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Abstract

Since Frisch’s classical damping oscillator model has failed to explain persistent economic fluctuations very satisfactorily, we
suggest a non-classical oscillator model based on Quantum Mechanics, in an attempt to explain such fluctuations in stock markets.
This is based on the assumption that the value could be a wave packet which decides the probability of each price since the
same stock has a price range rather than a fixed price at different times. In this case, the market is treated as an apparatus that
can measure the value and produce a price as a result. Then, we apply the numerical simulation results to qualitatively explain
persistent fluctuations in stock markets.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Econophysics has received extensive attention since the pioneering works by Stanley and his coauthors in the
1990’s [1], by applying various physical theories and methods to solve problems in economics. Generally, the basic
tools of Econophysics are probabilistic and statistical methods often taken from statistical physics [2].

In 1933, Frisch presented a damping oscillator model which assumes the large change in the economy made
by wars or disasters as the initialized swing and the exchanging costs as the damping which finally attenuates the
swing and recovers the economy to equilibrium [3]. It is easy for us to associate this classical oscillator model to the
fluctuation of stocks. In Fig. 1(a), we can see that the swing shrank quickly, hence a damping factor was introduced
to the damping oscillator model. Nevertheless, this model seems to have a big flaw in that it cannot explain persistent
fluctuations because, if the fluctuation attenuates to the scale less than the minimum unit of the price, the fluctuation
will disappear. However, there are indeed persistent fluctuations in stock markets; for example, see Fig. 1(a). To
overcome such a problem, Frisch introduced another model, namely, a noise-driven model which tried to demonstrate
that any noise in economy can produce a new fluctuation, and this work won the Nobel Prize for him in 1964.
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Fig. 1. (Color online) (a) The daily price trend of Qingling Cement (stock No. 600217 in the Shanghai Stock Exchange (SSE)) from 1 March 2001
to 30 April 2004. In the left part of the chart, the price of the stock began to swing. In the right part of the chart, the swing shrank and formed to a
platform as the straight line shows. The value of the stock was obviously near 30 during this platform and had been unchanged for about 2 years.
Focusing on the platform, we find that the fluctuation still exists and did not shrink to zero. (b) The daily price trend (barchart) of Jien Nickel (stock
No. 600432 in the SSE) from 1 March 2007 to 25 May 2007. T1 is a horizontal trend, T2 is an up trend and T3 is a down trend; SL is the support
level and RL is the resistance level; G1 is a breakaway gap and G2 is a continuous gap.

Nevertheless, from a physical point of view, it seems to be unbelievable that a still pendulum (financial market at
equilibrium) will begin to swing merely because of the collision of air molecules (noises). Some economists began to
reconsider the validity of Frisch’s model [4].

In 1982 and 1983, Day’s two papers introduced Chaos Theory to Economics [5,6]. It was the first time that
economists used a physical method to solve economical problems. Nowadays, Chaotic Economics has become
mainstream in Economics. Besides Chaos Theory, Quantum Mechanics is another technique that physicists use to
solve problems related to fluctuations.

The main aim of this work is to develop a non-classical oscillator model based on Quantum Mechanics [7–9], to
explain some phenomena in stock markets. In order to introduce Quantum Mechanics to Economics, we reconsider
the relationship between the value and the price. As Classical Mechanics always presumes that an object has only a
single place at one time, we usually adopt that the value has a single corresponding price as well. Now we replace this
conception by the assumption that the value is an object like an electron or a photon which can be measured by an
apparatus and that its result measured by the marketplace is the price. In other words, the value could be assumed to
be a wave packet which decides the probability of each price. More details can be found below.

