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We investigate the pressure effect on the eletrorotation (ER) spectrum of living cell sus-
pensions by considering the particle shape effect. Based upon the spectral representation
theory, we consider coated oblate spheroidal particles and present a theoretical study
of ER spectrum. Analytic expressions for the characteristic frequency as well as the
dispersion strength can be obtained, thus simplifying the fitting of experimental data.
From the theoretical analysis, we find that the cell shape, coating as well as material
parameters can change the ER spectrum. We demonstrate good agreement between our
theoretical predictions and experimental data on human erythrocytes suspensions.

1. Introduction

It is important to investigate the frequency-dependent responses of colloids and bio-

logical cells, to ac electric fields, which yields valuable information on the structural

(Maxwell-Wagner) polarization effects.1,2

In the dilute limit, the ER of individual cell can be predicted by ignoring the

mutual interaction between the cells.3 However, the cells may aggregate in the plane

of the rotating external field. In this case the Brownian motion can be neglected, and

the cell system becomes non-dilute even though it is initially dilute. Based on the

multiple image method,4 we recently studied the ER spectrum of two approaching

spherical particles.5 Then we discussed the high concentration system to investigate

the local field effect.6

The hydrostatic pressure effect may change the cell (e.g. human erythrocytes7)

shape from perfect sphere to oblate spheroid. Thus, to discuss the pressure effect

on the dielectric behavior of cells, we may consider the cell shape effect instead.

2. Formalism

Consider a suspension of spheroidal particles of complex dielectric constant ε̃1
coated with a shell of ε̃s dispersed in a host medium of ε̃2, where ε̃ = ε + σ/i2πf
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with f being the frequency of the applied field E = Eẑ. The depolarization factors

of the oblate spheroidal particles satisfy a sum rule

Lz + 2Lxy = 1

where

Lz(1/3 < Lz < 1) and Lxy(= Lx = Ly)

are the depolarization factors along the z- and x- (or y-) axes of the oblate spheroidal

particle, respectively. Lz = Lxy = 1/3 just indicates sphere.

The ER behavior is based on the interaction between a rotating electric field

E and the induced dipole moment M. In circularly polarized fields, the axis of

lowest polarizability, namely z−axis of the present particle, should be oriented

perpendicular to the plane of field rotation.10 In the steady state, the frequency-

dependent rotation speed Ω(f), which results from the balance between the torque

and the viscous drag, is given by3

Ω(f) = −F (ε2, E, η)Im[b̃xy] ,

where Im[· · ·] indicates taking the imaginary parts of [· · ·], and F is a coefficient

which is proportional to the square of magnitude of field E2, but being inversely

proportional to the dynamic viscosity η of the host medium. For a single coated

spheroidal particle, the dipole factor b̃xy is given by11

b̃xy =
1

3

(ε̃s − ε̃2)[ε̃s + Lxy(ε̃1 − ε̃s)] + (ε̃1 − ε̃s)y[ε̃s + Lxy(ε̃2 − ε̃s)]
(ε̃s − ε̃1)(ε̃2 − ε̃s)yLxy(1− Lxy) + [ε̃s + (ε̃1 − ε̃s)Lxy][ε̃2 + (ε̃s − ε̃2)Lxy]

(1)

where y is the volume ratio of the core to the whole coated spheroid.

Based on the spectral representation,12,13 we can obtain the analytic expression

for the characteristic frequency at which the maximum ER velocity occurs. Let

ε̃1 = ε̃2(1− 1/s̃), and assume a real number x = ε̃s/ε̃2,
3 we obtain

b̃xy = Π +
F1

s̃− s1
(2)

where Π denotes the nonresonant part13 which vanishes in the limit of unshelled

spheroidal cells. Regarding the expressions for various quantities s1, F1 and Π, we

refer the reader to Ref. 3. After substituting ε̃ = ε+σ/i2πf into Eq. (2), we rewrite

b̃xy after simple manipulations

b̃xy = (Π +
F1

s− s1
) +

δε

1 + if/fc
(3)

with2,8

s = (1− ε1/ε2)−1 and t = (1− σ1/σ2)
−1 ,

where the dispersion magnitude and characteristic frequency admit respectively3

δε = F1
s− t

(t− s1)(s− s1)
, fc =

1

2π

σ2

ε2

s(t− s1)

t(s− s1)
. (4)
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Fig. 1. The dependence of −Im[bxy] on frequency for s = 1.1, t = −0.005, ε2 = 80ε0, σ2 =
2.9× 10−5S/m. (a) z = 6, x = 2; (b) Lz = 0.4, x = 2; (c) z = 6, Lz = 0.4.
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Fig. 2. The dependence of −Im[bxy] on frequency for x = 2, z = 6, Lz = 0.4; (a) t = −0.005,
ε2 = 80ε0, σ2 = 2.9 × 10−5S/m; (b) s = 1.1, ε2 = 80ε0, σ2 = 2.9 × 10−5S/m; (c) t = −0.005,
s = 1.1, σ2 = 2.9× 10−5S/m; (d) t = −0.005, s = 1.1, ε2 = 80ε0.

3. Numerical Result

In Fig. 1, the effect of Lz, z = 1/y and x on −Im[bxy] are investigated, respectively.

There is always a peak, the location of which is just the characteristic frequency fc.

As Lz (or x) increases, fc becomes red-shift, while the corresponding peak value

increases as well. However, a larger z yields smaller peak value, while fc is changed

weakly.

In Fig. 2, we discuss the effect of s, t, ε2 and σ2 on −Im[bxy]. The s effect is

small so that it can be neglected. Smaller |t| leads to larger fc; at the same time,

increasing peak value appears. Increasing ε2 yields decreasing fc, and the related
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peak value is unchanged. For increasing σ2, fc increases concomitantly, but the

peak value remains unchanged as well.

In Fig. 3, the experimental data is extracted from an experiment on human

erythrocytes.9 Obviously, there is a good agreement between our theory and this

experiment. During this fitting, we model the cell as oblate spheroid (Lz = 0.65).
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Fig. 3. A fitting on human erythrocyte data (σ2 = 12.5 × 10−3). Theory: s = 100, t = 1.00783,
ε2 = 80ε0, z = 3, x = 0.008, Lz = 0.65, F/E2 = 135.

4. Conclusion

We have presented a theoretical study of ER based on the spectral representation

theory. From the theoretical analysis, we find that cell shape and the coating can

change the characteristic frequency. By adjusting the cell shape, dielectric prop-

erties and the thickness of the coating, it is possible to obtain good agreement

between our theoretical predictions and the experimental data on human erythro-

cytes suspensions.
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