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Abstract

Under the application of electric fields, the structure of electrorheological (ER) solids can be changed from the body-
tetragonal lattice (ground state) to other lattices. For a particle in the lattice, we derive its dipole factor by taking into accoun
both the local-field effect arising from all the other particles and the multipolar interaction between two touching pa
through the Ewald–Kornfeld formulation and multipleimage method. For simplifying the study, the dipole factors are expresse
in the dielectric dispersion spectral representation exactly. It is found that the electrorotation (EOR) spectrum of ER s
be affected significantly by the structure transformation, and the local-field effect as well as the multipolar interacti
results are well understood in the spectral representation theory. Thus, it is possible to monitor the structure of ER
detecting the EOR spectrum.
 2004 Elsevier B.V. All rights reserved.

PACS: 77.22.Ej; 82.70.-y; 83.80.Gv
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1. Introduction

When a suspension of polarizable particles is s
ject to a strong electric field, the induced dipole m
ment can order the suspended particles into colum
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E-mail address: jphuang@alumni.cuhk.net(J.P. Huang).
0375-9601/$ – see front matter 2004 Elsevier B.V. All rights reserved
doi:10.1016/j.physleta.2004.10.056
These suspensions are called electrorheological (ER
fluids [1]. The rapid field-induced aggregation and
large anisotropy of ER fluids render this material p
tentially important for technological applications[2].
As the external field exceeds a critical electric fie
ER fluids turn into a solid, the ground state of whi
is a body-centered tetragonal (bct) lattice. For the
solids, one[3] proposed that a structure transform
tion from the bct ground state to some other latti
.
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can appear when a magnetic field is simultaneou
applied perpendicular to theelectric field and the par
ticles have magnetic dipole moments. This propo
was verified experimentally and a structure trans
mation from the bct to the face-centered cubic (f
lattices was observed indeed[4]. Recently, it was fur-
ther shown that an alternative structure transforma
from the bct to the fcc structure can also occur
ER solids through the application of electric fiel
only [5].

Electrorotation[6] (EOR) is a phenomenon i
which an interaction between a rotating ac elec
field and suspended dielectric particles leads to a
tational motion of the particles. During the past tw
decades, the EOR has beenincreasing employed as
sensitive tool for noninvasive studies of a broad
riety of particles[7–10]. Also, we have shown tha
either local-field effects or multipolar interactions c
change the EOR spectrum significantly[11–14].

In this Letter, we shall investigate the EOR of E
solids, by including the local-field effect in the lattice
In fact, we have presented an effective medium t
ory (EMT) for considering local-field effects on th
EOR and dielectric dispersion spectra of colloidal par
ticles [12–14]. Unfortunately, the EMT could not b
used to study the detailed structural information. Th
we shall consider the specificstructural information
based on the Ewald–Kornfeld formulation[5,15–17]
instead, and compute the local electric field for a pa
cle in ER solids by taking into account the influence
all the other particles. In particular, since in ER sol
all the particles are touching, the large mutual po
ization interaction is expected to play a role. So,
shall also include the multiple image interaction,
using the multiple image method[18].

2. Formalism

When a spherical particle in an ER solid is subj
to a rotating electric field, the EOR velocity of the pa
ticle Ω(f ) is given by[6]

(1)Ω(f ) = −F Im[Dipole factor],
whereF is a function of the real dielectric consta
of the host fluidε2, the viscosity of the hostξ , and
the strength of the external rotating electric fieldE0.
Here Im[· · ·] denotes the imaginary part of· · · . Eq.(1)
can be considered as an approximation, due to two
sons: (a) The electrical torque on an isolated partic
proportional to the imaginary part of the dipole fac
(also called Clausius–Mossotti factor) as the particl
subjected to a homogeneous rotating electric field.
electric field on the particle in the lattice of intere
is highly inhomogeneous. The torque in this situat
should be computed from the Maxwell stress ten
applied on the surface of the particle or from a mu
polar expansion. (b) The viscous friction of a spheri
particle near other particles is a complicated hyd
dynamic problem. It is anisotropic and, therefore,
angular velocity will become different along the thr
spatial directions. In the present Letter, our focus is
the electric torque, in the sense that we account for
local-field effect in a dense solid, and we shall not
anything about the hydrodynamic torque. Most imp
tantly, Eq.(1) indicates that the EOR spectrum und
investigation is crucially determined by the imagina
part of the dipole factor whereas the coefficientF that
is real serves only as a multiple of the magnitude
the EOR velocity. Hence the calculation of the dip
factor will offer one the exact details on characteris
frequencies at which the EOR velocity reaches ma
mum, as well as a framework of the EOR spectrum