A price always fluctuate near its value (let us first take the value as the price at equilibrium). If the price is above the
value, most people will sell it and make the price turn back to its value. In contrast, if the price is below the value, most
people will buy it and make the price turn back as well. However, if all the people know the value, even though the
price has deviated, it will turn back to the value swiftly and never start to fluctuate again. In this case, the fluctuation
should be an occasional case. However, it is well-known that the fluctuation is universal in stock markets. As Fig. 1(a)
shows, the value of the stock seems to be very definite because the price shrank to a horizontal platform in the end,
as the straight line shows. Nevertheless, if we focus on that platform, we can hardly find a convincing proof that the
fluctuation of the price was shrinking in that period. This contradiction means that not all the people realize the value
or the value is not so simple to be known as a single price. The fluctuation has lasted about two years and everyone can
discover the equilibrium price, so the only possible reason is that the value is not merely reflected as a single price, but
is determined by a probability distribution of the prices. In other words, the value is not as definite as a single price.
To make our statement more clear, let us take lap-tops (being beyond stocks) as an example. We cannot evaluate the
value of a typical lap-top exactly. But we know that it is more possible that the value of the lap-top is reflected as the
price 2000 dollars, rather than one million dollars or one cent. In the meantime, its value may also be 2050 dollars
or 1950 dollars in different markets or even in the same market for different buyers on one day. Similarly, in a stock
market, the same stock can have varying prices for different deals while the value is not changing. Thus, if we have to
evaluate the value by using prices (actually, except for this, we could use morality and any other standards; however,
only the price can be quantified), the value could be seen as a wave packet which decides the probability of each price.
In the meantime, the price is a visible quantity which can help us to observe the value as we expect, since the price
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is a perfect physical quantity which has the amount, the unit (dollar) and even the error (one cent). The market could
be treated as an apparatus that can measure the value and produce a price as a result. So far, our aforementioned aim
appears to be possible.

Based on the above-mentioned assumption, we shall attempt to qualitatively explain some phenomena in the real
stock market by performing numerical simulations. In Section 2, we illustrate some relevant phenomena in the stock
market and present some pictures to make them clear. In Section 3, we begin from the probability distribution of
an oscillator and then discuss its movement according to the change of equilibrium position. We plot some pictures
of simulation results and qualitatively compare them with the phenomena presented in Section 2 satisfactorily. A
discussion and conclusion are given in Section 4.

2. Some phenomena in a stock market

To establish our model, let us first briefly review some general phenomena in stock markets. Fig. 1(a) implies that
the value does not change (see the region indicated by the straight line), but this situation does not always happen in
reality. The supply and demand of the stock is changing from time to time and the value needs to move as well. When
the change of the value is not obvious, the price will move in a trend fashion. Here, a trend can be loosely defined as
continued price movement in a general direction, up, down or horizontal (e.g., see Fig. 1(b)), ignoring the short-term
fluctuations [10]. Actually, many reasons can bring the change of value: for example, the anticipation of capital bonus,
the gradual spread of information, and so on. In many statistical analyses, detrending is a useful tool which makes an
up trend or a down trend to a horizontal one by the way of linear return. Then they can produce a price probability
distribution function (PDF) chart symmetrically, as Fig. 2(a) of Ref. [11] shows. In a long time scale, the movement of
the price satisfies a random walking model and the PDF is a Gaussian distribution. In a short time scale, the movement
of the price is no longer a random one and the PDF becomes a non-Gaussian one [11].

Once the trend of the stock has shaped, it does not always go straight ahead in the trend. The prices of stocks
are often limited in their movement when they encounter support and resistance levels (shown as Fig. 1(b)). Support
and resistance form at areas of excessive demand (buyers providing a support level) or supply (sellers providing a
resistance level). Once support or resistance levels are penetrated or broken, prices are once again free to move into a
new relative high or new relative low territory [10]. Support and resistance levels are special areas at which the volume
often augments because people are sensitive to these special prices. However, if one uses a detrending tool to solve
the price movement, one has to ignore the existence of these prices and give up finding the reason behind them. By
using the simulation in Fig. 3, we will show how such trend is formed and why it can be detrended by linear return.

When the value changes significantly, the price will move swiftly and leave a gap behind it. A gap, as commonly
used by chart technicians, is defined as a price range at which (at the time that it occurred) no shares change hands
(i.e., there is no exchange volume). This price range is named a window. The up gap on a daily chart is produced
when the lowest price at which the stock is traded on one day is higher than the highest price on the preceding day.
Conversely, a down gap on a daily chart is produced when the highest price at which the stock is traded on one day
is lower than the lowest price on the preceding day [10]. There are at least two kinds of gap: a breakaway gap and a
continuous gap. After the gap has formed, the price has two choices of direction: going ahead or turning back. If the
price chooses to go ahead and leaves the window vacuum, we call such a situation a breakaway gap. Conversely, if
the price chooses to turn back to fill the window, we call such a situation a continuous gap. In Fig. 1(b), we can also
see such two kinds of gap.

