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By treating a set of equations governing transient heat and mass transfer simultaneously, here we
develop the transformation theory for thermal convection with unsteady creeping flow in porous
media, whose steady counterpart has been previously studied. We find that the transformation
theory can still be valid when the temperature, density, and velocity of fluids vary with time.
As applications, we design thermal cloaks, concentrators, and rotators at transient states examined
by finite-element simulations, which can be used to control the magnitude or direction of heat
flux in convection. Also, we discuss both the effects of natural or mixed convection and the
differences between steady and unsteady states. This work develops a theory for dynamically
controlling the flow of heat associated with thermal convection. Published by AIP Publishing.
https://doi.org/10.1063/1.5051524

I. INTRODUCTION

Heat transfer, via thermal conduction, radiation, or
convection, is a ubiquitous phenomenon which has arisen
continuing concern on how to control it for promoting
energy efficiency in production and daily life. By now, most
researchers have focused on manipulating conduction and
radiation, including thermal cloaks/concentrators/rotators/
camouflage/imitator,1–20 thermocrystals,21–23 nanophononic
metamaterials,24–27 and radiative cooling.28–34 In the mean
time, controlling convection has been rarely studied.

Convection is usually the dominant mechanism of heat
transfer in moving fluids, where heat flux is driven by both
bulk flow and temperature spatial-gradient (governed by a
convection-diffusion equation). So, heat and mass transfer
are actually coupled with each other. As a result, when man-
aging heat transfer by convection, the methods dealing
with the convection-diffusion equation35,36 and fluid
movement37–40 should be combined together. In the light of
transforming the convection-diffusion equation,35,36 we
established the theory for transforming thermal convection in
porous media for steady cases.41 To get a set of equations
keeping their forms invariant in different coordinate systems,
we considered the convection-diffusion equation, the equa-
tion of continuity, and Darcy’s law simultaneously. By trans-
forming the effective thermal conductivity and permeability,
we successfully designed a cloak of invisibility in the fields
of both temperature and velocity and a concentrator that can
enlarge the heat flux in a specific area. However, an unsteady
state (which means that some physical quantities change with
time slightly or intensely) is a more general case, and its new
physics can be expected due to the difference between
unsteady and steady cases.

In this work, we develop the transformation theory for
unsteady thermal convection of creeping flow in porous
media based on the model raised in Ref. 41, where the tem-
perature, velocity, and material density can all be non-
constant during the process of heat and mass transfer. Then,
we also confirm the theoretical designs of convection cloaks,
concentrators, and rotators in such unsteady states by using
finite-element simulations on the basis of commercial
software COMSOL Multiphysics.42

II. THEORY

Transformation theory, first proposed in optics,43,44 has
been widely used to design thermal metamaterials1–6,9–19

FIG. 1. Schematic design for a cloak, concentrator, or rotator in thermal
convection. The ring-shaped area in gray is made of thermal metamaterial
with the function of cloaking, concentrating, or rotating for corresponding
coordinate transformations. The white dotted lines form a circle with a radius
of R3, representing the auxiliary parameter in designing concentrators.a)Electronic address: jphuang@fudan.edu.cn
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based on the form-invariance of governing equation under
arbitrary coordinate transformations. By changing the proper-
ties of materials, we can stretch, condense, or bend the physi-
cal field as if the space itself was stretched, condensed,
or bended. Here, we expand the transformation theory for
transient thermal convection in porous media. Firstly, for
Darcy’s law, we can modify it as45–47

τ
@~v

@t
þ~v ¼ � β

η
∇p, (1)

where τ represents a characteristic time for varying velocity~v

with time t, β is the permeability of porous media, and η
is the dynamic viscosity. In most cases, the relaxation
process is very fast in porous media, and then τ @~v

@t is quite
small.47 Therefore, we can neglect this term and still use the
steady Darcy regime. Also, the equation of continuity can be
rewritten as48

@(fρ f )

@t
þ ∇ � ( ρ f~v) ¼ 0, (2)

where ρ f is the density of the fluid material and f is the
porosity. Then, the heat transfer of incompressible flow in