2.1. Effect of long-range interactions

2.1.1. Dipole factor
Let us start by considering the ground state of

ER solid, namely a bct lattice. The bct lattice can
regarded as a tetragonal lattice, plus a basis of
particles each of which is fixed with a point dipo
at its center. One of the two particles is located a
corner and the other at the body center of the tet
onal unit cell. Its lattice constants arec = qζ and
a(= b) = ζq−1/2 along thez- andx- (y-) axes, respec
tively. The volume of the tetragonal unit cell keeps
same,Vc = ζ 3, asq varies. Therefore, the degree
anisotropy of the lattice is given by howq is deviated
from unity. In this case, the uniaxial anisotropic a
has been directed alongz axis.

To induce the EOR of the particles, we apply
external electric fieldE0 in xy-plane. In this case, th
dipole moments,P = P x̂ = P ŷ, are perpendicular to
the uniaxial anisotropic axis. Then, the local fieldE
(e.g.,E = Exx̂, Ez = 0) at the lattice pointR = 0 has
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the following Ewald–Kornfeld form[5,15–17]

Ex = P

2∑
j=1

∑
R �=0

[−C1(Rj ) + x2
j q2C2(Rj )

]

(2)

− 4πP

Vc

∑
G�=0

S(G)
G2

x

G2 exp

(−G2

4η2

)
+ 4Pη3

3
√

π
.

In this equation,C1 and C2 are two coefficients
C1(r) = erfc(ηr)/r3 + 2η/(

√
πr2)exp(−η2r2) and

C2(r) = 3 erfc(ηr)/r5 + [4η3/(
√

πr2) + 6η/(
√

π ×
r4)]exp(−η2r2), where erfc(ηr) denotes the comple
mentary error function, andη an adjustable paramet
making the summation converge rapidly. In Eq.(2),
R andG are the lattice vector and the reciprocal l
tice vector, respectively,R = ζ(q−1/2l1x̂+q−1/2l2ŷ+
ql3ẑ) andG = 2π/ζ(q1/2u1x̂ + q1/2u2ŷ + q−1u3ẑ),
wherel1, l2, l3, u1, u2, u3 are integers. In addition,xj

andRj are respectively given byxj = l − (j − 1)/2
andRj = | �R−(j −1)/2(ax̂+aŷ+cẑ)|, and the struc-
ture factorS(G) is S(G) = 1+ exp[i(u + v + w)/π].

Next, let us apply the result of the local fie
(Eq. (2)) to evaluate the dipole factor̃b′ of the par-
ticle in the lattice via a self-consistent method, th
yielding

(3)b̃′ = b̃

1− b̃ρβ ′
x

,

whereρ stands for the volume fraction of the particle
and β ′

x = 3ExVc/4πP the local field factor, which
was measured in computer simulations[19]. We shall
useβ ′

z andβ ′
x to denote the local-field factors para

lel and perpendicular to the uniaxial anisotropic ax
respectively, which are both a function of the deg
of anisotropyq . Note thatβ ′

z = β ′
x = 1 for bcc lattice,

namelyq = 1. Furthermore, there exists a sum rule
β ′

z andβ ′
x , namely 2β ′

x +β ′
z = 3 [20]. In Eq.(3), b̃ de-

notes the dipole factor for an isolated particle, nam

(4)b̃ = ε̃1 − ε̃2

ε̃1 + 2ε̃2
,

where the complex dielectric constantε̃N = εN +
σN/i2πf , with N = 1,2 for the particles and host, re
spectively. Hereε denotes the real dielectric consta
σ the conductivity,f the frequency of the field, an
i = √−1. From Eq.(4), it is shown thatb̃′ → b̃ as
ρ → 0 (e.g.,ρ = 0.02 used inFig. 2). In other words,
asρ → 0, the case of an isolated particle is reprodu
through Eq.(4), as expected.

