HTML AESTRACT * LINKEES

JOURNAL OF APPLIED PHYSICS VOLUME 95, NUMBER 2 15 JANUARY 2004

Dielectric response of graded spherical particles of anisotropic materials
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Anisotropic dielectric response occurs naturally due to the presence of gradation, like in functionally
graded materials or graded biological cells. However, these materials with locally anisotropic
dielectric responses can have macroscopically isotropic responses. In treating graded particles of
anisotropic materials, traditional isotropic gradation methods need to be modified. In this work, we
developed a first-principles approach, as well as an anisotropic differential effective dipole
approximation, for calculating the dipole moment of these particles. To this end, the two methods
are shown in excellent agreement. As a result, these approaches offer convenient and effective ways
to investigate the dielectric properties and optical responses of graded spherical particles of
anisotropic materials, as well as the electrokinetic phenomena of biological celk0d
American Institute of Physics[DOI: 10.1063/1.16336438

I. INTRODUCTION dipole moment of such anisotropic graded particles. We will
show that the two methods agree with each other, for the

The concept of functionally graded materidBGM),  case of linear gradation profiles inside the particles. Note the

which are heterogeneous materials with spatially varyingdirst-principles approach is herein performed for linear gra-

material propertie$, was first proposed to develop heat- dation profiles, whereas the ADEDA is valid farbitrary

resistant material for the propulsion system and airframe ofjradation profiles.

space shuttle$.These materials have received much atten-  This paper is organized as follows. In Sec. II, we will

tion, both analytical and experimental, as one of the adsolve the field equations analytically for anisotropic graded

vanced heterogeneous composite materials in various engipherical particle and obtain the exact solution for a linear

neering applications by using gradients in therfal, profile. In Sec. lll, we use the exact solution to validate a

electric®’ and mechanical propertiés!® The main charac- proposed approximation theory. A discussion and conclu-

teristic that distinguishes FGM from conventional compositesions are given in Sec. IV.

materials is the tailoring of graded composition and micro-

structure in an intentional manner according to the distribuy; FORMALISM

tion of properties needed to achieve the desired funcfiém. ) ] ] ) )

nature, there are also many graded materials, such as biologi- L&t us consider a graded spherical particle with radius

cal cells because of the inhomogeneous compartments insigge adopt the spherical coordinates for convenience. The

the nuclefts graded spherical particle has a tangential permittivity in the
Due to the existence of gradation in graded particlesPlane orthogonal to the radial vector of the sphiesg,(r)

anisotropic dielectric response occurs naturally. However=¢4¢(")], and a radial permittivity: (r). Bothe 44(r) and

these particles with local anisotropy are often macroscopiér (F) Will be prescribed by radial functions. In view of the

cally isotropict® In this sense, the existing isotropic grada- SYmmetry, the anisotropic permittivity of the graded sphere

tion modeld>1718for describing the isotropic graded par- ¢an be expressed as tensq(r), ® namely,

ticles are no longer valid, and should be modified & (1) 0 0

accordingly. In this work, we shall develop a first-principles -

approach’8and an anisotropic differential effective dipole (") = 0 g4(r) o . (1)

approximation(ADEDA), respectively, for calculating the 0 0 eye(r)

It is worth noting that the above form is in spherical coordi-
¥Electronic mail: kwyu@phy.cuhk.edu.hk nates, rather than in Cartesian coordinates.
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We assume that such anisotropic graded spheres are ran- 2R R, (F)

domly embedded in an isotropic homogeneous host medium ————
df

with permittivity ,,. The composite is subject to an external
uniform electric fieldg, along thez axis. When the compos- The substitution of Eq(9) into Eq.(7) yields
ite under consideration is in the dilute limit, the interaction
among the ipclusions can be neglected,.and hence the (_effe CE[(k+p)(k+p_1)+2(k+p)_n(n+1)]fk+p72
tive dielectric response of the composite can be obtaineé=o
from the response of a single inclusion under an effective "
electr_lc fieldE. In this case, the constitutive relatlgn between L% Cl(k+p)(k+p—1)+3(k+p)
the displacement and the electric field redls= &.(r)-E, k=0
for the anisotropic graded spherical inclusion, abg, _ Sktp-1_
=¢&nEn, for the host medium. The Maxwell equations read n(n+1h/g]f 0. (10
V-D=0, VXE=0, and henceE=—-V®, where® is an  The coefficient of each term should vanish, and hence the
electric potential. The Laplace equation for the electric polowest term satisfies

tential ® is given by [p(p+1)—n(n+1)]CH=0. (13)

