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Under the influence of the next-nearest-neighbor interaction, we theoretically investigate the occurrence of Bloch
oscillations in zigzag waveguide arrays. Because of the special topological configuration of the lattice itself, the sec-
ond-order coupling (SOC) can be enhanced significantly and leads to the band alteration beyond the nearest-neighbor
model, i.e., the offset of minimum value from the band edge. Contrary to the behavior in the vanishing SOC, the os-
cillation patterns exhibit new features, namely, a double turning-back occurs when the beam approaches the band
edge. Our results can be applied to some ordered-lattice systems. © 2010 Optical Society of America
OCIS codes: 130.2790, 230.7380.

The coherent dynamics of waves in periodic lattices is a
rich branch of scientific research because of its funda-
mental phenomena and applications [1,2]. One interest-
ing example is Bloch oscillation (BO). So-called BO
occurs when wave packets do not follow the direction
of a driving force but instead perform an oscillatory mo-
tion. A considerable amount of BO activity has been stu-
died in a variety of physical systems [3–6]. In all these
diverse contexts, BO was investigated in lattices whose
sites are reasonably assumed to be nearest-neighbor
coupled. Nevertheless, in some typical situations, the
long-range interaction appears as an intrinsic feature of
the system that cannot be eliminated. For example, the
next-nearest neighbors in polymer chains have remark-
able relevance for energy transfer [7]. However, to the
best of our knowledge, BO in ordered lattices with sec-
ond-order coupling (SOC) has not yet been investigated.
The reason is obvious: the strength of SOC is too small to
observe its effect. In view of its importance, it is natural
to ask how to engineer lattices to enhance SOC and, thus,
how SOC affects the dynamics of waves, which have mo-
tivated our present study. As expected, we reveal some
new features of BO’s evolution, compared with the con-
ventional behavior (see, for instance, [2]).
In this Letter, we show that waves propagating in sys-

tems with SOC can be nontrivial Bloch oscillations. For
demonstration purposes, we investigate the evolution of
light in waveguide arrays (one kind of accessible and
widely used realization of the lattice model [8,9]). The ex-
tended interactions are introduced through a special topo-
logical arrangement of the single guide, leading to strong
and observable SOC. The band structures are modified
within the Brillouin zone, accordingly. As a result of this
band alteration, the oscillation patterns present a double
turning-back at the band edge. Correspondingly, the
phase diagram shows nontriviality.
The optical lattice system under investigation is

formed by a single-mode waveguide, as depicted schema-
tically in Fig. 1 [10]. All waveguide elements are identical
and equally spaced from each other. However, they are in
a two-layer arrangement and the distance between the
layers is close enough so as the modal fields supported
by these waveguides overlap; as a result, cross talk takes

place. Such a zigzag arrangement serves as a planar array
with defined SOC [10–13]. The corresponding discrete
evolution equation yields the band structure of the lat-
tices, i.e., the dependence of the longitudinal wave vector
component kz on the transverse Bloch momentum
kx (normalized in π=d): kz ¼ β0 þ 2κ1 cosðkxÞ þ 2κ2×
cosð2kxÞ [10–13]. Here β0 represents the propagation
constant of a waveguide. The dispersion relation is de-
picted in Fig. 1 for two different values of SOCs, namely
Λ ¼ 0:0 and 0.7. First, we would like to discuss the prop-
erties of the dispersion curve at the limit Λ ¼ 0. In this
case, the dispersion curve attains a maximum at kx ¼ 0.
We can also notice that, at the edge of the Brillouin zone,
i.e., kx ¼ π=d, the dispersion curve reaches a minimum.
In other words, the dispersion relation is a monotonic
function in the zone. However, as clearly seen from
Fig. 1, the properties of the dispersion relation can be

Fig. 1. (Color online) Band structures of waveguide arrays
with (without) next-nearest-neighbors coupling. The inset gives
the waveguide array. The zigzag arrangement is designed to en-
hance the SOC. Here x is defined as the transverse dimension
and z as the propagation dimension. The distances between the
guides and between the layers are denoted with d and dL, re-
spectively, and κ1ð2Þ denotes the first (second)-order coupling
resulting from the field overlap. The parameter Λ ¼ κ2=κ1 is in-
troduced to describe the ratio between second- and first-order
coupling strength.
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drastically altered for the SOC. It exhibits a nonmono-
tonic behavior compared to that with vanishing SOC.
The minimum value is in the middle of the Brillouin zone
instead of the band edge. Here, we show that it is the de-
viation of the dispersion minimum that plays the key role
in changing the behavior of the BO.
To obtain the desired BO, we superimpose a linear po-

tential across the array βn ¼ nσ. Here, the transverse po-
tential acts as an analogue of external driving force F and
is directly related to the refractive index change between
the adjacent waveguides. This variation can be achieved
by either electro- or thermo-optically changing the effec-
tive index of the waveguides [5,14,15] or by using a
curved waveguide array [2].
In the problem involving light moving in lattices, we

could set about solving the Schrödinger equation. How-
ever, it is well known that wave-packet solutions of the
Schrödinger equation follow the same trajectories as clas-
sical particles, obeying the equations of motion derived
from the Hamiltonian in the classical pictures (Erenfest
theorem) [16,17]. Hence, to get an insight into the ray tra-
jectories, let us analyze the quasi-classical pictures first.
Figure 2 displays the depth-dependent band diagram un-
der the gradation, and we can find the peculiarity of the
band diagram to the SOC case. Clearly, the band region
is separated into two sections. This originates from theoff-
set of the dispersion minimum from the band edge, which
causes the spectrum line of theminimum to appear on the
lower side instead of that of the band edge. In the dynamic
scenario, for the rays initially n ¼ 10 and kx ¼ 0, the sub-
sequent motion is governed by the Hamiltonian equations
[17]. The linear potential causes the beam to gain trans-
verse Bloch momentum and accelerates the momentum
to drift through the reciprocal space from kx ¼ 0 to
2π=d. At z ¼ zB=2 (zB is BO’s period), the ray touches
the band edge, while transverse momentum reaches
kx ¼ π=d. At this point, we have a Bragg reflection. How-
ever, during this propagation, one additional process ap-
pears to result from the aforementioned offset. That is,
before encountering the band edge, the pulse is first re-

