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ABSTRACT

Thermal metamaterials have aroused broad research interests for their potential applications in heat manipulation. Among them,
bilayer thermal cloak is a representative one. However, the requirement of zero thermal conductivity of the inner layer may
largely restrict broader applications. In this work, we remove the requirement of zero thermal conductivity and explore a ternary
component structure. By calculating its effective thermal conductivity, we derive some special relations which result in two dis-
tinct camouflage behaviors, i.e., thermal magnifier and external cloak. Concretely speaking, thermal magnifier can thermally dis-
guise a small object into a big one, and external cloak can thermally hide a component outside the cloak. Finite-element
simulations are conducted in both two and three dimensions, which echo with our theoretical prediction. The ternary compo-
nent structure has potential applications in thermal camouflage, thermal invisibility, etc. This work not only paves the way for
designing camouflage in thermotics but also opens up an avenue for exploring camouflage in other diffusive fields like electro-
static, magnetostatic, and particle diffusive fields.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5083185

I. INTRODUCTION

Heat energy is everywhere in nature, and hence its effec-
tive control is of great significance, especially for easing the
energy issues. Fortunately, thermal metamaterials provide
powerful methods to explore novel thermal phenomena, such
as thermal cloak,1–9 thermal rotator,5,10 thermal camouflage,11–18

thermal bending,19–21 thermal lens,22 etc. Among them, bilayer
thermal cloak7–9 is a representative one which largely simpli-
fies the structure as required by transformation thermotics.
However, such a design requires the thermal conductivity of
the inner layer to be zero, which may limit flexible control
and broader applications.

Here, we propose a ternary component structure composed
of a bilayer structure (without zero thermal conductivity) and an
inside object, which is what we expect to explore in this work.

We derive the effective thermal conductivity of the ternary
component structure to understand its thermal property. Then,
we find two different camouflage mechanisms (thermal magni-
fier and external cloak) with some certain requirements of the
ternary component structure. Concretely speaking, the thermal

magnifier can disguise a small object into a big one, and the
external cloak can hide a component outside the cloak. The
mechanisms proposed in this work are completely different
from the transformation scheme1–6 and bilayer scheme.7–9

II. THEORY

We explore the thermal properties of a ternary compo-
nent structure by calculating its effective thermal conductiv-
ity. First, we consider a two-dimensional ternary component
structure embedded in a matrix [see Fig. 1(a)]. The core and
two shells have the radius r1, r2, and r3 with the thermal con-
ductivities κ1, κ2, and κ3, respectively. The thermal conductiv-
ity of the matrix is κ4. In this model, the core and two shells
are anisotropic. κ1, κ2, and κ3 are tensors in cylindrical coor-
dinates r, θð Þ, and κ4 is a scalar.

The effective thermal conductivity of the core and the
first shell is23,24

κ12 ¼ c2κrr2
c1κrr1 þ c2κrr2 þ c1κrr1 � c2κrr2ð Þpc21
c1κrr1 þ c2κrr2 � c1κrr1 � c2κrr2ð Þpc21

(1)
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and that of the ternary component structure can be calcu-
lated by the iteration method,

κ123 ¼ c3κrr3
κ12 þ c3κrr3 þ κ12 � c3κrr3ð Þpc32
κ12 þ c3κrr3 � κ12 � c3κrr3ð Þpc32

, (2)

where κi ¼ diag κrri, κθθið Þ, pi ¼ ri=riþ1ð Þ2, and ci ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κθθi=κrri

p
.

Especially, when Eq. (2) satisfies the following two relations,

c2κrr2 þ c3κrr3 ¼ 0, (3)

pc21 � pc32 ¼ 0, (4)

it can be reduced as
κ123 ¼ c1κrr1: (5)

Equations (3)–(5) can be reduced to the isotropic condition with
c1 ¼ c2 ¼ c3 ¼ 1,

κrr2 þ κrr3 ¼ 0, (6)

p1 � p2 ¼ 0, (7)

κ123 ¼ κrr1: (8)

Secondly, we explore the three-dimensional ternary component
structure [see Fig. 1(b)]. The effective thermal conductivity of
the core and the first shell is23,24