3. Non-classical oscillator model

Since the value could be a wave packet which decides the probability distribution |Ψ0(x)|2 of each price (the price
used in our model actually denotes the logarithm of the actual price in markets), we may resort to a non-classical
harmonic oscillator model to make the fluctuation as the necessity. According to Quantum Mechanics, there is

Ψn(x) = Nne−
α2x2

2 Hn(αx), (1)

where α =

√√
mk
h̄ , Hn(αx) can be recognized as Hermite polynomials, and Nn as the normalization constants. In Eq.

(1), position x represents the logarithm of actual prices in stock markets. The PDF (probability distribution function)
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|Ψ0(x)|2 of the oscillator with the ground state (n = 0) is a Gaussian distribution with the standard deviation

σ =
1

√
2α

=

√
h̄

2
√

mk
. (2)

By investigating the standard deviation (Eq. (2)) and the capital of the stocks in stock markets, we assume that the
capital is equivalent to

√
m as an analogy. Further, we assume k to be the calmness of the stock which reflects the

rationality or inactivity in the stock market. If k is large, that means the consciousness of this stock is high, so few
speculators take part in it; this corresponds to a thin market. Inversely, if k is small, that represents an active market:
the consciousness of the real value is low.

Fig. 2(a) is the probability distribution of the non-classical harmonic oscillator with the 20th energy level at σ = 1.
It has 21 peaks and 20 troughs. When the price is moving and reaches a position of a peak, the price should have a
rest and the shares change hands to form a peak so that the price can move in the direction of the trend again. On the
other hand, when the price is moving and reaches a position of a trough, the price would not have a rest but go straight
ahead or even leave a gap behind it. By observing the position of the peaks and troughs, we discover that the peaks
and troughs in the middle are equidistant, as Fig. 2(b) shows. When the price passes the middle of the price change
range (within an up, down, or horizontal trend) swiftly, the most notable energy state will not attenuate so much or
lose its dominant status. As a comparison, when we check the log price–volume plot of the stocks in the Shanghai
Stock Exchange (SSE), we find that the middle peaks can indeed be equidistant; see Fig. 2(c)–(f).

An important property of these wave functions or, say, eigenfunctions of the non-classical harmonic oscillator is
completeness, which means that any well-behaved function can be expanded in a series of these eigenfunctions [12].
This completeness can help us to explain all the probability distribution functions. Below, we would like to simulate
real cases by using some simple methods.

When the evaluation to the value has been changed, the price cannot maintain a stationary Gaussian distribution
in the previous position. It could become a wave packet, try to move to the new position and reflect the latest value.
We assume that the eigenstates under the previous value are |a〉 and the eigenstates under the latest value are |b〉.
Further, we assume that the price has already been on the ground state, |0〉a , under the previous value. Expand this in
the representation of |b〉, and we can get

|0〉a =
1√
eλ2

∞∑
b=0

λb

√
b!

|b〉, (3)

where λ =

√√
mk

2h̄ 1x , with 1x being the change of value. The weight of each eigenstate in Eq. (3) depends on λ.

The orders of dominant eigenstates are the integer within [λ2
− 1, λ2

]. When we perform a numerical simulation,
we do not need to overlap all the eigenstates (from the ground energy state to the infinite energy state). We can omit
the higher energy states which have little effect on the overlapping function because these energy states attenuate
quickly and hardly remain or even never exist. In other words, they cannot be detected by the marketplace. According
to experience, we shall only overlap the eigenstates from the ground energy state to 10th energy state and ignore the
others when λ is 2 (Fig. 3). As Fig. 3(a)–(c) shows, the peak is closely near a Gaussian one.

