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Conduction and convection are two fundamental methods of heat transfer, which are generally considered independent. We
manage to unify them by coining a complex thermal conductivity whose real and imaginary parts are related to conduction
and convection, respectively. Accordingly, the conduction-convection process with thermal waves is dominated by the com-
plex conduction equation, thus called complex thermotics herein. To go further, we establish the theory of transformation
complex thermotics by proving the form-invariance of the complex conduction equation and deriving the transformation
principle of complex thermal conductivities. As model applications, we design three devices with functions of cloaking,
concentrating, and rotating thermal waves. Moreover, experimental demonstration is suggested with a porous medium whose
effective complex thermal conductivity is calculated with the method of weighted average. These findings could broaden the
fundamental knowledge of conduction and convection, and have potential applications in designing thermal metamaterials.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

Conduction and convection are ubiquitous in nature, whose key parameters
are mainly thermal conductivity and convective velocity, respectively. There-
fore, these two methods are generally considered independent, which makes
their simultaneous manipulation challenging. Recently, transformation theo-
ries have been proposed to control conduction and convection simultaneously,
yielding practical applications such as cloaking, concentrating, and rotating [ 1—
3]. These theories are applicable for constant-temperature boundary conditions,
but not necessarily appropriate for periodic boundary conditions with thermal
waves.

To solve the problem, we resort to a complex thermal conductivity x = o +
it with o and 7 being two real numbers [4]. The « can be well understood with
the complex plane shown in Fig. 1. We consider thermal waves and suppose
convective velocities to be rightward. The thermal waves in the right (oo > 0)
and left (o < 0) half planes have loss and gain of amplitude, respectively. The
motion of the thermal waves in the upper (7 > 0) and lower (7 < 0) half planes is
rightward and leftward, respectively. The conduction-convection process with
thermal waves is dominated by the complex conduction equation, thus called
complex thermotics herein. In other words, convection can be regarded as a
complex form of conduction.

Accordingly, we study the complex conduction equation and propose the
theory of transformation complex thermotics, which bridges spatial transfor-
mations and material transformations. We prove the form-invariance of the
complex conduction equation under coordinate transformations and derive the
transformation rule of complex thermal conductivities. Transformation com-

* Corresponding authors.
E-mail addresses: 13307110076 @fudan.edu.cn (L. Xu), jphuang @fudan.edu.cn (J. Huang).

https://doi.org/10.1016/j.ijheatmasstransfer.2020.120133
0017-9310/© 2020 Elsevier Ltd. All rights reserved.

plex thermotics also allows us to design cloaking, concentrating, and rotating
as three model applications. Concretely speaking, cloaking can hide an obsta-
cle without distorting the thermal wave in the background; concentrating can
enhance the density of thermal wave (indicating a larger heat flux); and rotat-
ing can control the direction of thermal wave. We further provide experimental
suggestions with a porous medium whose effective complex thermal conduc-
tivity is calculated with the method of weighted average. The application range
of transformation complex thermotics is also extended from pure materials to
composite materials. Let us start from establishing the transformation theory.

2. Theory of transformation complex thermotics

Complex thermotics is dominated by the complex conduction equation,
pCOT [0t +V - (—kVT) =0, (1)

where p, C, k, T, and t are density, heat capacity, complex thermal conductivity,
temperature, and time, respectively. Here the complex thermal conductivity «
can be expressed as [4]

K=0’+iT:O'+iM,
BZ

where v is convective velocity, and S is wave vector. By applying a wave-like
temperature profile [5,6] denoted as T = Age'(ﬂ"““’) + Ty, the dispersion rela-
tion of complex thermotics can be derived,
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@

where Ao, r, w, and Ty are the amplitude, position vector, frequency, and ref-
erence temperature of the wave-like temperature profile, respectively. Such a
wave-like temperature profile can also be called a thermal wave because it is
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Fig. 1. Connotation of complex thermal conductivity x = o + ir. Solid curves denote thermal
waves. Convective velocities are supposed to be rightward. The arrow in the center of each thermal
wave indicates loss or gain.

just a plane wave. Certainly, thermal waves in this work have a distinct mech-
anism from the Maxwell-Cattaneo heat waves [7.8]. Eq. (2) is a mathematical
skill to unify conduction and convection. Due to the feature of thermal waves
(say, VT =iBT), we can derive it - VT = —78T which just corresponds to a
convective term.