2.1.2. Dielectric dispersion spectral representation
For simplifying the study, we resort to the dielect

dispersion spectral representation (DDSR) appro
[13], in an attempt to derive the dielectric strength a
the characteristic frequency at which the EOR veloc
reaches maximum. After introducing a real dielectric
constant ratios = (1− ε1/ε2)

−1 and real conductivity
ratio t = (1 − σ1/σ2)

−1, we re-express̃b′ (Eq. (3)) in
the DDSR as

(5)b̃′ = b′ + 
ε

1+ if/fc

,

with b′ = −1/[3s − (1 − ρβ ′)]. Here, the dielectric
strength
ε and the characteristic frequencyfc are,
respectively, given by

(6)
ε = t − s

[3t − (1− ρβ ′)][3s − (1− ρβ ′)] ,

(7)fc = 1

2π

σ2s[3t − (1− ρβ ′)]
ε2t[3s − (1− ρβ ′)] .

So far, in Eq.(5) we have taken into account the loca
field effect due to all other particles in the lattice
interest and also expressed the dipole factor in
DDSR exactly.

2.2. Effect of multiple images

2.2.1. Dipole factor
In the lattice all the particles are touching, a

hence the large mutual polarization interaction is
pected to play a role. Recently we[11] showed that
this interaction is weak enough to be neglected as
center-to-center separationL between the particles i
larger than 2D (hereD denotes the diameter of th
particle).

Now let us include the multiple image interactio
between a pair of touching particles inxy-plane, by
using the multiple image method[18]. When the two
particles are subjected to anexternal uniform electric
field, a dipole moment is induced into each partic
Let us denote the dipole moment of particles A a
B as PA0 and PB0 (≡ PA0), respectively. Then we
consider the image effect. The dipole momentPA0 in-
duces an image dipolePA1 into particle B. Next,PA1
yields another image dipolePA2 into particle A. As a
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result, multiple images are formed. The same desc
tion holds forPB0. Therefore, we obtain the infinit
series of image dipoles. To this end, we obtain the s
of the dipole moment inside each particle, and then
desired expressions for the dipole factor are obtain
Consider two basic cases: longitudinal field where
field is parallel to the line joining the centers of t
particles, and transverse field where the field is perp
dicular to the line joining the centers of the particle
Based upon the multiple image method[18], the di-
pole factorb̃′∗

(p) is given by

(8)b̃′∗
(p) = b̃′

∞∑
n=0

(pb̃′)n
(

sinhα

sinh(n + 1)α

)3

,

where the polarization indexp = 2 (p = −1) denotes
longitudinal (transverse) field cases, andα satisfies
coshα = L/D which denotes the separation betwe
the particles.

In this case, for calculating the EOR spectrum
the dipole factor of Eq.(1) should be replaced b
(b̃′∗

(p=2) + b̃′∗
(p=−1))/2 which is obtained from the av

erage over all possible orientations of the particles

2.2.2. Dielectric dispersion spectral representation
Again, let us express̃b′∗

(p) (Eq. (8)) in the DDSR.

Then,b̃′∗
(p) has the exact transformation in terms of

infinite series of dispersion strengths
ε
(p)
m and char-

acteristic frequenciesf (p)
mc as follows

(9)b̃′∗
(p) = b′∗

(p) +
∞∑

m=1


ε
(p)
m

1+ if/f
(p)
mc

,

with

b′∗
(p) =

∞∑
m=1

− 4m(m + 1)e−(1+2m)α sinh3 α

3s − [(1− ρβ ′) − pe−(1+2m)α] ,

where the dispersion strength
ε
(p)
m and the character

istic frequencyf (p)
mc are given by


ε
(p)
m = −4m(m + 1)e−(1+2m)α sinh3 α(s − t)

× {
3t − [

(1− ρβ ′) − pe−(1+2m)α
]}−1

(10)
× {

3s − [
(1− ρβ ′) − pe−(1+2m)α

]}−1
,

(11)

f
(p)
mc = 1

2π

σ2s{3t − [(1− ρβ ′) − pe−(1+2m)α]}
ε2t{3s − [(1− ρβ ′) − pe−(1+2m)α]} .
From the physical point of view, the integerm of
Eq. (9) means the number of peaks of electrorotati
Generally speaking, due to the existence of multi
lar interaction, the number of electrorotation peaks ca
be infinite, that is,m → ∞. In the next section, we
shall show that only the smallm plays a crucial role
in the electrorotation spectrum (the effect of largem is
weak enough to be neglected). In the above deriva
we have used an identity sinh−3 X = ∑∞

m=1 4m×
(m + 1)e−(1+2m)X.