FIG. 2. Simulation results of temperature distribution for forced convection. The white lines represent isotherms. The first row (a1)–(a4) shows the temperature
distributions of a thermal cloak at time t ¼ 0:004 s, t ¼ 0:008 s, t ¼ 0:012 s, and t ¼ 0:016 s. Similarly, (b1)–(b4) show those of a thermal concentrator,
(c1)–(c4) show those of a thermal rotator, and (d1)–(d4) show those of the background.
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saturated porous media is governed by49,50

@( ρC)mT
@t

þ ∇ � ( ρ f C f~vT) ¼ ∇ � (κm∇T), (3)

where T is temperature and ρs is the density of solid in
porous media. Here, Cf and Cs are, respectively, the specific
heat of fluid and solid material in porous media. The effec-
tive product of density and specific heat of the whole porous
media can be given by the average-volume method:50

( ρC)m ¼ (1� f)( ρsCs)þ f( ρ f C f ): (4)

Similarly, the effective heat conductivity κm can also be the
summation of κ f (for fluids) and κs (for solids) according to
the mean-volume method:

κm ¼ (1� f)κs þ fκ f : (5)

We notice that Eq. (3) is just the unsteady convection-
diffusion equation whose form-invariance under coordinate
transformations has been proved.35,36 What’s more, the

FIG. 3. Simulation results of velocity distribution for forced convection. The color surface represents the value of speed, and the black arrows represent the
directions of velocities. Again, row (a1)–(a4) shows the velocity distributions of a thermal cloak at time t ¼ 0:004 s, t ¼ 0:008 s, t ¼ 0:012 s, and t ¼ 0:016 s.
(b1)–(b4), (c1)–(c4), and (d1)–(d4) show those of a concentrator, a rotator, and the background, respectively.
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substitution of Eq. (2) into Eq. (3) yields

( ρC)m
@T

@t
þ ρ f C f (~v � ∇T) ¼ ∇ � (κm∇T): (6)

Since Eq. (2) is an unsteady diffusion equation, it is easy to
conclude that all the equations for unsteady heat and mass
transfer in porous media can meet the requirement of trans-
formation theory just like the steady cases.41 For both steady
and unsteady cases, the transformation matrix for a homoge-
neous space is JJ`

det J, where J is the Jacobian matrix from the
transformed coordinate to the original one. Still, we should
transform the permeability and heat conductivity as β0 ¼ JβJ`

det J

and κ0
m ¼ JκmJ`

det J . The difference is that, for unsteady cases,
we must also transform the porosity and the product of
density and specific heat as

f0 ¼ f
det J ,

( ρ f C f )0 ¼ ρ f C f ,

( ρsCs)0 ¼ 1�f
det J�f ρsCs:

8><
>: (7)

By this way, we can keep the properties of fluid unchanged
after transformation and only construct solid metamaterials as
we need. We should also mention that ρ f is no longer a cons-
tant as it has a relationship with temperature changing with

FIG. 4. Simulation results of heat flux distribution for forced convection. The value of heat flux is displayed by the color surface, and the black arrows here rep-
resent the directions of heat flux. Row (a1)–(a4) shows the heat flux distribution of a thermal cloak at time t ¼ 0:004 s, t ¼ 0:008 s, t ¼ 0:012 s, and
t ¼ 0:016 s. (b1)–(b4), (c1)–(c4), and (d1)–(d4) are for the concentrator, rotator, and background, respectively.
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time. For simplicity, we assume that

ρ ¼ ρ0[1� γ(T � T0)], (8)

where γ ¼ ( @ρ@T ) p=ρ denotes the volume expansion ratio at
constant pressure. Without loss of generality, we set γ . 0:
Finally, we can write the set of transformed equations:

~v0 ¼ � β0
η ∇p,

@(f0ρ f )
@t þ ∇ � ( ρ f~v

0) ¼ 0,

( ρC)0m
@T
@t þ ρ f C f (~v0 � ∇T) ¼ ∇ � (κ0

m∇T),

8>><
>>: (9)

where the transformed velocity ~v0 equals J`~v= det J35,36,41

and ( ρC)0m ¼ (1� f0)( ρsCs)0 þ f0( ρ f C f ):