Then, we prove that the complex conduction equation [Eq. (1)] is form-
invariant under the spatial transformation from a curvilinear space X to a phys-
ical space X’. For this purpose, we rewrite Eq. (1) as

pCOT [0t +V - (=oVT)+V - (7pT) = 0. 4)

We suppose u = 78 and write down the component form of Eq. (4) in the curvi-
linear space with a contravariant basis (g/, g%, g') and contravariant components
o, xk, ),

VEPCO,T + 0;(~ 8o, T) + 0,( Vauw'T) = 0, ®)

where g is the determinant of the matrix g, - g, [p and ¢ take on j, k or [
with (gj, gk, &) being a covariant basis]. Eq. (5) is expressed in the curvilinear
space, and then we rewrite it in the physical space with Cartesian coordinates
(xj', X, x’/),
' 5 OxF ' ;
i —— Jk ’ i — J =

VEPCOT + ) o ( Vet =0y T) *0y o (Veu'T) =0, (6)
where dx/’ /dx7 and axr /dxk are the components of the Jacobian transforma-
tion matrix J, and \g =1/det J. We turn the spatial transformation into the
transformation of materials or vectors, so Eq. (6) becomes

o’ k9 o
C [ =—Uu

L o140, -2 2 g1+ 0, 2T =0. %)
detJ detJ “| detJ
The transformation rule can be derived,

,_ pC
C)Y = —, 8a
(0) tet] (8a)
JoJs
_JT (8b)
detJ
Ju
w=—:, 8¢
detJ (8c)
where J¢ represents the transpose of J. Since u = 78, Eq. (8c) becomes
J@p)

B) = =. 9
@B oy ©)
We do not transform the wave vector, yielding 8/ = B, so Eq. (9) turns into

Jr
T = . 10
detJ (10)

Therefore, the transformation rule of complex thermotics can be summarized
as

o
(PC)—d

-, 11a
etJ (1a)

Ty Js

o = %, (11b)
(¥
J

Eq. (11) is the first key result of this work, which gives the trans-
formation principle of complex thermal conductivities. Physically speaking,
Eqgs. (11a) and (11b) agree with the result given by transformation thermotics
for conduction [9,10]. Here a crucial point is to show that Eq. (11c) does not
violate physical laws either. For this purpose, we substitute the concrete expres-
sion of 7 [Eq. (2)] into Eq. (11c), thus yielding

, 7( pCV-B
(er8) - %) )
B2 detJ
With Eq. (11a) and 8/ = B, Eq. (12) can be reduced to
v = Jv, (13)

which also agrees with transformation thermotics for convection [1-3]. So far,
we may briefly summarize two conclusions: (I) complex thermotics indicates
that the real and imaginary parts of a complex thermal conductivity [Eq. (2)]
are related to conduction (featured by dissipation) and convection (featured
by propagation), respectively; and (II) the dominant equation of complex ther-
motics [Eq. (1)] is form-invariant under coordinate transformations.

3. Applications of transformation complex thermotics

The form-invariance of the complex conduction equation [Eq. (1)] allows
us to design cloaking, concentrating, and rotating. A schematic diagram of
cloaking is shown in Fig. 2(a). The left and right ends are set with a periodic
boundary condition, say, Ty = Tg. The upper and lower boundaries are insu-
lated. We consider the case with v//8 where the imaginary part of « appears,
as predicted by Eq. (2). We take on the wave vector 8 = 2am/W with m = 10,
and the period of the thermal wave is #p = 20 s according to Eq. (3). We set the
initial wave-like temperature profile as T = 40 sin (8x) + 323 K [see Fig. 2(b)].
When there is an obstacle without motion in the center, the thermal wave is
distorted [see Figs. 2(c) and 2(d)]. Different from the methods with analytical
design [11-13] or topology optimization [14—17] to design thermal cloaking,
here we apply the present theory of transformation complex thermotics which
follows r = ar’ + b and 0 = ¢, where (r,0) denote cylindrical coordinates in
the physical space, a = (r, —r1)/r2, and b = r;. Here r; and r, are the inner
and outer radii of the shell, respectively. The Jacobian transformation matrix
J can be calculated as J = diag[a, ar/(r — b)]. We design the cloak according
to Eq. (11). The initial wave-like temperature profile in the cloak also turns
into T = 40 sin {B[(r — b)x/(ar)]} + 323 K [see Fig. 2(e)]. Here the wave vector
B is not transformed indeed, and only the coordinate x becomes (r — b)x/(ar).
Clearly, the obstacle does not distort the thermal wave in the background, and
the cloaking effect is achieved [see Fig. 2(f) and (g)]. Since the dispersion re-
lation [Eq. (3)] indicates that the decay rate [-Im(w)] is in direct proportion to
thermal conductivity, the temperature of the obstacle (with high thermal con-
ductivity of 120 W m~! K~!) decays quickly and becomes a constant. Mean-
while, the thermal wave has amplitude loss due to the positive real part of «,
and propagates rightwards along x axis due to the positive imaginary part of «.
After propagating for a period (20 s), the thermal wave approximately gains a
phase difference of 2, thus going back to the initial position [see Fig. 2(e) and
(@]

