
January 2023

EPL, 141 (2023) 16001 www.epljournal.org

doi: 10.1209/0295-5075/acabe1

Effective medium theory with hybrid impacts of phase symmetry

and asymmetry for analyzing phase transition behavior

X. C. Zhou1,2,3, W. Y. Lin2,4, F. B. Yang1,2,3, X. D. Zhou2,4,5,6, J. Shen1,2,4,5,6,7,8 and J. P. Huang1,2,3(a)

1 Department of Physics, Fudan University - Shanghai 200438, China
2 State Key Laboratory of Surface Physics, Fudan University - Shanghai 200438, China
3 Key Laboratory of Micro and Nano Photonic Structures (MOE), Fudan University - Shanghai 200438, China
4 Institute for Nanoelectronic Devices and Quantum Computing, Fudan University - Shanghai 200438, China
5 Shanghai Qi Zhi Institute - Shanghai 200232, China
6 Zhangjiang Fudan International Innovation Center, Fudan University - Shanghai 201203, China
7 Shanghai Research Center for Quantum Sciences - Shanghai 200433, China
8 Collaborative Innovation Center of Advanced Microstructures - Nanjing 210093, China

received 9 September 2022; accepted in final form 15 December 2022
published online 4 January 2023

Abstract – Recent research found a hysteresis phenomenon of electric conductance against metal-
lic phase ratio during the thermally driven metal-insulator transition in the vanadium trioxide
system. Profoundly exploring the hysteresis mechanism might help analyze the phase transition
behavior. However, there is no complete analytical theory to give a quantitative description. In
this work, we developed an effective medium theory to predict the relationships between the effec-
tive electric conductance and the metallic phase ratio during warming and cooling processes. It
reveals that the above hysteresis is due to the hybrid impacts of phase symmetry and asymmetry in
spatial distribution (termed space factor). Then, we applied this theory to deduce the nucleation
and growth behavior of the minority phase in the majority phase during phase transition. The
predicted relationship between metallic phase ratio and temperature is consistent with the exper-
imental results obtained by scanning microwave impedance microscopy. It shows that the above
dynamic behaviors during the warming and cooling processes are asymmetrical (termed dynamic
factor). Combining the space and dynamic factors, we summarized the thermal hysteresis mech-
anism of the metal-insulator transition. Finally, we analyzed the influence of these two factors on
the electric conductance difference during the warming and cooling processes. The result indicates
that adjusting asymmetrical elements in space and dynamic factors is key to controlling thermal
hysteresis magnitude. Since the electric conductance in our theory can be replaced by other phys-
ical properties, such as thermal conductivity, dielectric constant, and magnetic permeability, this
work might help analyze many different phase transition behaviors.

Copyright c© 2023 EPLA

Introduction. – Phase transitions, during which the
macroscopic physical properties of the system might
change significantly, are common in nature. People have
used this phenomenon to achieve various applications,
such as smart windows [1,2], energy storage [3–5], ther-
mal diodes [6,7], and memory devices [8,9]. However,
the phase transition processes in opposite directions are
not entirely consistent [10,11]. Regarding the thermally
driven phase transition, the macroscopic physical proper-
ties vs. temperature might differ during warming and cool-
ing processes [12,13]. This phenomenon is called thermal

(a)E-mail: jphuang@fudan.edu.cn (corresponding author)

hysteresis. Since there are specific requirements for the
hysteresis magnitude in practical applications, such as
shape memory and thermal utilization, studying the hys-
teresis mechanism can help to analyze the phase transition
behavior and promote technology development [12,14–16].

Vanadium trioxide (V2O3) is well known in various
metal-insulator transition materials, with its electrical re-
sistivity changing up to 106 magnitudes before and after
the phase transition [17,18]. Recently, a strong thermal
hysteresis has been directly visualized in the V2O3 sys-
tem by scanning microwave impedance microscopy [19].
During the metal-insulator transition, the electric resis-
tance R of the V2O3 sample in the warming process was

16001-p1



X. C. Zhou et al.

higher than that in the cooling process at the same tem-
perature T . Researchers plotted the relationship between
the metallic phase ratio fmet and T by analyzing the area
fractions of the metallic and insulating phases. At the
same T , fmet in the warming process was lower than in
the cooling process. Yet, the thermal hysteresis is not en-
tirely caused by the different fmet. To go further, they
plotted the relationship between the electric conductance
G of the V2O3 sample and fmet. The G in the warming
process is almost the same as in the cooling process when
fmet → 50%, while the former is significantly lower than
the latter when fmet is far from 50%. By analyzing the
number of domains during the warming and cooling phase
transitions, the researchers attributed the hysteresis of G
against fmet to different domain evolutions [19]. That is,
the domain distribution in the cooling process is easier
for the current to pass through than in the warming pro-
cess. In other words, the distribution of the metallic and
insulating phases affects the macroscopic thermal hystere-
sis behavior. However, there is no complete quantitative
analytical theory to explain this phenomenon. If we can
describe the above process smoothly and comprehensively,
we might understand thermal hysteresis more deeply.