III. CONVECTION CLOAK, CONCENTRATOR, AND
ROTATOR

Generally, there may be two aspects for manipulating
heat flux, namely, controlling area (volume) or direction. For
heat conduction, some novel functional devices have been
successfully designed, such as thermal cloaks1–10,14 (reduc-
ing the area of heat flux in a given region), thermal concen-
trators (enhancing the area of heat flux in a given
region),4,5,17 and thermal rotators (changing the direction of

FIG. 5. Same as Fig. 2, but for another working fluid with a smaller Prandtl number.
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heat flux).5 Also, a cloak and a concentrator for steady
thermal convection have been theoretically designed41 while
the rotator has not. Here, we try to realize the same effects in
transient thermal convection. For simplicity, we set our
models in a two-dimensional space and consider circular
cloaks/concentrators/rotators (Fig. 1).

Cloak. The familiar geometrical transformation43

r0 ¼ R1 þ R2�R1
R2

r, 0 , r , R2,

θ0 ¼ θ

(
(10)

is used to protect the outside region r0 . R1 from being dis-
turbed by objects placed in 0 , r0 , R1. The corresponding

Jacobian matrix is

J ¼ cos θ �r0 sin θ
sin θ r0 cos θ

� � R2�R1
R2

0

0 1

 !
cos θ sin θ

� sin θ
r

cos θ
r

� �
,

(11)

and it is easy to see

det J ¼ R2 � R1

R2

r0

r
: (12)

Concentrator. Consider the transformation adopted in

FIG. 6. Same as Fig. 3, but for another working fluid with a smaller Prandtl number.
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Ref. 51

r0 ¼ R1
R3
r, r , R3,

r0 ¼ R1�R3
R2�R3

R2 þ R2�R1
R2�R3

r, R3 , r , R2,

(
(13)

which squeezes region 0 , r , R3 to r0 , R1 and stretching
region R3 , r , R3 to R1 , r0 , R2 . We can expect physi-
cal quantities to be enlarged in the squeezed region. The
corresponding Jacobian matrix is

J1 ¼
R1
R3

0

0 R1
R3

 !
, (14)

for region r0 , R1. So, the determinant is

det J1 ¼ R1

R3

� �2

: (15)

Also, for region R1 , r0 , R2, we have

J2 ¼
cos θ �r0 sin θ
sin θ r0 cos θ

� � R2�R1
R2�R3

0

0 1

 !
cos θ sin θ

� sin θ
r

cos θ
r

� �
,

(16)

FIG. 7. Same as Fig. 4, but for another working fluid with a smaller Prandtl number.

235103-7 G. Dai and J. Huang J. Appl. Phys. 124, 235103 (2018)



and the determinant is

det J2 ¼ R2 � R1

R2 � R3

r0

r
: (17)

Rotator. In addition, changing the direction of heat flux is
also a useful way for guiding heat flow at will. Here, we focus
on the continuous transformation of direction, rotation, which
can be realized by a rotator. To design a rotator for heat
transfer, we can consider a transformation proposed in Ref. 52,

θ
0 ¼ θ þ θ0, r , R1,

θ
0 ¼ ar þ b, R1 , r , R2,

(
(18)

where a ¼ θ0
R1�R2

, b ¼ θ þ R2
R2�R1

θ0, and R1 , r , R2. The
transformation above means that region r , R1 is rotated by
an angle of θ0, while in region R1 , r , R2, the rotation
angle gradually decreases from θ0 to zero as r is reduced.
Again, the transformation matrix is different in these two
regions. For region r , R1, the Jacobian matrix is expressed
as

J1 ¼ cos θ0 � sin θ0
sin θ0 cos θ0

� �
(19)

by which we can expect the velocity and heat flux to be
rotated by an angle of θ0: What’s more, we have an identity

FIG. 8. Same as Fig. 2, but for a fluid whose specific heat is ten times more than that in Fig. 2.
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transformation matrix as

J1J`1
det J1

¼¼ 1 0
0 1

� �
, (20)

so in this region, we do not need to do any transformation for
material properties. For region R1 , r , R2, we can also
obtain a unitary Jacobian matrix as

J2 ¼ cos θ0 �r sin θ0

sin θ0 r cos θ0

� �
1 0
α 1

� �
cos θ sin θ
� sin θ

r
cos θ
r

� �
: (21)

