB/dA . In this work, we set η = 1.
The above equation is reliable in realizing the theoretical de-

sign. However, the resulting forms of κA(T ) and κB(T ) derived 
from Eq. (15) are so complex that they are hard to be realized 
experimentally. For simplification, we propose that instead of get-
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Fig. 2. Results of the finite-element simulations for the switchable concentrator. All the physical quantities adopted are nondimensionalized, as listed in the text. Heat 
conducts from left to right throughout the time and the temperatures on two lateral boundaries are fixed. Upper and lower boundaries are thermally insulated. The critical 
temperature Tc is set to be 1. (a–d) The device functions as a concentrator at temperature below 0.9 and (e–h) the device is turned to be the same as the background when 
the temperature is higher than 1.1. The temperature distribution is denoted by the rainbow color surfaces, while the isothermal lines are indicated by the white lines. We 
take the snapshots of temperature distributions at time (a, e) t = 2, (b, f) t = 6, (c, g) t = 10, and (d, h) t = 14. (For interpretation of the references to color in this figure 
legend, the reader is referred to the web version of this article.)
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Fig. 3. Results of the finite-element simulations for the multi-layered switchable concentrator with 400 grids. The parameters of each grid can be obtained from Eq. (16) and 
Eq. (17). We take the snapshots of temperature distributions at the same time as Fig. 2. Compared to Fig. 2, the behaviors of the device assembled based on the EMT are in 
agreement with the theoretical model. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 4. Temperature gradients within the central region (i.e., the region with a ra-
dius smaller than R1) along x direction at different environmental temperatures 
(defined as the average temperature of the heat and cold sources). As shown in the 
figure, the blue squares and red circles denote the simulation results based on the 
unsteady-state temperature-dependent transformation theory and the EMT, respec-
tively. The x-direction temperature gradient of the background remains constant and 
is noted with the horizontal dashed line, while the critical temperature Tc is indi-
cated with the vertical dashed line. (For interpretation of the references to color in 
this figure legend, the reader is referred to the web version of this article.)

ting the thermal conductivities directly from Eq. (15), we solve the 
limiting case of a normal concentrator,

1

κr
= 1

2

(
1

κA
+ 1

κB

)
, κθ = κA + κB

2
, (16)

where κr and κθ are the original temperature-independent con-
ductivities. Then the desired κA(T ) and κB(T ) can be simply 
expressed by the temperature-involved factors and solutions of 
Eq. (16):

κA(B)(T ) = 1 + κA(B) − 1[
1 + eβ(T −Tc)

] . (17)

The above temperature-dependent conductivity exhibits a sharp 
switch between two values as temperature varies, which can be 
directly achieved through phase-change materials [35] or effec-
tively through shape-memory alloys [36] or shape-memory poly-
mers [37].

After obtaining κA(T ) and κB(T ), we are now in a position to 
test the facility. Under the same simulation conditions, the switch-
ing effect of concentrator is presented in Fig. 3. Obviously, the 
device based on the EMT works as well as the theoretical design.

For clarity, in Fig. 4, the temperature gradient within the device 
is displayed to reflect the effects of switchable thermal concentra-
tor. High values of temperature gradient indicate that the concen-
trating effect is activated. Under different boundary conditions of 
temperature, the variations of the temperature gradients of both 
the theoretical model and the EMT model are shown in Fig. 4. 
As shown in the figure, the thermal metamaterial is sensitive to 
the environmental temperature, and it is thus called intelligent 
thermal metamaterials. In particular, the transition process which 
happens around the critical point Tc (Tc = 1) is sharp. It is also 
seen that the results based on the EMT are in agreement with 
those based on the transformation theory.

4. Conclusions

We have extended the theory of temperature-dependent trans-
formation thermotics to unsteady-state cases by taking into ac-
count the transient thermal conduction equation. As a result, we 
have proposed a kind of switchable thermal concentrator. This con-
centrator can be switched on as a normal thermal concentrator 
when environmental temperature is below (or above) a certain 
critical temperature, and it can be automatically turned off when 
the environmental temperature reaches a value higher (or lower) 
than the critical temperature. With time-dependent simulations, 
we have shown that the requirements on density and heat capacity 
for transient thermal concentrating can be approximately handled 
by simply keeping their original values, which doesn’t introduce 
significant distortion of the temperature field outside the device. 
The switchable concentrating effect has also been achieved with 
the structure constructed by assembling homogeneous isotropic 
materials according to the EMT (effective medium theory). It sug-
gests a viable way for experimental realization of the device with 
materials whose thermal conductivities are temperature sensitive 
such as various kinds of phase-change materials [35–37]. The ef-
fect of the switchable thermal concentrator has been quantitatively 
studied by calculating the temperature gradient within its inner 
region for different temperature fields. The results based on the 
nonlinear theory and the EMT have both showed a sharp decrease 
of the temperature gradient near the critical temperature, indicat-
ing a quick response of our device to the change of environmental 
temperature.
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