With the similar method of cloaking, we can also design concentrating and
rotating. The transformation of concentrating is r = ¢’ for 0 < v < ry, r=
dr' + fforry, < v <r,and §=6¢.Here c =r|/rp, d=(ry —r1)/(ra — rm),
f=(r1 —rm)r2/(r2 — ry), and ry, is an intermediate radius between r; and r,.
The concentrating effect is determined by the parameter 1/c = r,,/r;, whose
maximum value is rp/r. Therefore, increasing the value of r,, can enhance the
thermal gradient inside the concentrator. We can derive the Jacobian matrix J in
the core as J = diag[c, ], and that for the shell as J = diag[d, dr/(r — f)]. The
initial wave-like temperature profile in the core turns into 7 = 40 sin [B(x/c)] +
323 K, and that in the shell becomes T = 40 sin {B[(r — f)x/(dr)]} + 323 K [see
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Fig. 2. (a) Schematic diagram of cloaking. (b)-(d) Simulations with an obstacle in the center. (e)-

(g) Simulations with an obstacle coated by a cloak. Background parameters: W =20 cm, H =
10cm, p = 1000 kg/m?, C = 4200Tkg ' K™, =0.6 Wm™' K~!, and v = 0.1 cm/s. The obstacle
is without motion, and has only a different parameter of - = 120 W m~' K~! from background
parameters. Cloaking parameters: the product of density and heat capacity is pC(r — b)/ (azr); the
real part of the complex thermal conductivity is diag[(r — b)o/r, ro/(r — b)]; and the velocity is
V[acos, —arsin@/(r — b)]* with r; =2.5cm, r, =3.5cm,a=2/7and b = 2.5 cm.

Concentrator Rotator

T
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Fig. 3. Simulations of (a)-(c) concentrating and (d)-(f) rotating. The system sizes (W, H,
ry, and r;) and background parameters (p, C, o, and v) are the same as those for Fig. 2.
Core parameters in (a)-(c): pC/c?, o, and cv. Shell parameters in (a)-(c): pC(r — f)/(dzr),
diag[(r — f)a/r, ro/(r = f)], and V[d cos 0, —drsin6/(r — f)|* with r,, =3.2 cm, ¢ =25/32,d =
10/3, and f = —49/6 cm. Core parameters in (d)-(f): pC, o, and v[cos 6y, sin 6y]°. Shell parame-
ters in (d)-(f): pC, a-[(l, hr), (hr, 2+ 1)], and V[cos 6, hrcos 6 — sin 6]° with 6, = /6 rad and
h = —m/6 rad/cm.

Fig. 3(a)]. The thermal waves at r = 10 s and ¢ = 20 s are shown in Fig. 3(b)
and (c), respectively. Clearly, the thermal wave in the center is concentrated.
The transformation of rotating is r =7/, 8 =6 + 6y for 0 < ' < ry, and
0=6"+h(r—ry) for rj <1 < ry. Here h = 6y/(r; — r2), and 6y is rotating
angle. We can derive the Jacobian matrix in the core as J= diag[1, 1], and that
in the shell as J = [(1, 0), (hr, 1)]. The initial wave-like temperature profile in
the core turns into 7 = 40 sin [B(x cos 6y + ysinfp)] + 323 K, and that in the
shell turns into 7' = 40 sin {B{x cos [(r — r2)] + ysin [A(r — r)]}} + 323 K [see
Fig. 3(d)]. The thermal waves at = 10 s and ¢ = 20 s are shown in Fig. 3(e)

and (f), respectively. We can observe that the direction of thermal wave in the
center is rotated by 6y = /6 anticlockwise.

Here we only apply a single transformation to realize a single function on
one device. If one conducts transformation twice, it is possible to design devices
with bifunctions of cloaking-rotating [ 18] and concentrating-rotating [19].

