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A thermal cloak can hide an object inside the cloak from the detection by measuring external heat flow
(outside the cloak); this behavior is called the cloaking effect. However, such a thermal cloak has a lim-
itation. Namely, the object is always located inside the cloak’s central region with a homogeneous tem-
perature distribution, and hence this object cannot feel the flow of heat. To overcome the limitation, we
develop a coordinate transformation method to design a complementary material, and add it into the
central region of the cloak. As a result of finite element simulations, in case of external heat flow, the tem-
perature distribution in this central region becomes inhomogeneous and hence the object feels the flow
of heat indeed. Meanwhile, the cloaking effect remains the same, or almost the same as the cloak without
such a complementary material inside. Thus, it becomes possible to use complementary materials to
design thermal devices where heat conduction can be controlled at will.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

With an attempt to control heat conduction at will, Fan et al. [1]
designed thermal cloak by utilizing coordinate transformation
method as early as 2008: They started from the form invariance
of the thermal conduction equation in distorted coordinates, and
proposed a type of thermal cloak for steady state heat flow (i.e.,
the temperature, T, is not a function of time) by tailoring aniso-
tropic and inhomogeneous materials appropriately. The thermal
cloak can hide an object inside the cloak from the detection by
measuring the external heat flow (which originates from a temper-
ature gradient outside the cloak). This behavior is called the cloak-
ing effect; it is because the cloak and object do not affect the
distribution of temperature outside the cloak as if they are absent.
In 2012, Narayana and Sato [2] experimentally realized this cloak-
ing effect by using forty alternating layers of two materials, one (or
the other) of which has a high (or low) thermal conductivity. In the
mean time, while some theoretical scholars proposed to achieve
such thermal cloaks by utilizing simplified methods based on
homogeneous materials [3], other theoretical [4] or experimental
[2,5,14] scholars extended the thermal cloaks from steady state
heat flow to unsteady state heat flow (for which T changes as time
varies).

However, all the thermal cloaks reported in the literature
[1–12,15] have a common limitation: the cloaked object cannot
feel the flow of heat because it is located inside the cloak’s central
region where the temperature distribution is always homogeneous
no matter whether external heat flow exists or not. In other words,
the object hidden inside the cloak has no feeling for the external
heat flow (if any), or equivalently it is ‘‘blind’’ to the existence of
external heat flow. Clearly, if the limitation is overcome in thermal
cloaks, the cloaking effect could be more practicable, especially for
the cloaked object. We understand that conventional thermal
cloaks have two mainly properties. One is thermal invisibility
(namely, the temperature distribution pattern outside a cloaking
region does not change no matter whether there is a cloak or
not), and the other is thermal shielding (i.e., preventing the flow
of heat into the central area of a cloak). Since thermal shielding
can be achieved by many other methods (say, by using heat-insu-
lating materials), thermal invisibility is the unique feature of ther-
mal cloaks. Fortunately, the feeling cloak designed in this work still
has the same feature of thermal invisibility. In the meantime, giv-
ing up the property of thermal shielding makes the object located
within the central area of the cloak feel changes of a temperature
gradient, and thus this object has feelings. In other words, during
the process of heat conduction, our design could be a good choice
under the following condition: a person (or an object), who lives in
the central area of the cloak, wants to know what happens outside
while he still hopes to prevent himself from being detected by oth-
ers by measuring the change of temperature gradient pattern out-
side the cloaking area. That is, the cloaked object itself would no
longer be ‘‘blind’’ to the presence of external heat flow. In a recent
paper [13], Gao and Huang managed to overcome the limitation by
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using complementary materials [17,16] to cloak an object that is
located outside the cloak. As a result, the object can feel the exter-
nal heat flow, but at a cost of specific design of configurations [13]:
the cloak’s parameters must be changed according to geometrical
or material properties of the object. In other words, according to
the design proposed in Ref. [13], different cloaks must be used to
cloak different objects. In order to reduce the complexity of this kind
of design, here we raise a question: can one let the object, which
stays inside the central region of the cloak, feel the flow of heat?
If so, the complexity of the former design in Ref. [13] could be
avoided, which is because one cloak can then be used to cloak differ-
ent objects. For this purpose, we shall propose a recipe according to
coordinate transformation method [1,12].
2. Recipe based on coordinate transformation method

Without loss of generality, we omit the heat source, and start
from the case of steady state heat flow in a two-dimensional ther-
mal cloak with coordinates ðr; hÞ; see Fig. 1. Here r denotes the
radial coordinate, and h represents the angular coordinate. In this
case, the heat diffusion equation satisfies r~jr � T ¼ 0, where ~j
denotes a thermal conductivity. When we compress the annulus
region with r0 < r < rb to the region with ra < r < rb, the transfor-
mation method can be expressed as

rb � ra

rb � r0
r þ l1 ¼ r0; ð1Þ

where l1 ¼ rbðra � r0Þ=ðrb � r0Þ and r0 denotes the radial coordinate
in the distorted coordinates. It is worth noting that setting r0 ! 0
in Eq. (1) reduces to the transformation for constructing the original
thermal cloak reported in Refs. [1,12]. This transformation method
Fig. 1. Schematic graph showing a cloak and a complementary layer: the cloak is located
situated within rc < r < ra . X and Y axes are also added. Other details are indicated in th
(Eq. (1)) leads to the cloaking parameters (namely, thermal conduc-
tivities) in the distorted coordinates; they can be derived from the
following relation between ~j0 (thermal conductivity in the distorted
coordinates) and ~j (thermal conductivity in the original or regular
coordinates),