V-(&c(r)-VP)=0. @ To our interest, Eq(11) represents a characteristic equation
for Eq. (7) (differential equation Solving it, we obtainp
=n, or —(n+1). Similarly, the recursion relation can also
3(1)) be found from Eq(10),

ar (k+n)(k+n+2)—n(n+1)h/g

n _ _ n
Cher1= (k+n+1)(k+n+2)—n(n+1) Ck: (12)

=2 (ktp)(k+p—1)CRFP2, ©)

In spherical coordinates, E(R) can be rewritten as

19 (7613) 1

2
——|r rN—|+-—>———|sin
r? ar( B )ar rZsing 90> Oe go(1)

1 a( b\
s gl TGy~

If the applied electric field is along theaxis, the potentiad

)

As |g/[ag(0)]|<1 (namely, the normal permittivity is a lin-
ear radial function with small slopgsve obtain

is independent of the anglg. Taking ®=R(r)®(6), we o
obtain the ordinary differential equation for the radial func- I|m C”” —1 (13)
tion R(r),
1 iR Therefore, within the sphere, the power series solution is
2 B n convergent indeed. _ _ _ _
eg9(r) dr( Men(n) gr ) n(n+1)R=0. @ So far, we can respectively write the potentials in the

) , ) i host medium and the sphere as
In what follows, we will consider the gradation profile as P

linear radial functiong/

©

O (r,0)=By+ >, [Byr"+D,r " DP, (cosh),
en(r)=e(0)+g(r/a), eq(r)=e(0)+h(r/a), (5 n=0

D
g ) P,(cos0).

whereg andh are two constants, ang(0) denotes the per- D(r,0)=Ag+ 2 A 2 cn 200

mittivity at r=07. In view of Eq. (5), we can rewrite the
radial equatiorfEq. (4)] as

As r—oo, the potential should be given by the far field case,

d’R [2 g 1 dR n(n+1)R &(0)+hr/a @ ,,= — Eqr cosé. Accordingly, we obtain
aZ v Tas0)rgrialdr 12 s(0)tgra D,
D (r,0)=—Eqr cosa+ cosa
=0. (6)
- (15)
We investigate the case of small slopes, namely, 0)= 2 cl gr |\*t p
|g/[ag(0)]|<1, and define further a new variablé o1, 0)=A1 2y Cy ae(0) cose.

=gr/[ae(0)]. Consequently, Eq6) reduces to , . " .
gr/[as(0)] q Y. Ed6) With the appropriate boundary conditions under consider-

ation, we obtain the coefficiens; andD,, respectively, as

@R [2 1 ]dR nn+DRITg' _ 36
W%ﬁﬁﬁ‘ 7 1vr 7 A= o0 T g s 2o o B2
On the other hand, we suppose the power series solution as _ (8(0)+ Q) vy~ emuy 5 (16)
o 1 (e(0)+g)vp+ 28 vy 0d”,
Ra(F)= 2 Cif**”. ®)  where
Acco.rdin.gly,.the second-order derivative of the power series o= i cla? i) kH,
solution is given by K €(0)
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vz—E Cla?(k+1)

g |k g |k
(0)> (0))

The local electric field inside the anisotropic graded paryyhen g=h (i.e., isotropic graded spherical partidleshe
ticle can be derived from the gradient of the correspondingjipole factorb degenerates 6

potential®.. As a result, we obtain

E Cd’i g

(£(0)—em)v1+gus

* k+1 _
~A, > Ci go ) r¥{(k+1)cos6& —sin 6&,], (e(0)+g)vo+2emvy’
k=0
(17)  where
which is independent o&,. Then, the corresponding dis- Lk+3 K+1
lacement becomes Ve= E c 9
P 5~ k+4 £(0)
° g |kt
D.=—A,; > Ci ) k
¢ ' K as(0) l1l. COMPARISON WITH ANISOTROPIC
. DIFFERENTIAL EFFECTIVE DIPOLE APPROXIMATION
X[ e (k+1)cosh& — e 4, Sin 08y]. (19
As a result, the displacement along theaxis within the Alternatively, we present an anisotropic differential ef-
particle is given by fective dipole approximatipl(lADEDA)., Whigh is a numeri-
cal method for the analysis of the dielectric property of an-
2 g |kt K isotropic graded particles witarbitrary gradation profiles.
! = ag(o) r We may regard the gradation profile as a multishell construc-
tion. In details, we establish the dielectric profile gradually
X[ & (k+1)cos 8—&gy(cos 6—-1)]. (19 by adding shells. Let us start with an infinitesimal isotropic
The sum of the polarization within the particle is just the SPherical core with permittivity:(0), and keep on adding
dipole moment of the particle, namely. shells with both tangential and normal permittivity profiles
g4¢(r) ande, (r) at radiusr, until r =a is reached. At radius
D .—s.E.dV=4 balE, 20 r, we haye an mhomogeneoqs particle, and fqrther regard
J (Do~ emEes) Tem 0 20 such an inhomogeneous particle as an effectienoge-