The oscillator we are discussing should not be a stationary one because we want to observe its behavior during the
value re-evaluation. We add eiEN t as the oscillating factor and omit energy states higher than the 10th:

|Ψ(t)〉 =
1√
eλ2

10∑
N=0

eiEN t λN

√
N !

|N 〉, (4)

where EN = (2N + 1)E0. This oscillating factor comes from Schrödinger’s equation and E0 is the energy of the
ground state. In Fig. 3, we can see that the wave packet is oscillating, and the trace of its peak is like a damping
oscillator [13].

The oscillating wave packet is not enough to describe the movement of the price. As the damping harmonic
oscillating model was added a damping factor by Frisch, we add attenuating factors CN (t) to insure that the
overlapping state would attenuate to the ground energy state in the new representation |b〉. It is worth noting that
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Fig. 2. (Color online) (a) The probability distribution of the 20th energy state. (b) The position of the peaks or troughs in (a) are equidistant.
(c) Semilog plot of the daily price of Fenghua Pen (stock No. 600615 in the SSE) from 24 June 2005 to 23 December 2005. (d) and (e) Log
price–volume distribution during phase 1 and phase 2 in (c). (f) The middle peaks of both phase 1 and phase 2 are equidistant.

CN (t) is a function of time t . We assume that the decay rate is directly proportional to the order of the energy state N :

dCN (t)

dt
= −NµCN (t), (5)

where µ is the attenuation coefficient. The expression of Eq. (5) indicates that the decay rate at high energy levels is
faster whereas at low energy levels it is slower, and that the rate at the zeroth (ground) energy level is zero (namely,
without decay). In order to reserve the dominant energy state with λ = 4, we only omit the energy states higher than
the 20th (for which the reason is that, even though they are unseen right now, they can attenuate to lower energy states
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Fig. 3. (Color online) Numerical simulations at (a) t = 0, (b) t = 0.75 and (c) t = 1.25, which represent the first swing in (d). It is apparent that at
any time, the distribution of the price is nearly a Gaussian one. (d) The movement of the peak is like a damping oscillator, and during the periods
(indicated by the two straight lines, respectively), the movement is almost a uniform motion.

and will come to appear), and then we obtain

dC20(t)

dt
= −20µC20(t), (6)

dC19(t)

dt
= −19µC19(t) −

dC20(t)

dt
, (7)

· · ·

dC0(t)

dt
= −

dC1(t)

dt
. (8)

The initial value of these attenuating factors at t = 0 is

CN (0) =
λ2N

N !
. (9)

We solve the equations and put these factors into Eq. (4):

|Ψ(t)〉 =
1√
eλ2

10∑
N=0

√
CN (t)eiEN t

|N 〉. (10)

Let λ = 2, which means a slow change in price, and µ = 1, which means the market absorbs the news quickly
(compared with a smaller value, µ = 0.24, used for Fig. 4), and set E0 = 1; then we can get the simulation plot in
time series, see Fig. 3. The movement of the peak is like a damping oscillator; however, at any time the price of the
stock is no longer a definite point but nearly a Gaussian distribution, for the cases without detrending. In the periods
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Fig. 4. Time series of numerical simulations at t = −1.8, 0, 1.5, 2, 4.8, and 7.8. (a) corresponds to phase 1 of Fig. 2(d) which has apparent peaks,
(b) is the critical time of phase1 and phase 2, (c) and (d) correspond to phase 2 of Fig. 2(e) in which a wave packet is moving but the positions of
the peaks do not change, (e) corresponds to a phase whose peaks become vague, and (f) corresponds to a phase whose peak shrinks to a Gaussian
distribution.

indicated by two straight lines in Fig. 3(d), the movement of the peak is almost a uniform motion. That is why we can
still find out a Gaussian distribution after detrending the data.

As Fig. 3 cannot present the property of equidistance, we would like to change the factors and make a second
simulation. We take λ = 4 and µ = 0.24 for plotting Fig. 4. Here λ = 4 indicates the orders of dominant eigenstates
belong to [λ2

−1, λ2
] = [15, 16], thus meaning a rapid change in price due to Eq. (5). And µ = 0.24 means the market

absorbs the news slowly. Let us set E0 = 1 again, and then we get the simulation plot in time series (see Fig. 4). We
do not start from t = 0, because the plot of t = −1.8 is a better initial situation which is similar to Fig. 2(d). More
detailed comparisons between the simulations and the real data have been clearly addressed in the caption of Fig. 4.

