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Abstract

We investigate theoretically the effective second-harmonic generation (SHG) susceptibility in graded films of metal–d
random composites with anisotropically shaped particles by invoking the local field effects. Using numerical examp
demonstrate that in the presence of gradation profiles and/or shape effects, graded metal–dielectric films could be use
optical materials for producing a broad structure in both the linear and nonlinear (SHG) response and with an enhan
the nonlinear response.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Nonlinear optical materials with an appreciab
nonlinear susceptibility or optimal figure of me
(FOM) [1–3] are of importance in industrial applica
tions such as nonlinear optical switching devices
photonics and real-time coherent optical signal proc
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sors. In general, many applications of nonlinear op
that have been demonstrated under controlled la
ratory conditions could become practical for techn
logical uses if such materials were available. Mu
work have been done on how to achieve a subs
tial nonlinear optical response or/and optimal FO
in bulk metal–dielectric composites, by invoking t
surface–plasmon resonance[4,5] and by incorporating
structural effects[6–8]. For nonlinear phenomena
Kerr composites, the nonlinear alternating current
sponses have been investigated[9–12]. For nonlinear
effects other than the Kerr effect, Hui and Stroud[13]
.
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be
derived general expressions for the effective susc
tibility for the second-harmonic generation (SHG)
a binary composite of random dielectrics. Recen
these authors have also studied the thickness de
dence of the effective SHG susceptibility in film
of random dielectrics[14] and the enhancement
the SHG in dilute composites of coated small pa
cles[15].

Graded materials with various functionalities a
pear in nature and in fabricated materials. These
terials have many applications as the gradation pro
provides an additional means of controlling the phy
cal properties. In other words, graded materials co
have quite different physical properties from hom
geneous materials[16–22]. To achieve desired opt
cal responses, the technique of gradation is expe
to be useful for a variety of optical materials, e.
metal–dielectric composites and negative-refract
index metamaterials[23,24]. In particular, graded thin
films often possess different optical properties, wh
compared with a film processing the same prop
ties at different locations along the growth directio
For example, a large enhancement in nonlinear o
cal responses was found in a composite of alter
ing, sub-wavelength-thick layers of titanium dioxid
and conjugated polymer[7], which can be regarde
as a graded material. It has also been observed
compositionally graded barium strontium titanate t
films have better electric properties than a single-la
barium strontium titanate film with the same compo
tion [25].

Crucial elements for controlling the linear and no
linear optical properties of metal–dielectric compo
ites include the micro-structure of the composite, p
ticle shape, and the properties of the constituents.
anisotropically shaped metallic nanoparticles, the
onant plasmon bands split for orientations along
major and minor axes. In the case of a large size
pect ratio, the plasmon bands may shift downw
in frequency into the infrared, thus enabling the p
sible use of metal nanostructures in telecommun
tion applications. When compared with spherica
shaped particles, anisotropically shaped metallic
ticles show reduced plasmon relaxation times[26] as
well as enhanced nonlinear responses[27], and may
thus be used as building blocks in a variety of opti
devices. Experimentally, techniques have been de
oped to fabricate rod-shaped metallic nanoparticle
-

t

using lithographic means[28] or anisotropic growth
Recently, it has been demonstrated that ion irradia
in the energy range of mega-electron-volt (MeV) c
also be used to modify the shape of nanoparticles[29].
This ion-beam-induced anisotropic deformation eff
is known to occur not only in a wide range of amo
phous materials[30], but also in crystalline material
including metals[31]. With this advancement in ex
perimental techniques, samples of spheroidal met
particles randomly dispersed in a dielectric host
readily be prepared.

To achieve an enhanced and controllable SHG
functional optical materials is still a challenging ta
(see Refs.[21,32]and references therein). In this Le
ter, we investigate the effects of gradation and/or p
ticle shape on the SHG response in graded me
dielectric films. In these films, the volume fraction
the anisotropically shaped metallic particles varies
the direction perpendicular to the film, i.e., along t
growth direction of the film. The Letter is organize
as follows. In Section2, we derive an expression o
the effective SHG susceptibility of a graded met
dielectric film consisting of anisotropically shap
metallic particles. In Section3, results of model cal
culations are presented for different gradation profi
and shapes. The Letter ends with a discussion and
clusion in Section4.