whereb is the dipole factor of the anisotropic graded spherl—neousone which has the dipole factor

cal particle, and(). the volume occupied by the particle. e(r)—enm
From Eq.(20), we obtain the expression fd, b(r)=—£(—r)+28 ,
m

_ (e(0)—em)vy+guzt2hy,

(22

(21)  wheree is the effective permittivity of the effectiveomo-

(e(0)+Q)vo+2em, geneougparticle with radiug. Then, we add to the particle a
where shell with infinitesimal thicknessAr, with permittivies
k ol g4¢(r) ande, (r). The dipole factor should change accord-
- 2 C +1 L) ing to the dipole factor of one shell anisotropic composite
s k+4 0 inclusion?®® that is,

(01(Nen(r)+e(r)(a(r)e (r)—em) +(e(r)=8(r) e, (r)(di(r)e (r)+emp
(61(N) e (1) +e(r)(8(r)e. (r)+2em)+(e(r)—(r)e. (r)(d1(r)e(r)—2em)p’

b(r+Ar)=

(23

with  p=[(r+Ar)/r]?°W*1  where &(r)=[—1+(1  where O<r<a. Therefore, the dipole factor of an aniso-
+8e44(r) e, (r))Y?)/2, and 53(r)=1+8(r). Let us write  tropic graded spherical particle can be calculated by solving
further Ab(r)=b(r+Ar)—b(r), and take the limitAr  the first-order differential equatioEq. (24)]. This differen-
—0, then the desired correctiolib(r) is infinitesimal ac- | equation can be integrated, at least numerically, as long
cordingly. Thus, one can obtain a differential equation as ¢ the gradation profils: »,(r) ande,, (r)] and the initial

condition[b(0)] are given. Note, as mentioned earlier, the

db(r) _ [(1—b(r))2e, r28(r)(1+ 8(r)) ADEDA [Eq. (29)] _is valid for arbitrary gradation profiles.
dr  3req(r)en Since we obtained the exact expresdiBqg. (21)] for the
—(1+b(r)=2b(r)?)e, (Nen dipole fa_lctor qf anisotropi_c graded spherical particles, W_e are
) able to investigate the dielectric property of these particles.
—(1+2b(r))%e 5], (24 InFig. 1, the dipole factorlf) is plotted as a function of the
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0.8 T T T IV. DISCUSSION AND CONCLUSION

Our theory may be applied to optical properties of
spherical particles of anisotropic graded materials, e.g., by
discussing their surface plasma resonance effect. Preliminary
results showed that a large figure of merit is achievable in the
high-frequency region, where the optical absorption is quite
small, by tuning the gradation profiles.

In addition, it is of particular interest to use the present

0.7

2 o theory to investigate the electrokinetic behaviors like elec-
-7 trorotation and dielectrophoresis of biological cells. Prelimi-
0.6 e ;f;;;g; ::g:g fﬁgégﬁ; 1 nary results showed that the presence of gradation inside the
- --- g=3.0, h=8.0 (ADEDA) particles can lower the characteristic frequency, at which the
jg:z‘:g: h=s0 z:;:g; electrorotation velocity reaches maximum.
2 g=3.0, h=8.0 (exact) In summary, we present a first-principles approach to
calculate the dipole moment of anisotropic graded particles,
05 , , N in the presence of an external electric field. In fact, besides
1 2 3 4 5 the above-used linear gradation profile, the power-law profile
&(0) can also be applied to predict exact restftsor these gra-

FIG. 1. The dipole factob as a function ot(0) (permittivity of the spheri- dation pl’OfIle_S, AD_EDA 1S able to show ?Xce”en_t agreement,

cal core with radius = 0*), for the linear gradation profile at various slopes @nd ADEDA is valid for arbitrary gradation profiles.

g andh. (a) Exact results predicted by the first-principles approéym-
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