4. Discussion and conclusion

Here some comments are in order. If the people know the real price, no one is willing to sell the goods at a lower
price or buy the goods at a higher one. This is the reason why we chose an oscillation system. However, a classic model
cannot solve the problem because people seemingly do not always sell at a higher price and buy at a lower one. We
have kept a rule, namely, selling at higher prices and buying at lower, because in Quantum Physics such a rule for the
oscillation model actually only means a potential of movement, rather than a real movement. Further, such a potential
of movement can be changed into any other energy potential forms. Then, we had to reconsider the two key issues:
whether all the people know the real value and whether the value can be presented by a single price. Obviously, not
all the people in the market know the real value, and actually the professionals might also make mistakes in predicting
it. Moreover, the value can be a distribution of the price series, rather than a single price, as already demonstrated
in Section 1. Thus, we have assumed that the value could be a wave packet which decides the probability of each
price. In this case, the market is treated as an apparatus that can measure the value and produce a price as a result.
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That is, the price is a visible quantity which can help us to observe the value. In a word, this work has proposed a
new point of view about the relationship between the value and price, and has attempted to describe the movement
between the price and value, thus qualitatively explaining the persistent fluctuations in stock markets.

We have used the conception of the measurement in Quantum Mechanics to analogize that a single price is the
result of the measurement of the value. Moreover, we also mentioned that the mass in Mechanics corresponds to an
expression with the capital and that the elasticity accords with the calmness of the market. However, we only know
that there should be some relationship between them. This is subjected to further research, in order to obtain perfect
expressions for the relationship. Here we established such a relationship between them, in order to do a qualitative
comparison between some relevant phenomena in stock markets and our numerical simulations.

In general, there are two kinds of financial analysis: fundamental analysis and technical analysis. Fundamental
analysis is a method of forecasting share prices based on the study on company performance and basic economic,
political and environmental factors such as supply and demand, economic statistics, government policies and the
financial accounts of companies. Technical analysis is a method of predicting the future direction of prices by studying
charts of past market action. Technical analysts, or chartists, try to predict future prices on the basis of how prices move
up and down, rather than why they have moved. In this work, we first assumed that we know the exact equilibrium
position of the value which can be obtained by fundamental analysis and then simulated the behaviors of the wave
packet during the price movements which are common in the technical analysis. Therefore, this work can be deemed
as a new kind of technical analysis. The present model offers a possible opportunity of explaining historical data in
stock markets. We should recognize that it is not able to explicitly predict the future prices in stock markets by using
this model, similar to many other existing economic or physical models, at least so far.

We have used the data from the SSE. Some people might argue the authenticity of the exchange data because some
stocks are thought to be manipulated. However, the artificial price will be exposed to the public by the other experts.
No one or no group can control the market and the evaluation of the value thoroughly. Many times even governments
have not had the power to salvage the stock market or restrain a bubble in the stock market. Some manipulators in the
stock market realize the value of the stocks since they have some private information beforehand. On the one hand,
they cannot change the status of the companies. On the other hand, they can confuse the other investors by some fake
exchanges. They try to maintain the price before the real value of the stock is realized by the other investors, so that
they will have enough time to buy or sell the stocks. They also try to maintain the range of swing, so that they can
make much more profit. Through our model, we know what they try to do is to change the attenuating coefficient µ.
Therefore, we believe our model is valid for various kinds of data existing in stock markets, no matter whether from
China, Europe, America, or elsewhere. We also believe our viewpoint about the relation between the value and prices
can be used to study many financial products, beyond stocks.

Our work offers a direct demonstration of a possible role of Quantum Mechanics in financial markets, which
echoes the previous claim that it is possible to obtain the Quantum Mechanics principles by using information and
game theory in Econophysics [7] since rationality is the universal invariant among human behavior, universe physical
laws and ordered and complex biological systems.

To sum up, we have presented a non-classical oscillator model, in order to qualitatively explain the persistent
fluctuations in stock markets. This model is based on Quantum Mechanics, by seeing that the value could be a wave
packet which decides the probability of each price.
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