2. Formalism

We consider a graded metal–dielectric compo
film of thicknessL, with the gradation profile in the di
rection (z-direction) perpendicular to the film (Fig. 1).
If one considers quadratic nonlinearities only, the
cal constitutive relation between the displacement fi
D(z) and the electric fieldE(z) in the static case i
given by[14,15]

Di(z) =
∑
j

εij (z)Ej (z) +
∑
jk

χijk(z)Ej (z)Ek(z),

(1)i = x, y, z,

whereDi(z) andEi(z) are theith component ofD(z)

andE(z), respectively, andχijk the SHG susceptibil
ity. Here εij (z) = ε(z)δij denotes the linear dielec
tric constant, which is assumed for simplicity to
isotropic. Bothε(z) andχijk(z) are functions ofz, as
a result of the gradation profile in thez-direction.
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Fig. 1. Schematic graph to show the geometry of a graded
tal–dielectric composite film with a variation of volume fraction
(a) prolate and (b) oblate spheroidal metallic particles alongz-axis
perpendicular to the film. The electric fieldE is parallel to the gra-
dient alongz-axis.

If a monochromatic external field is applied, t
nonlinearity in the system will generally generate lo
potentials and fields at all harmonic frequencies. F
finite frequency external electric field of the form

(2)E0 = E0(ω)e−iωt + c.c.,

the effective SHG susceptibilitȳχ2ω can be extracted
by considering the volume average of the displa
ment field at the frequency 2ω in the inhomogeneou
medium[13–15,21].

Let p(z) be the volume fraction of the metall
component in the graded film. To calculateε(z,ω),
we invoke the well-known Maxwell–Garnett appro
imation[33]

ε(z,ω) − ε2

Lzε(z,ω) + (1− Lz)ε2

(3)= p(z)
ε1(ω) − ε2

Lzε1(ω) + (1− Lz)ε2
,

whereε1(ω) andε2 are the linear dielectric constan
of the metallic and dielectric components, resp
tively. Here,Lz is the depolarization factor descri
ing the anisotropy of the metallic particles along t
z-axis, with 0< Lz < 1/3 (or 1/3 < Lz < 1) denot-
ing prolate (or oblate) spheroids andLz = 1/3 for
spherical particles[16]. It is worth noting that pro-
late spheroidal particles can more easily be fabrica
than oblate spheroidal particles in experiments us
the method of ion irradiation (see, e.g., Ref.[31]).
For completeness, we discuss both prolate and ob
spheroidal particles (Fig. 2). Implicit in Eq. (3) is the
assumption that the major axes of the metallic p
ticles are aligned perpendicular to the film. Expe
mentally, prolate spheroidal metallic particles can
made highly oriented along the direction of irradiat
ions[31].

The dielectric functionε1(ω) of the metallic com-
ponent is taken to be the Drude form

(4)ε1(ω) = 1− ω2
p

ω(ω + iγ )
,

where ωp denotes the plasma frequency andγ the
relaxation rate. For az-dependent volume fraction pro
file p(z), we can make use of the equivalent cap
itance for capacitors in series to evaluate the ef
tive perpendicular linear dielectric responseε̄(ω) at a
given frequency, i.e.,

(5)
1

ε̄(ω)
= 1

L

L∫
0

dz

ε(z,ω)
.

The treatment of the effective linear response is a
ogous to the effective medium approximation for t
thermal properties of graded films[20].

The calculation of the effective nonlinear optic
response proceeds by applying the expressions
rived in Ref. [13]. The effective SHG susceptibilit
χ̄2ω(z) for the slice of the system at positionz is given
by [14,15]

(6)χ̄2ω(z) = p(z)χ2ωα(z,2ω)
[
α(z,ω)

]2
,

whereα(z,ω) denotes the local-field factor in alinear
inhomogeneous system[13] which, for consistency
with Eq. (3) in gettingε(z,ω), should also be dete
mined by using the Maxwell–Garnett approach. T
result is

α(z,ω)

(7)

= ε2

ε2[1− Lz(1− p(z))] + ε1(ω)Lz(1− p(z))
.