κ12 ¼ κrr2
u21 u11κrr1 � u22κrr2ð Þ � u22 u11κrr1 � u21κrr2ð Þp u21�u22ð Þ=3

1

u11κrr1 � u22κrr2ð Þ � u11κrr1 � u21κrr2ð Þp u21�u22ð Þ=3
1

(9)

and that of the ternary component structure can be calculated
by the iteration method,

κ123 ¼ κrr3
u31 κ12 � u32κrr3ð Þ � u32 κ12 � u31κrr3ð Þp u31�u32ð Þ=3

2

κ12 � u32κrr3ð Þ � κ12 � u31κrr3ð Þp u31�u32ð Þ=3
2

, (10)

where κi ¼ diag κrri, κθθi, κwwi
� �

with κθθi ¼ κwwi for simplicity,

pi ¼ ri=riþ1ð Þ3, and ui1, 2 ¼ �1+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8κθθi=κrri

p� �
=2.

Especially, when Eq. (10) satisfies the following two relations,

u21κrr2 � u32κrr3 ¼ 0, (11)

p u31�u32ð Þ=3
2 u31 � u32ð Þ κrr1u11u21 � κrr2u21u22ð Þ þ p u21�u22ð Þ=3

1

2
κrr1u11 � κrr2u21ð Þ

" #

þ p u21�u22ð Þ=3
1 u21 � u22ð Þ κrr1u11u32 � κrr2u21u31ð Þ þ p u31�u32ð Þ=3

2

2
κrr1u11 � κrr2u21ð Þ

" #
¼ 0,

(12)

it can be reduced as

κ123 ¼ κrr1u11: (13)

Equations (11)–(13) can be reduced to the isotropic condition
with u11 ¼ u21 ¼ u31 ¼ 1,

κrr2 þ 2κrr3 ¼ 0, (14)

p2 κrr1 þ 2κrr2ð Þ þ p1
2

κrr1 � κrr2ð Þ
h i
þ p1 �2κrr1 � κrr2ð Þ þ p2

2
κrr1 � κrr2ð Þ

h i
¼ 0, (15)

κ123 ¼ κrr1: (16)

Equations (3)–(5) and (11)–(13) are the key results obtained in
this work.

III. TWO APPLICATIONS OF THE TERNARY
COMPONENT STRUCTURE

A. Thermal magnifier: Disguising a small object into a
big one

The object size can be reflected by its distinct external
temperature distribution. When a small anisotropic object is
put into a matrix [see Fig. 2(a)], the temperature distribution
is present in Fig. 2(d). Then, we wrap it up with an anisotropic
shell, and a ternary component structure is completed (with
the matrix inside the dashed circle) [see Fig. 2(b)]. When the

FIG. 1. Schematic diagram of a (a) two-dimensional and (b) three-dimensional
ternary component structure.
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ternary component structure satisfies the requirement of
Eqs. (3) and (4), it possesses the same external temperature
distribution [Fig. 2(e)] with a big anisotropic object [Fig. 2(f )].
Therefore, we disguise a small object into a big one.

The above discussions are for anisotropic conditions.
When the material we use is isotropic, the problem can be
reduced. The results are similar to those of anisotropic condi-
tions [see Figs. 2(g)–2(i)]. To be mentioned, the object sizes in
Figs. 2(f ) and 2(i) are different, which means that anisotropy
can manipulate how big the small object is disguised. Such a
scheme has potential applications in infrared misleading, such
as camouflaging the object sizes.

Three-dimensional schemes are also explored in Fig. 3.
Anisotropic results and isotropic results are, respectively,
shown in Figs. 3(a)–3(c) and 3(d)–3(f). The same temperature
distribution between Figs. 3(b) and 3(c) [or 3(e) and 3(f)]

validates the proposed scheme, which indicates that a small
object is disguised into a big one in three dimensions.

B. External cloak: Hiding a component outside the cloak

The thermal conductivity of a component can be
reflected by its distinct external temperature distribution.