~j0 ¼ J~jJt

detðJÞ ; ð2Þ

where J is the Jacobian transformation matrix between the distorted
and original coordinates, Jt is the transposed matrix of J, and detðJÞ
is the determinant of J. Then, the cloaking parameters (namely, the
radial and angular thermal conductivity, ~jr;cloak and ~jh;cloak) can be
figured out as

~jr;cloak ¼ jr;cloakj0 ¼
r0 � l1

r0
j0;

~jh;cloak ¼ jh;cloakj0 ¼
r0

r0 � l1
j0; ð3Þ

where j0 is the thermal conductivity of background. Fig. 2(a) shows
how jr;cloak and jh;cloak vary with r. Here we should remark that l1 is
important to achieve the cloaking effect. When r0 ¼ 0, l1 ¼ ra, and
then heat flux in the radial direction vanishes. This facts means that
due to continuity, the flux in the central region with r < ra also van-
ishes. In other words, there is a homogeneous temperature distribu-
tion inside the central region (r < ra). On the other hand, heat flux in
the angular direction turns to be infinite. This allows heat flux
detouring the central region (r < ra). Moreover, symmetry of the
device ensures the heat flux to propagate forward as if there is noth-
ing (except for the background with a thermal conductivity, j0) in
the space.
within the region of radius r satisfying ra < r < rb , and the complementary layer is
e main text.



Fig. 2. (a) jr;cloak and jh;cloak as a function of r; (b) jr;layer and jh;layer as a function of r.

Fig. 3. Simulation results of temperature distribution denoted by color surface: (a) background with thermal conductivity j0 plus an object within the circle of radius rd ,
which has the same thermal conductivity, j0, as the background; (b) a cloak (within ra < r < rb) added into (a); and (c) a complementary layer (within rc < r < ra) added into
(b). For plotting this figure, jr;cloak;jh;cloak ;jr;layer , and jh;layer are adopted according to Fig. 2. Other parameters: j0 ¼ 1 W/(m K), r0 ¼ 0:1 m, ra ¼ 1:2 m, rb ¼ 1:4 m, rc ¼ 1:0 m,
and rd ¼ 0:8 m.
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Next we attempt to set a new layer in the cloak device with
complementary materials, in order to let the heat flux flow across
the cloak and have inhomogeneous temperature distribution
within the central region (r < ra). We resort to the transformation
that compresses the region with r satisfying r0 < r < rb to the
region with r0 satisfying ra < r0 < rb. To compensate the cloaking
effect, suppose a mapping

r0 ¼ rc � ra

rd � r0
r þ l2; ð4Þ



Fig. 4. X-dependent temperature (T) along Y ¼ 0 in Fig. 3(a–c).
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where l2 ¼ ðrard � rcr0Þ=ðrd � r0Þ. As shown in Fig. 1, this mapping
(Eq. (4)) transforms the region of r0 < r < rd to the region of
rc < r < ra. Owing to this transformation, r ¼ r0 yields r0 ¼ ra, and
r ¼ rd leads to r0 ¼ rc . According to the same relation as Eq. (2),
we obtain the complimentary parameters (i.e., the radial and angu-
lar thermal conductivity, ~jr;layer and ~jh;layer) for the complimentary
layer (rc < r < ra) as

~jr;layer ¼ jr;layerj0 ¼
r0 � l2

r0
j0;

~jh;layer ¼ jh;layerj0 ¼
r0

r0 � l2
j0: ð5Þ
Fig. 5. (a–c) Same as Fig. 3(a–c), but the object was replaced with a better thermal condu
was replaced with a worse thermal conductor of thermal conductivity 0.04 W/(m K). The
of bars.
According to Eq. (5), Fig. 2(b) shows the change of both jr;layer and
jh;layer as r varies. Clearly, these parameters, jr;layer and jh;layer , of
the complementary layer (rc < r < ra) are both negative. In princi-
ple, a negative thermal conductivity of materials means that heat
flows from the region of low temperature to the region of high tem-
perature. So, in reality, one must apply an external work to get the
negative thermal conductivity as required by the second law of
thermodynamics. In fact, an electric refrigerator is just a sort of
‘‘material’’ whose effective thermal conductivity is negative because
heat is brought from the interior of the refrigerator (namely, the
region of low temperature) to the exterior of the refrigerator (i.e.,
the region of high temperature) due to the input of electric energy.
ctor of thermal conductivity 4000 W/(m K); (d–f) same as Fig. 3(a–c), but the object
white regions in (c) and (f) denote the temperature whose values exceed the bounds