In Eq. (6), χ2ω is the intrinsic SHG susceptibility o
the metallic component. For simplicity, we assum
that the dielectric host is linear. The effective SHG s
ceptibility χ̄2ω of the whole film can then be evaluate
by a one-dimensional integral over the film thickne
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(8)

χ̄2ω = 1

L

L∫
0

dz χ̄2ω(z)

(
E(z,2ω)

E0

)(
E(z,ω)

E0

)2

,

whereE(z,ω) denotes the volume average of the el
tric field within a layer at positionz.

By virtue of the continuity of electric displacemen
there is a relation

(9)ε(z,ω)E(z,ω) = ε̄(ω)E0.

Thus, we obtain

(10)χ̄2ω = 1

L

L∫
0

dz χ̄2ω(z)

(
ε̄(2ω)

ε(z,2ω)

)(
ε̄(ω)

ε(z,ω)

)2

.

Eq. (10), coupled with Eqs.(3) and (5), gives a com-
pact expression for the effective SHG susceptibility
graded films.

3. Numerical results

For illustration, we take a model profile of metall
volume fraction of the form

(11)p(z) = azm,

wherea andm are constants tuning the profile. Wit
out loss of generality, the thicknessL is set to unity,
i.e., thickness is measured in units ofL. Given values
of m anda corresponding to a certain volume fracti
p of metallic component in the film,

(12)p = 1

L

L∫
0

p(z)dz.

For a given profilep(z), if we randomly disperse the
same amount of anisotropic metallic component in
film of thicknessL, the effective SHG susceptibilit
χ0 for therandom film would be[14,15]

(13)χ0 = pχ2ωα(2ω)
[
α(ω)

]2
,

where the local-field factorα(ω) is given by an expres
sion similar to Eq.(7) as

(14)α(ω) = ε2

ε2[1− Lz(1− p)] + ε1(ω)Lz(1− p)
.

By comparing the effective SHG susceptibilitȳχ2ω

with χ0 (seeFig. 3), we can see whether a graded fi
gives an enhanced SHG response, when compar
a nongraded film of random composite with thesame
volume fraction of metallic component.

We have carried out model numerical calculatio
to investigate the effects on the local field factors
Eq. (6) due to the gradation profile, the metallic pa
ticle shape, and the difference in the linear dielec
response between the two constituents.Fig. 2 shows
the effects of different degrees of anisotropy as sp
fied by different values of the depolarization factorLz.
Fig. 2 gives the real and imaginary parts of the effe
tive linear dielectric constant̄ε(ω) (Fig. 2(a) and (b)),
and the real and imaginary parts of the effective S
susceptibility χ̄2ω (Fig. 2(c) and (d)) as a function
of frequencyω/ωp. Also shown is the modulus o
χ̄2ω/χ2ω (seeFig. 2(e)). ForFig. 2 (andFig. 3), we
take the parametersa = 0.8 andm = 1, which cor-
respond to the total volume fractionp = 0.4 accord-
ing to Eq.(12). As Lz decreases, i.e., as the shape
the particles changes from oblate spheroid, to sph
and then to prolate spheroid, the plasmon band
comes broader, and also shifts to lower frequenc
seeFig. 2(b). In Fig. 2(c)–(e), χ̄2ω is normalized by
the intrinsic SHG susceptibility of the metallic com
ponentχ2ω, which is assumed to be a real and po
tive frequency-independent constant. InFig. 2(c)–(e),
there exists a frequency range in which a significan
enhanced SHG susceptibility results, when compa
with χ2ω. As Lz decreases, the frequency range
comes narrower and red-shifted to lower frequenc
(seeFig. 2(c)–(e)).

It is also illustrative to compare the results in t
presence of a gradation profile with that of a ra
dom composite film consisting of the same amo
of metallic (nonlinear) component. InFig. 3, we show
the results forχ̄2ω/χ0, whereχ0 is given by Eq.(13).
The results indicate that a gradation profile may
always enhance the SHG response. Generally sp
ing, one has to carefully make sure of the dielec
contrast, together with composition and gradation p
files, to achieve SHG enhancement in certain range
frequencies.