flected back by the bottom of the band; otherwise, it
would be in the bandgap. After a cycle, the reformation
of the light distribution occurs at the input position. This
yields the full series of displacement. Hence, when light
waves are incident on the system, waves are reflected
at three turning points. These turning points include the
band top, bottom, and edge. Apparently, the first two po-
sitions correspond to the bandgaps, while the reflection at
the band edge is due to the Bragg resonance. This is quite
different from the conventional behavior, of which two
turning points are included, i.e., band top and edge.

Let us move to the phase diagram. The trajectories of
evolution in the phase space ðhni; hkxiÞ, shown in Fig. 3,
indicate that the phase diagram is enriched as compared
with typical investigations [16]. The BO of SOC develops
a waist-shaped track, whereas conventional BO corre-
sponds to the other orbit. The cross point at kx ¼ π=d
of these orbits is directly related to the Bragg resonance
of light, which is shared by both cases.

Let us now turn to a formal discussion beyond the qua-
siclassical analysis. The field evolution in the case of lin-
ear potential can be described by a modified discrete
model as follows [8,9]:

−ι dan
dz

¼ σnan þ κ1ðanþ1 þ an−1Þ þ κ2ðanþ2 þ an−2Þ:

Assume the Gaussian beam

W ∝ expð− ðn − n0Þ2
W2

0

Þ expðιkxdÞ

is initially centered at n0 ¼ 10 and carries phase differ-
ence kxd ¼ 0. In the vanishing SOC regime (κ2 ¼ 0),
e.g., the investigations of [5,6,14], the well-known BO
graph of light can be found in Fig. 4(a). Conversely,
please note that in Fig. 4(b) the oscillation pattern of
SOC differs from the conventional BO. Evidently, the
pulse oscillates in the same transverse spatial range,
and an additional process on the basis of the conven-
tional BO, namely, double turning-back, appears. This
is why we call it nontrivial BO. It is obvious that the offset
plays a key role in the path back and forth. The effect of
SOC on the oscillation patterns is even more pronounced
when the ratio Λ increases.

Fig. 2. (Color online) Band diagram of waveguide arrays
superimposed; the linear potential σ ¼ 0:2. Crossed areas cor-
respond to the gaps, while the white areas indicate the band.
Clearly, the band is separated into two sections by the band
edge. Parameter: Λ ¼ 0:7.

Fig. 3. (Color online) For the same linear potential nσ, the or-
bits hni − hkxi in phase space for lattices with various SOCs.
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By comparing Figs. 4(a) and 4(b), we can find some
remarkable features. First, the periods of nontrivial
and trivial BO are equal. We can look for the reason with-
in the semiclassical pictures. In the reciprocal space, the
beam will scan the Brillouin zone periodically, leading to
the estimate of the oscillation period TB ¼ 2π=F . Appar-
ently, the BO period is only relevant to the tilting of the
band. On the other hand, as observed in Fig. 4, the trans-
verse spatial extension of oscillation is dependent on the
SOC. Within a half of the oscillation period, the beam is
displaced by L ¼ Δ=F , where Δ denotes the width of the
band. Because of the introduction of SOC, the bandwidth
of zigzag arrays is broader than that of the chain case,
which accordingly causes a larger transverse range.
Herein are some comments. It is a known fact that

BO almost directly reflects the band structure [18].
Figure 4(b) displays that the evolution pattern reproduces
the shape of the band of our SOC model. This provides a
good example to demonstrate the general validity of the
relationship between BO and the corresponding band
structure [17]. However, BO in an optical lattice is only
a visual demonstration; it is not precise because the spa-
tial path of BO has awidth of field distribution, while each
band in the spectrum is a curve. The curve does not follow
the mean trajectory of BO exactly. Meanwhile, an as-yet
undetermined integration constant needs to be confirmed
during the mapping of the band structure by BO.
The case of higher-order couplings is a simple exten-

sion of our study and similar results can be obtained. We
do not discuss it here. Some applications derived from
our study are mentioned. Our proposal can be applied
in the field of terahertz generation from BO. Electrons
performing BOs in an energy band of a dc-biased semi-
conductor superlattice can generate THz fields [3]. Ap-
parently, the double turning-back will lead to higher
harmonics besides the fundamental BO frequency. Also,
it can create new applications for all-optical routing, e.g.,
beam steering [15] and imaging [19].
To conclude, we have shown how the long-range inter-

actions affect the BO. A double turning-back occurs
when the beam approaches the band edge because of
the derivation of the band bottom from the edge. The re-
sults can be extended to other periodic systems, e.g., cold
atoms in optical lattices, because of the similar dynamic
scheme owing to the periodicity.
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Fig. 4. (Color online) Evolution of the launched Gaussian beam. Compared with the typical BO [Fig. 4(a)], the dynamics with the
SOC [Fig. 4(b)] clearly behaves in a different pattern. The solid curve is the dispersion relation of the homogeneous waveguide
arrays, which is scaled by 1=σ. Parameters: (a) Λ ¼ 0:0, (b) Λ ¼ 0:7.
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