4. Experimental suggestions for transformation complex thermotics

Essentially, the transformation of 7 [Eq. (11c¢)] is just the transformation
of v [Eq. (13)], which is mathematically easy, but experimentally difficult.
Meanwhile, we should transform the density and heat capacity of moving mat-
ter, which is also experimentally difficult. Fortunately, many fluid models can
help [20-29]. Here we utilize a porous medium [20] to proceed. Then, we
should extend transformation complex thermotics from pure materials to com-
posite materials. The porous medium is composed of solid and fluid with solid
porosity of ¢. We denote the density and heat capacity of the solid (or fluid) as
ps (or py) and Cy (or Cy), respectively. The effective density (p) and heat capac-
ity (C) of the porous medium can be derived from the weighted average of the
solid and fluid, say, pC = ¢pCyr + (1 — ¢)psCs. Similar to Eq. (2), the complex
thermal conductivities of the solid and fluid can be expressed as

scsvs °
Ky = O + 1Ty :0's+i¥, (14a)
B
kp =0y ity = oy +ille L ;2-’ B (14b)

where v and vy are the velocities of the solid and fluid, respectively. The imagi-
nary part of Eq. (14a) generally vanishes (7, = 0) when the solid does not move
(Vs = 0). It is reasonable to handle the real parts of Eq. (14) with the method of
weighted average, thus yielding the real part of the effective complex thermal
conductivity as o = ¢o s + (1 — ¢)os [30]. The next question is how to treat the
imaginary parts of Eq. (14). We know that the imaginary part 7 of the effective
complex thermal conductivity is related to propagation, which has vector prop-
erty to some extent. Therefore, it is also physical to use the method of weighted
average to derive the effective imaginary part, say, 7 = ¢7¢ + (1 — ¢)7. There-
fore, the effective complex thermal conductivity « of the porous medium can be
expressed as

k=0 +it= g0+ (1= o, +ilet + (1= 9)1,| = grp + (1 - P)xs.
s)

Eq. (15) is the second key result of this work, revealing the effective com-
plex thermal conductivity of composite materials. By substituting Eq. (15) into
Eq. (1), we obtain the dispersion relation in the porous medium,

_ 90sCy 1-¢)p,C B
oC pC pC’

When ¢ = 1, the porous medium becomes pure fluid, and Eq. (16) is reduced
to Eq. (3) naturally. Eq. (16) also echoes with the result obtained by directly
solving the conduction-convection equation in a porous medium, and detailed
derivations can be found in the Appendix.

With the understanding of Eq. (15), we can still use the result of Eq. (11),
but it is not enough. We should consider the Darcy law and mass conservation.
The Darcy law indicates that the origin of convective velocity is pressure difter-
ence, say, V = —(17/£)VP where 1 is permeability, £ is dynamic viscosity, and
P denotes pressure. Since the pressure field is stable, density does not change
with time and mass conservation is satisfied naturally. With these two physical
conditions, we can obtain the transformation rule in a porous medium,

w

Vf~ﬂ+( v - B-i (16)

(sCs) = psCy, (17a)
o =0y, (17b)
(psCyY = [(0C) = dp,Cy /(1 - ), (17¢)
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Fig. 4. (a) Schematic diagram of cloaking with a porous medium. (b)-(d) Temperature profiles and
(e) pressure distribution with an obstacle located in the center. (f)-(h) Temperature profiles and (i)
pressure distribution with the same obstacle coated by a cloak. White arrows in (e) and (i) denote
convective velocities. P, = 2 x 10° Paand Pg = 0 Pa. The fluid is still water with p; = 1000 kg/m?,
Cr=4200Jkg ' K™!, oy =0.6 Wm™' K™!, and ¢ = 10~ Pas. The background solid is stone with
parameters p, = 4000 kg/m®, C; = 840J kg™ ' K™, oy, =2Wm™ K™, = 1072 m?,and ¢ = 0.8.
The obstacle has only different parameters of o = 400 W m~' K~ and 7 = 2 x 107! m? from the
background solid. The parameters in the shell are transformed as Eq. (17).

Concentrator Rotator

TM(K)

P (10° Pa)

Fig. 5. Simulations of (a)-(d) concentrating and (e)-(g) rotating with a porous medium. The system
sizes and background parameters are the same as those for Fig. 4. Other parameters are designed
with Eq. (17).