FIG. 3. Three-dimensional (a)–(c) anisotropic condition [Eqs. (11) and (12)] and
(d)–( f ) isotropic condition [Eqs. (14) and (15)] of thermal magnifier. Concrete
parameters: (a)–( f ) the size of simulation box is 16� 16� 16 cm, with back-
ground thermal conductivity κ4 ¼ 1W m�1 K�1. (a) A core with r1 ¼ 2:56 cm
and κ1 ¼ diag 25, 75, 75ð ÞW m�1 K�1. (b) The core is wrapped up with a
shell with r2 ¼ 3:2 cm and κ2 ¼ diag �0:5, � 1:5, � 1:5ð ÞW m�1 K�1. (c)
A comparative core with r3 ¼ 3:62 cm, and thermal conductivity with κ3 ¼
diag 25, 75, 75ð Þ W m�1 K�1. (d) A core with r1 ¼ 2:56 cm and κ1 ¼
50W m�1 K�1. (e) The core is wrapped up with a shell with r2 ¼ 3:2 cm
and κ2 ¼ �2W m�1 K�1. ( f ) A comparative core with r3 ¼ 4:15 cm, and
the thermal conductivity with κ3 ¼ 50W m�1 K�1.

FIG. 2. Two-dimensional (a)–(c) schematic diagram, (d)–( f ) anisotropic condi-
tion [Eqs. (3) and (4)], and (g)–(i) isotropic condition [Eqs. (6) and (7)] of
thermal magnifier. Dashed circles in (b), (e), and (h) are plotted for compari-
son with (c), ( f ), and (i), respectively. (a)–(c) figuratively demonstrate that a
small object (a) can be disguised into a large one (c) by a thin external shell
(b) without changing the original thermal conductivity. Concrete parameters:
(d)–(i) the size of simulation box is 16 � 16 cm, with background thermal
conductivity κ4 ¼ 1W m�1 K�1. (d) A core with r1 ¼ 2:56 cm and
κ1 ¼ diag 25, 100ð ÞW m�1 K�1. (e) The core is wrapped up with a shell with
r2 ¼ 3:2 cm and κ2 ¼ diag �0:5, � 2ð ÞW m�1 K�1. ( f ) A comparative core
with r3 ¼ 4 cm and thermal conductivity with κ3 ¼ diag 25, 100ð ÞW m�1 K�1.
(g) A core with r1 ¼ 2:56 cm, and κ1 ¼ 50W m�1 K�1. (h) The core is
wrapped up with a shell with r2 ¼ 3:2 cm and κ2 ¼ �1W m�1 K�1. (i)
A comparative core with r3 ¼ 5 cm, and thermal conductivity with
κ3 ¼ 50W m�1 K�1. White lines represent isotherms.
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When an anisotropic component is put into a matrix [see
Fig. 4(a)], it will present the temperature distribution in
Fig. 4(d). Then, we embed an anisotropic core into the com-
ponent, and a ternary component structure is completed
[see Fig. 4(b)]. When the ternary component structure satis-
fies the requirement of Eqs. (3) and (4), it possesses the same
external temperature distribution [Fig. 4(e)] with the “Null”
object [Fig. 4(f )]. In other words, the component is hidden
outside the cloak. “Null” is similar to the thermal transpar-
ency in Ref. 12, but we realize the phenomenon with different
mechanism, say, ternary component structure.

When we simplify the anisotropic problem to the iso-
tropic one, there is no change of the results. To be men-
tioned, the sizes of the embedded cores in Figs. 4(e) and 4(h)
are different, which means that anisotropy can manipulate
the size of the external cloak. Such a scheme has potential

applications in protecting objects from being detected by
infrared camera.

We also explore the three-dimensional schemes (see
Fig. 5). Anisotropic results and isotropic results are, respec-
tively, shown in Figs. 5(a)–5(c) and 5(d)–5(f). The same uniform