3. Numerical results

Fig. 1 shows the dependence of the local-field f
tor β ′

x on the degree of anisotropyq . It is evident to
find thatβ ′

x increase for increasingq . And a plateau
is shown atβ ′

x = 1, which actually includes the bcc
to-fcc transformation. Similar plateau also occurs
other parameters (e.g.,
ε andfc , seeFig. 2) due to
their dependence on the local-field factor.

Fig. 2 is plotted, in order to show concentratio
effects on electrorotation spectra. In this figure, both
dispersion strengths and characteristic frequencie
displayed. It is worth noting that each electrorotat
spectrum can be indicated by using a pair of dispers
strength and characteristic frequency, as respecti
expressed in Eqs.(6) and (7). Fig. 2(a) displays the

Fig. 1. Local field factorβ′
x as a function of the degree o

anisotropyq. Also shown are the bct, bcc and fcc lattices which
respectively forq = 0.87358,q = 1.0 andq = 21/3 (dashed lines).
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and

Fig. 2. Dependence of (a) the dispersion strength
ε and (b) the characteristic frequencyfc on q, for various volume fractionρ at
σ2 = 2.8 × 10−6 S/m, t = −1/90, ε2 = 2.25ε0, and s = −0.045. Hereε0 denotes the dielectric constant of free space. The bct, bcc
fcc lattices are also shown (dot-dashed lines).

Fig. 3. Dispersion strength versus the characteristic frequency for different degree of anisotropy atρ = 0.4 andL/D = 1.01. Note the points
for q = 1.0 andq = 21/3 are overlapped forp = 2 andp = −1, respectively. Lines are a guide for the eye.
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dependence of the dispersion strength
ε on q . We
find that
ε increases for increasingq , which suggests
that largerq leads to larger− Im[b̃′]. Also, increasing
ρ causes
ε to increase, as indicates that the hig
volume fraction of the particles should predict larg
− Im[b̃′] too. In Fig. 2(b), we show the characterist
frequencyfc as a function ofq . For increasingq , fc is
caused to decrease. Thus, a red-shift (i.e., a phen
enon that a characteristic frequency is caused to lo
at a lower frequency) of the EOR spectrum is expec
-

to appear asq increases. Also, for larger volume fra
tion, smallerfc is obtained as well. In other words, th
existence of clusters can make electrorotation spectr
red-shifted.

In Fig. 3, we investigate the dispersion strength v
sus the characteristic frequency for different deg
of anisotropy by takingm = 1 ∼ 100. At a givenq ,
for the longitudinal or transverse field case, incre
ing m leads to sub-dispersions which actually ar
from the effect of multiple images. However, for lar
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m, the dispersion strength tends to zero, that is,
corresponding dielectric dispersion is weak enoug
be neglected. In other words, only the smallm plays
an important role in the EOR spectrum. FromFig. 3,
we find that the effect of multiple images orq has a
stronger effect on the EOR spectrum for the longitu
nal field case than for the transverse field. Moreo
for the longitudinal field case multiple images pl
a role in the low frequency range. For the transve
field case the behavior is the opposite. In a word,Fig. 3
helps to clarify the interesting question of which pol
ization mechanism is present. Regarding the infin
number of subdispersion, we would also like to re
to Fig. 5 of the former work[21] in which we plot
the dispersion strength versusm and found that thes
dispersions accumulate at the dipole ones (this is
reason why we could not see separate peaks).