Simulation. To examine our theory, the commercial software

COMSOL Multiphysics42 is used to apply finite-element
simulations. The whole region is restricted in a square
with �4� 10�5 m � x � 4� 10�5 m and �4� 10�5 m �
y � 4� 10�5 m. For the thermal cloak, concentrator, and
rotator, we all set R2 ¼ 2R1 ¼ 2� 10�5 m. We take R3 ¼
1:5� 10�5 m for a concentrator. In addition, the angle of rota-
tion is θ0 ¼ π=3 for a rotator. A hot source of 303 K is put on
the left side of the square, and a cold source of 293 K is put
on the right side. The initial temperature on the whole region
is 293 K. In the �x direction, we add a time-dependent pres-
sure difference as Δp ¼ 40 000t Pa=s (which means the initial
pressure difference is zero) to generate unsteady forced

FIG. 9. Same as Fig. 3, but for a fluid whose specific heat is ten times more than that in Fig. 3.
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convection and the two horizontal boundaries are set to
be no-flux condition. The material parameters in background
are taken as Cf ¼ 5� 103 J=(kgK), κ f ¼ 1W=(mK), ρs ¼
500 kg=m3, Cp,s ¼ 500 J=(kgK), κs ¼ 5W=(mK), f ¼ 0:9,
η ¼ 10�3 Pa s, and β ¼ 10�12 m2: The relationship between
density and temperature is ρf ¼ (1300� T) with the unit of

kg=(Km3): In addition, for a thermal cloak, the object placed
in the inner circle which is expected to be cloaked has a
density of 104 kg=m3, a specific heat of 5� 103 J=(kgK),
and a thermal conductivity of 200W=(mK): To avoid the
non-convergence in simulation of velocities due to infinite
permeability, we add a restriction that the permeability of

metamaterials is no more than 100 times the untransformed
one. The numerical results of temperature distribution
are shown in Fig. 2. What’s more, Fig. 3 illustrates the
velocity distribution and Fig. 4 is for the thermal flux
distribution.

In addition, to see the influence of the choice of
working fluid in forced convection, we do another simulation
where the Prandtl number is 0.67 (similar to air), while the
number takes 5 in the first simulation. The parameters of
new working fluid are ρ f ¼ [2:4� 0:004� T=(K)] kg=m3,
Cf ¼ 1� 103 J=(kgK), κ f ¼ 0:03W=(mK), f ¼ 0:1, η ¼
2� 10�5 Pa s, and β ¼ 10�14 m2: Other conditions are all the

FIG. 10. Same as Fig. 4, but for a fluid whose specific heat is ten times more than that in Fig. 4.
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same as the first simulation. The simulation results are shown
in Figs. 5–7.

So far, we have not taken into account natural convec-
tion in our model, where the flow is driven by density differ-
ence in the field of gravity. When considering the effect of
buoyancy, we should add gravitational acceleration ~g in
Darcy’s law as

~v ¼ � β

η
(∇p� ρ f~g): (22)

Then it seems quite difficult to transform~g for completely sat-
isfying the requirement of form-invariance. However, we can
still evaluate the accuracy of the cloak, the concentrator, and
the rotator when taking ~g into account. Here, ~g is directed
along the �y direction and no pressure difference is put on
any boundary with no-flux condition set on the two vertical
boundaries. We show the simulation result of temperature,
velocity, and heat flux in Figs. 11–13, respectively, which
illustrates the corresponding distributions for the cloak, con-
centrator, rotator and background. The material parameters are
all the same as the first simulation of forced convection.

FIG. 11. Same as Fig. 2, but for natural convection.
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IV. DISCUSSION AND CONCLUSION

First, we look at Fig. 2. For the coming comparison, the
last row [Figs. 2(d1)–2(d4)] represents the results of the back-
ground, where the isotherms can be seen as straight lines.
Comparing the first row [Figs. 2(a1)–2(a4)] with the last row
[Figs. 2(d1)–2(d4)], we can see the temperatures outside the
shell of metamaterial are almost undistinguishable between
the cloak and background at all times. The same conclusion
can be made for concentrators and rotators. For a thermal
cloak, the isotherms do not cross over the core, which indi-
cates a zero temperature gradient in this core. For a thermal