FIG. 5. Three-dimensional (a)–(c) anisotropic condition [Eqs. (11) and (12)] and
(d)–( f ) isotropic condition [Eqs. (14) and (15)] of external cloak. Concrete
parameters: (a)–( f ) the size of simulation box is 16� 16� 16 cm, with back-
ground thermal conductivity κ4 ¼ 1W m�1 K�1. (a) A core with r2 ¼ 3:2 cm
and κ2 ¼ diag 62:5, 45, 45ð ÞW m�1 K�1, and a shell with r3 ¼ 4 cm and
κ3 ¼ diag �50=3, � 50, � 50ð ÞW m�1 K�1. (b) The core-shell is filled with
an internal core with r1 ¼ 2:8 cm and κ1 ¼ diag 1:25, 0:9, 0:9ð ÞW m�1 K�1.
(c) A comparative core with radius 4 cm and thermal conductivity 1W m�1 K�1.
(d) A core with r2 ¼ 3:2 cm and κ2 ¼ 50W m�1 K�1, and a shell with r3 ¼
4 cm and κ3 ¼ �25W m�1 K�1. (e) The core-shell is filled with an internal
core with r1 ¼ 2:36 cm and κ1 ¼ 1W m�1 K�1. ( f ) A comparative core with
radius 4 cm and thermal conductivity 1W m�1 K�1.

FIG. 4. Two-dimensional (a)–(c) schematic diagram, (d)–(f ) anisotropic condition
[Eqs. (3) and (4)], and (g)–(i) isotropic condition [Eqs. (6) and (7)] of external
cloak. (a)–(c) figuratively demonstrate that a composite (a) can be camouflaged
into “Null” (c) by an internal core (b) with the same thermal conductivity of back-
ground. Concrete parameters: (d)–(i) the size of simulation box is 16� 16 cm,
with background thermal conductivity κ4 ¼ 1W m�1 K�1. (d) A core with r2 ¼
3:2 cm and κ2 ¼ diag 62:5, 40ð ÞW m�1 K�1, and a shell with r3 ¼ 4 cm and
κ3 ¼ diag �25, � 100ð ÞW m�1 K�1. (e) The core-shell is filled with an internal
core with r1 ¼ 2:56 cm and κ1 ¼ diag 1:25, 0:8ð ÞW m�1 K�1. (f ) A compara-
tive core with radius 4 cm and thermal conductivity 1W m�1 K�1. (g) A core with
r2 ¼ 3:2 cm and κ2 ¼ 50W m�1 K�1, and a shell with r3 ¼ 4 cm and
κ3 ¼ �50W m�1 K�1. (h) The core-shell is filled with an internal core with r1 ¼
1:83 cm and κ1 ¼ 1W m�1 K�1. (i) A comparative core with radius 4 cm and
thermal conductivity 1W m�1 K�1.
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temperature gradient between Figs. 5(b) and 5(c) [or 5(e)
and 5(f )] indicates that a component outside the cloak can
be hidden in three dimensions.

IV. DISCUSSION AND CONCLUSION

Despite the novel phenomena, the two proposed func-
tions require apparent negative thermal conductivity, including
controlled external energy.25–27 Apparent negative thermal
conductivity means that the direction of heat flux is from low
temperature to high temperature, which violates the second
law of thermodynamics. To solve this problem, adding external
energy is a good method. In this way, the direction of heat flux
can be from low temperature to high temperature without vio-
lating the second law of thermodynamics and hence apparent
negative thermal conductivity is realized. For experimental real-
ization, the point heat sources can be achieved by following the
experimental setup adopted in Fig. 1, Ref. 28. To validate the
feasibility, we take the thermal magnifier shown in Fig. 2(h) as
an example. We set the thermal conductivity of the shell to be
positive, and then add line heat sources [Fig. 6(a)] and point
heat sources [Fig. 6(b)], respectively. The same temperature dis-
tributions with Fig. 2(h) show that the active materials do work.

Nevertheless, the proposed thermal magnifier and exter-
nal cloak are well-behaved in steady states because we do not
consider the role of densities and heat capacities. Certainly,
such a thermal magnifier and external cloak in transient
states are promising as well, and good results can be expected
due to the pioneering works on transient states.4,13,29

In summary, we have designed a ternary component
structure and calculated its effective thermal conductivity.

By deriving the specific relations for the ternary component
structure, we proposed two distinct camouflage phenomena,
i.e., thermal magnifier and external cloak. Such schemes have
potential applications in misleading the infrared detection, such
as size camouflage and invisibility. The corresponding mecha-
nisms can be directly extended to other diffusive fields,30–32

such as electrostatic, magnetostatic, and particle diffusive fields.
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