In Fig. 4, we plot the EOR spectrum which is give
by the imaginary part of the corresponding dipole f
tor − Im[Dipole factor]. Note that the curves predicte
by q = 1.0 (bcc) and 21/3 (fcc) are overlapped for th
case of the lattice with multiple images, as alrea
predicted in the DDSR, seeFig. 3. By comparing the
isolated-particle case with the nonisolated-particle
is found that the local-field effect causes the EO
peak value to increase. Moreover, as we take into
count the multiple images, the peak value is caused

Fig. 4. EOR spectrum given by the imaginary part of the dipole f
tor. Parameters:σ2 = 2.8 × 10−6 S/m, t = −1/90, ε2 = 2.25ε0,
s = −0.045,ρ = 0.4, andL/D = 1.01.
increase again, which is accompanying with the
pearance of a sub-dispersion peak. Thus, we sh
take into account the multiple image effect on the EOR
spectrum. In addition,q is also shown to play an im
portant role in the EOR spectrum. In particular, the b
(q = 1.0) [or fcc (q = 21/3)] lattice exhibits the high-
est peak value as well as characteristic frequency
fact, most of the results have already been well un
stood with the aid of the DDSR (seeFigs. 2 and 3).

4. Discussion and conclusion

We have discussed the EOR spectrum of the
solid which is subjected to the structure transform
tion due to the influence of the local field. Based
the Ewald–Kornfeld formulation and multiple imag
method, the dipole factor for a particle in the ER so
was analytically derived by including the local-fie
effect arising from all the other particles, and the m
tipolar interaction between two touching particles. T
dipole factor has been exactly expressed in the DD
thus simplifying the study.

As a matter of fact, one of the present auth
[22] has applied the multiple image method to tr
the ground state of ER solids and compared favora
with the multipolar expansion method[23]. Although
there is no simple multiple image method for diele
tric spheres, a multiple image method does exist
dielectric spherical particles[24]. Our method is a lo
simpler, albeit somewhat approximate. The previ
version of Ref.[18] adoptedτ = (ε̃1 − ε̃2)/(ε̃1 + ε̃2)

rather thañb = (ε̃1 − ε̃2)/(ε̃1 + 2ε̃2), and thus was ac
curate at high contrast, while it is poor at low contra
Now we have always used theb̃ version, which is also
quite accurate at low contrast since it compares v
well with the integral equation method[25].

It seems difficult to see through the rotating pa
cles deep inside the colloidal crystal. Fortunately,
might observe them indirectly. It is because we do
need to observe all the rotating particles, but we
select some typical ones deep inside the solid,
observe their rotating signals. For instance, we m
embed some permanent magnetic moments into t
selected particles in such a way that their dielec
properties do not change, while they have a magn
field emission. The rotating permanent magnet w
give rise to a rotating magnetic dipole field and o
can detect.
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It is also interesting to extend the present work
deal with the interparticle force[18] of ER solids, in
an attempt to take into account both local-field a
multiple-image effects. On the other hand, we h
not included the effect of an intrinsic dispersion with
the dielectric particles, which, however, is expected
play a role as well[13]. In this case, the present theo
holds as well.

In view of the equilibrium between the electric a
plied torque and the viscous one, we obtain the fa
F = ε2E

2
0/2ξe(ξ), where the effective viscosityξe is

a function ofξ (viscosity of the fluid). The Maxwell–
Garnett approximation[26] usually fails for calculat-
ing the effective viscosityξe of ER solids, due to the
existence of touching particles. We believe that
lubrication theory[27] can shed some light on the e
fective viscosity of the ER solid. In addition, it is o
particular interest to include the lattice effects on
nonlinear ac responses[28] of ER solids, or on the
transient responses of ER fluids to square-wave e
tric fields in steady shear[29]. In view of the variation
of the local field versus the degree of anisotropy (
Fig. 1), we can shed some new light on the harmon
generation[30].

Regarding the electrorotation considered in t
work, the electrorotational torque is proportional to t
imaginary part of the dipole factor (Eq.(1)). In con-
trast, for dielectrophoresis[31], the dielectrophoretic
force is proportional to thereal part of the dipole fac-
tor. In this sense, the present formalism should w
for the corresponding dielectrophoresis, too. Unfor
nately, it seems difficult for dielectrophoretic beha
iors to appear because of the close packing of the pa
ticles in the lattice of interest.

To sum up, we have discussed the EOR spect
of ER solids. Our results have been well understoo
the DDSR. We have found that the EOR spectrum
be affected significantly by the structure transform
tion, and the local-field effect as well as the multipo
interaction. Thus, it is possible to monitor the struct
of ER fluids by detecting the EOR spectrum.
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