L= (07 = goy) /(1 - 9), (17d)

7 =JnJ%/ detJ, (17e)

where (pC)" and ¢’ are determined by Eqs. (Ila) and (11b), respectively.
Eq. (17) is the third key result of this work, revealing the theory of transfor-
mation complex thermotics in a porous medium. Clearly, we only transform the
parameters of solid, and avoid transforming convective velocity or moving fluid
directly. Therefore, the physical problems for experiment have been solved,
and the remaining problems are to seek for practical materials with anisotropic
and inhomogeneous thermal conductivities and permeabilities, which have been
widely studied such as multilayered structures [31-40]. Meanwhile, simultane-
ously applying a thermal field and a fluid field requires elaborate experimental
apparatus.

Fig. 4 (a) shows the schematic diagram of our experimental suggestion.
We use two modules including the heat transfer in a porous media and the
Darcy law. The left and right boundaries are additionally set at high pressure
(Pr) and low pressure (Pg), respectively. We take the wave vector 8 = 2xm/W
with m = 10, and the period of the thermal wave is 7y = 24 s according to
Eq. (16) with v; = 0. The initial wave-like temperature profiles [see Figs. 4(b)
and 4(f)] are the same as those in Figs. 2(b) and 2(e). Clearly, if there does not
exist a cloak coating the obstacle, the thermal wave [Figs. 4(c) and 4(d)] and the
pressure field [Fig. 4(e)] are strongly distorted. In contrast, a cloak can avoid
the distortion of the thermal wave [Figs. 4(g) and 4(h)] and the pressure field
[Fig. 4(i)]. The thermal wave in Fig. 4(h) has also amplitude loss because of
the positive real part of «. After propagating for one period (24 s), the thermal
wave in Fig. 4(h) approximately gains a phase difference of 27, thus being at the
same position as Fig. 4(f). We also provide experimental suggestions for con-
centrating and rotating whose parameters are designed according to Eq. (17).
The simulation results are shown in Fig. 5(a)—(d) and Fig. 5(e)—(h), respec-
tively. The concentrating and rotating effects are achieved indeed with a porous
media. Therefore, the predictions of Eqs. (15)—(17) are physical, confirming the
feasibility of transformation complex thermotics in composite materials. Cer-
tainly, the applications of transformation complex thermotics are not limited to
the above three devices. Many other applications can also be expected such as
camouflaging [41-52].

5. Conclusion

In summary, we have coined a complex thermal conductivity x and the
complex conduction equation (say, complex thermotics) to unify conduction
and convection. The real and imaginary parts of x correspond to conduction
and convection, respectively. We have also proved the form-invariance of the
complex conduction equation under coordinate transformations and derived
the transformation principle of complex thermal conductivities. The theory of
transformation complex thermotics allows us to control thermal waves flexibly.
Three devices have been designed with functions of cloaking, concentrating,
and rotating. Experimental suggestions are also provided with the method of
weighted average to derive the effective complex thermal conductivity of com-
posite materials such as porous media. These results extend the connotation
of thermal conductivity from real number to complex number, which not only
have fundamental relevance, but also have potential applications in controlling
thermal waves based on metamaterials.
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The conduction-convection equation in a porous medium is derived as fol-
lows. The conductive energy density E| is

E, =—-0oVT. (A1)
The convective energy density induced by the moving fluid E; is

E; = ¢p;Csv/T, (A2)
and that induced by the moving solid E3 is

E3 = (1 - ¢)p,CsvT. (A3)

Therefore, the total energy E that flows into the closed surface X from time ¢,
to tp is

153 )
E=—f #n~(E1+E2+E3)det=—f ﬁggv~(El+E2+E3)dth,
2 z n Q

(A4)

where Q is the region enclosed by the surface Z, r is unit normal vector, dS is
surface element, and dV is volume element.

On the other hand, the absorbed energy E’ can be also derived from the
thermodynamic formula

E = 9@@5 [oCT (1) = pCT(t1)]aV = f : 9@95 pC@AT/0HdVdt.  (AS)
Q t Q

According to the law of energy conservation, there must be £ = E’, and we can
derive the energy equation of the conduction-convection process in a porous
medium as

pCOT 3t +V - |~aVT + ¢p;CpVsT + (1 = $)p,CU,T| = 0. (A6)

With the definition of the effective complex thermal conductivity in a porous
medium [say, Eq. (15) in the main text], Eq. (A6) can be reduced to

pCOT 3t +V - (—=kVT) = 0. (A7)

Therefore, the conduction-convection process in a porous medium is still domi-
nated by the complex conduction equation where pC and « are the weighted av-
erage of the solid and fluid. We use the plane-wave solution [T = Age!®7-¢" +
To], and derive the dispersion relation as Eq. (16) in the main text. Conse-
quently, Eqs. (15) and (16) in the main text are physically correct.
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