concentrator, we can see from Figs. 2(b1)–2(b4) that the iso-
therms are more dense in the core so we can get an enlarged
temperature gradient. According to Figs. 2(c1)–2(c4), the iso-
therms are smoothly rotated in the shell of metamaterials and
finally rotated by an angle of π=3 in the core. We also show
the details of the velocity in Fig. 3 and heat flux in Fig. 4.
The maximum Reynolds number (for the time up to
t ¼ 0:016 s) is 0.16 as the background characteristic speed is
approximately 0.008 m=s. In this case, Darcy’s law can be
applied. Similarly, the effects of cloaking, concentrating, and
rotating fluid flow (or thermal flux) can be seen from Fig. 3
(or Fig. 4).

FIG. 12. Same as Fig. 3, but for natural convection.
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Figures 5–7 show the temperature, velocity, and heat
flux distributions, respectively, for the second working fluid
in forced convection. As we expect, the effects of cloaking,
concentrating, and rotating remain valid. In addition, Fig. 7
indicates that heat flux in the system quickly become stable
and the patterns in Fig. 5 are similar to those for steady heat
conduction. Generally, a small Prandtl number Pr means the
thermal diffusion or conduction dominates rather than fluid
advection. In fact, based on Eq. (3), we might use an adjusted

Prandtl number Cf η
κm

for flow in porous media instead of Cf η
κ f
,

which is 3.57 and 4:44� 10�3 for the two working fluids. If
there existed a kind of fluid whose specific heat Cf is 10
times more than the fluid we used in the first simulation

while all other properties are the same, the (adjusted) Pr also
increases tenfold. Again, we draw the temperature, velocity,
and heat flux distributions in Figs. 8–10, respectively, for this
fluid. Considering Eqs. (1) and (2), the velocity distributions
should not differ much from the first simulation, which can
also be seen from Fig. 9. However, we illustrate the tempera-
ture distribution for this new working fluid in Fig. 8 and can
find the patterns are mainly determined by fluid advection.
At the beginning (t ¼ 0:004 s), the isotherms close to the left
side (hot source) are much more dense while the opposite sit-
uation occurs at t ¼ 0:016 s: This is because the flow of high
temperature from the hot source overwhelms and the equilib-
rium for this system tends to be that the high temperature
occupies the whole area. If we exchange the positions of heat

FIG. 13. Same as Fig. 4, but for natural convection.

235103-13 G. Dai and J. Huang J. Appl. Phys. 124, 235103 (2018)



and cold sources, the system would evolve to the situation
that the temperature of the cold source occupies the whole
area. Nevertheless, the cloak, concentrator, and rotator we
design still work well in such a large Prandtl number.

For the simulation results of our gravity modeling shown
in Figs. 9–11, we can still find that the differences of temper-
ature, velocity, or heat flux are still small enough to be
neglected. For liquids like water in our case, the influence of
not transforming gravity ~g in our simulation would not
violate the transformation theory significantly and it can still
work well here in an approximate way. The same conclusion
can also be obtained for mixed convection (namely, forced
convection plus natural convection). It can be understood
that for these cases, thermal conduction and forced convec-
tion (if any) are dominant, which can be seen from the pat-
terns in Figs. 11–13. When the density of fluid changes more
drastically, we must consider other methods to control heat
flux in natural or mixed convection, such as various
optimization techniques for controlling flows.37–40

On the other hand, the major difference between steady
and unsteady cases is that the porosity and density (or spe-
cific heat) must be transformed as Eq. (7) for unsteady cases,
which would be more complicated for experimental realiza-
tion. We also perform similar simulations without changing
f or ρsCs, and the resulting temperature distributions cannot
be visually distinguishable with Fig. 2 or Fig. 11, which
means that one can still use the steady-state material parame-
ters for unsteady states in some cases where the temperature
does not vary too fast.

In conclusion, we have developed the transformation
theory for treating transient heat transfer with unsteady
seepage flows in porous media and theoretically designed
corresponding devices for thermal cloaking, concentrating,
and rotating, respectively. In addition, we have introduced
both the influence of natural/mixed convection in our model
and the possibility to eliminate the difference of material
parameters between steady and unsteady flows. We expect
that this work could help us to promote the research on
how to dynamically control heat transfer where thermal
convection exists.
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