To further investigate the effects of a gradation p
file, we consider a fixed volume fractionp of the non-
linear component. For a profile of the formp(z) =
azm, Eq. (12) implies that the parametersa and m
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Fig. 2. (a) Re[ε̄(ω)], (b) Im[ε̄(ω)] (linear optical absorption),
(c) Re[χ̄2ω/χ2ω], (d) Im[χ̄2ω/χ2ω], and (e) modulus of̄χ2ω/χ2ω ,
versus the normalized incident angular frequencyω/ωp for layer
metal profilep(z) = azm, for differentLz. Here| · · · | denotes the
absolute value or modulus of· · · . Parameters:a = 0.8, m = 1,
γ /ωp = 0.01, andε2 = (3/2)2.

Fig. 3. Same asFig. 2(c)–(e), respectively, but (a) Re[χ̄2ω/χ0],
(b) Im[χ̄2ω/χ0], and (c) modulus of̄χ2ω/χ0.

are related byp = a/(m + 1). For a given value o
p, we may adjustm (and a) to study the effects o
different gradation profiles corresponding to the sa
value of p. Note thatm = 0 refers to a nongrade
random film.Fig. 4 shows the results at the fixed fr
quency ofω/ωp = 0.2 for different profiles character
ized by the parameterm, for four different values of
volume fractionp = 0.1, 0.2, 0.3, and 0.4. The linear
responses can be enhanced to different extent w
gradation profile (seeFig. 4(a) and (b)). The imaginar
part of the linear dielectric response (Fig. 4(b)) shows
a broad structure with frequency with a broad pe
at frequencies at which the real part shows a sh
drop (Fig. 4(a)), expect for the system with the lowe
concentration of nonlinear component.Fig. 4(c)–(e)
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Fig. 4. Same asFig. 2, but versusm (dimensionless) for differ-
ent total volume fractionp. Parameters:Lz = 0.1, ω/ωp = 0.2,
γ /ωp = 0.01, andε2 = (3/2)2.

shows that the SHG responses are highly sensitiv
the gradation profile. For the same concentration,
may tune the effective response by tuning the conc
tration profile. Note that for a range ofm abovem = 0
(seeFig. 4(e)), there is an increase in the SHG
sponse withm for systems withp > 0.1, showing that
a suitable gradation profile, which amounts to suita
placing a certain fraction of the nonlinear compon
in the system, may provide an optimal SHG respo
for a given fraction of the nonlinear component. O
results show that for small total volume fractionp
(p < 0.1), a uniform profile or a profile that increas
rapidly at smallz is beneficial, while for moderatep
(p > 0.1), there exists an optimal profile for SHG r
sponse. Note that for a given total volume fractionp,
a gradation profile leads to nontrivial response in t
the volume fractionp(z) may be below the percolatio
threshold for same values ofz and above the thresho
for other values ofz. Results of our model calculation
show that a gradation profile is an additional means
tuning the local field effects.

4. Discussion and conclusion

In the present work, we have investigated com
sitionally graded metal–dielectric composite films
which the fraction of the metallic component vari
perpendicular to the film. Enhancement in the
sponse was found for the polarization perpendicula
the film (i.e., parallel to the direction of the gradien
as a result of the continuity of the normal compon
of the displacement field. For the polarization par
lel to the film, the physics is then governed by t
continuity of the tangential component of the elect
field [7]. It is also instructive to extend the present co
sideration to metal–dielectric composites in which
inclusion particles are graded particles, i.e., havin
radial dielectric gradient. In this case, traditional the
ries [34] have to be modified. To this end, a differe
tial effective dipole approximation or a first-principle
approach can be used to study composites of gra
particles[18]. Including nonlinear response into th
consideration, it is expected that an enhanced S
signal will result in a composite consisting of grad
particles.

In summary, we have presented a formalism
evaluating the effective SHG susceptibility in com
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positionally graded metal–dielectric composite film
with anisotropically shaped particles. We also c
ried out model numerical calculations to illustrate t
effects of a gradation profile. It is found that th
frequency-dependent response is highly sensitiv
the degree of anisotropy of the particles. Suita
choosing the shape of the particles and the grada
profile for a given volume fraction of the particles, o
may achieve tuning of an enhanced SHG susceptib
at specific frequency ranges.
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