Fig. 6. (a) X-dependent temperature (T) along Y ¼ 0 in Fig. 5(a–c); (b) X-dependent temperature (T) along Y ¼ 0 in Fig. 5(d–f).
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On the same footing, here we propose a method to obtain materials
with effective negative thermal conductivities by utilizing Peltier
effects [18,19]), as required by the second law of thermodynamics
[13,20]. For this purpose, we attach a metal plate to a plate of N-
type semiconductor. When the electric current is switched on and
flows from the semiconductor to the metal, the metal plate will
get cooler and cooler while the temperature of the semiconductor
plate increases step by step. This process just leads to effective neg-
ative thermal conductivities of our interest. As a result, the comple-
mentary layer (rc < r < ra) provides a new temperature gradient
inside the central region (r < ra).
3. Results

To show the desired cloaking effect, we are now in a position to
perform finite element simulations based on the commercial soft-
ware COMSOL Multiphysics [21]. As shown in Fig. 1, an object with
radius r ¼ rd is located within the central region of the cartesian
system (X;Y) with its origin located at the center, the cloak occu-
pies the region of ra < r < rb, and the complementary layer occu-
pies rc < r < ra. For the simulations, we set the following
parameter set: r0 ¼ 0:1 m, ra ¼ 1:2 m, rb ¼ 1:4 m, rc ¼ 1:0 m,
rd ¼ 0:8 m, and j0 ¼ 1 W/(m K). In addition, for the simulation
box, we adopt the continuity conditions (namely, temperature con-
tinuity and heat flux continuity) at the interface. The right (or left)
boundary has a temperature of 400 K (or 300 K). Both the bottom
and top boundaries are heat insulation. Fig. 3 shows the results
for the case when the object’s thermal conductivity is the same
as that of the background (j0). Compared with Fig. 3(a) that shows
the results of pure background, Fig. 3(b) shows the results of a
cloaked object, which has the same thermal conductivity as the
background, and displays a good cloaking effect: the temperature
gradient outside the cloak (r > rb) is the same as that of the region
with r > rb in Fig. 3(a). In the mean time, the distribution of tem-
perature inside the central region (r < ra) is homogeneous
(Fig. 3(b)). Interestingly, when we add the complimentary layer
into the region of rc < r < ra, Fig. 3(c) shows a temperature gradi-
ent inside the central region (r < ra) as well as the object region
(r < rd). Meanwhile, the temperature distribution outside the cloak
(r > rb) shown in Fig. 3(c) is also the same as that of the region with
r > rb in either Fig. 3(a) or Fig. 3(b). That is, the cloaking effect
remains in Fig. 3(c). For a better understanding of the results men-
tioned above, we plot Fig. 4, which shows a temperature distribu-
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tion along the line Y ¼ 0 from X ¼ �2 m to X ¼ 2 m. Since the cloak
compresses the space, the temperature decreases more rapidly in
the cloak region (see circular symbols between ra and rb in
Fig. 4), and there is no temperature difference between the left-
hand side (X ¼ �1:2 m) and right-hand side (X ¼ 1:2 m) of the cen-
tral region (circular symbols in Fig. 4). As a result, no temperature
gradient or heat flow can be found in this specific region. However,
when there exists a complementary layer with a negative thermal
conductivity, the temperature increases between ra and rc as X
increases (triangular symbols in Fig. 4), which leads to temperature
difference between the left-hand side (X ¼ �1:2 m) and right-hand
side (X ¼ 1:2 m) of the central region (triangular symbols in Fig. 4).
Thus, there is temperature gradient in the central region again
(from X ¼ �1:2 m to X ¼ 1:2 m). Moreover, the distribution of tem-
perature outside the cloak is not affected by the existence of the
cloak with or without the complementary layer, which is reflected
by the fact that the three curves are overlapped outside the cloak
region (X > 1:4 m or X < �1:4 m). All of these findings suggest that
the introduction of the complimentary layer into the system does
not affect the cloaking effect, but further allows the cloaked object
to have feeling for the flow of heat indeed.

But, what will happen if the thermal conductivity of the object
is different from that of the background with j0 ¼ 1 W/(m K)? To
answer this question, we consider two extremely different thermal
conductivities of the object, one of which is 4000 W/(m K) and the
other of which is 0.04 W/(m K). Results are shown in Figs. 5 and 6.
It is clear that for both cases, the introduction of the complimen-
tary layer into the two systems almost does not affect the cloaking
effect, and also allows temperature gradient to appear in the cen-
tral region (r < rc). That is, the cloaked object has feeling for the
flow of heat as well.

4. Conclusions

We have used coordinate transformation method to design a
different kind of thermal cloaks. A feature of such cloaks is that
the cloaked object inside the central region can feel the flow of
heat, while keeping the cloaking effect unchanged or almost
unchanged. The feature makes these cloaks different from the
existing thermal cloaks with objects cloaked inside. The underlying
mechanism originates from the complimentary effect of the addi-
tional complementary materials. This work offers a way to design
thermal devices, where heat conduction can be controlled at will,
by using complimentary materials tailored according to coordinate
transformation method.
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