As a powerful tool, effective medium theory (approxi-
mation) is widely used in thermal [20–22], optical [23–25],
electrical [26,27], magnetic [28,29], and other systems [30,
31] to predict the macroscopic physical properties of com-
posite materials according to the corresponding physical
properties of each component. Considering the experimen-
tal explanation for the hysteresis of G (fmet), we equate
the domain evolution to the metallic and insulating phases
in symmetrical and asymmetrical distributions. Fortu-
nately, among various models of effective medium theory,
there exist two basic formulas with symmetrical and asym-
metrical characteristics. We smoothly combine them to
predict the relationship between effective electric conduc-
tance Ge and fmet during the phase transition process.
Comparing the theoretical predictions Ge (fmet) with the
experimental results G (fmet), we examine the accuracy of
this method and reveal the hysteresis mechanism. We then
apply the method to deduce the nucleation and growth
behavior in the phase transition process. The predicting
fmet(T ) is validated by the experimental results obtained
by scanning microwave impedance microscopy. Combin-
ing Ge (fmet) and fmet(T ), we further analyze the thermal
hysteresis mechanism of Ge(T ). It guides controlling ther-
mal hysteresis magnitude for practical applications.

Theory. – Maxwell-Garnett (M-G) formula [20,25,32–
36] and Bruggeman formula [20,25,35–37] are fundamen-
tal in the effective medium theory, with asymmetrical and
symmetrical characteristics, respectively. We apply them
to calculate Ge in this study. Note that the V2O3 system
in ref. [19] can be treated as a two-dimensional system,
so we use the two-dimensional M-G and Bruggeman for-
mulas. The M-G formula is suitable for solving the situa-
tion where inclusions are embedded in a host [32,33,38], as

Maxwell-Garnett Bruggeman

(a) (b) Host
Inclusion

Fig. 1: Schematic diagram of (a) Maxwell-Garnett (M-G) for-
mula for phase asymmetry and (b) Bruggeman formula for
phase symmetry [25,38]. We use “host” and “inclusion” in
the Bruggeman formula to make it consistent with the M-G
formula in this work.

shown in fig. 1(a). For a two-dimensional isotropic binary
composite, the M-G formula is

Ge,M-G −Gh

Ge,M-G +Gh
= fi

Gi −Gh

Gi +Gh
, (1)

where Ge,M-G is the effective electric conductance calcu-
lated by the M-G formula; Gi is the electric conductance
of the inclusions; Gh is the electric conductance of the
host; fi is the area ratio of the inclusions [25,38]. This
formula is asymmetrical. If we exchange the subscripts
“i” and “h”, Ge,M-G will differ. Thus, if the host and in-
clusions are non-exchangeable in the warming and cooling
processes, we can use eq. (1) to calculate Ge,M-G. For ease
of presentation, we term the M-G formulas in the warming
and cooling processes as M-G-1 and M-G-2 formulas, re-
spectively. The Bruggeman formula is suitable for solving
the situation where the inclusions and host are exchange-
able [37,38], as shown in fig. 1(b). For a two-dimensional
isotropic binary composite, the Bruggeman formula is

fi
Gi −Ge,B

Gi +Ge,B
+ fh

Gh −Ge,B

Gh +Ge,B
= 0, (2)

where Ge,B is the effective electric conductance calculated
by the Bruggeman formula; fh is the area ratio of the
host; fi + fh = 100% [25,38]. This formula is symmet-
rical. If we exchange the subscripts “i” and “h”, Ge,B

will be the same. Since the applicable scopes of the M-
G and Bruggeman formulas are different, it is necessary
to develop a formula according to the characteristics of
the metal-insulator transition in the warming and cooling
processes.
For the warming process, we treat the phase transition

process as a growth process of the metallic phase in the
insulating phase. The metallic and insulating phases are
considered the inclusions and host, respectively. Thus,
we get the M-G formula in the warming process (M-G-1
formula),

Ge,M-G-1 −Gins

Ge,M-G-1 +Gins
= fmet

Gmet −Gins

Gmet +Gins
, (3)

where Ge,M-G-1 is the effective electric conductance cal-
culated by the M-G-1 formula; Gins is the electric
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Table 1: Variations of η with fmet in the warming process.

fmet Formula Ge η

0% M-G-1 Ge,M-G-1 1
0% → 50% M-G-1 + Bruggeman ηGe,M-G-1 + (1− η)Ge,B 1 → 0
50% Bruggeman Ge,B 0
50% → 100% M-G-1 + Bruggeman ηGe,M-G-1 + (1− η)Ge,B 0 → 1
100% M-G-1 Ge,M-G-1 1

conductance of the insulating phase; Gmet is the elec-
tric conductance of the metallic phase. The experimental
data in ref. [19] shows that the electric conductances of
the metallic and insulating phases depend on T : Gmet(T )
and Gins(T ). Meanwhile, fmet is related to T . There ex-
ist relationships between Gmet and fmet (Gins and fmet):
Gmet (fmet) and Gins (fmet). Then, the M-G-1 formula
(eq. (3)) reads

Ge,M-G-1 (fmet)−Gins (fmet)

Ge,M-G-1 (fmet) +Gins (fmet)
=

fmet
Gmet (fmet)−Gins (fmet)

Gmet (fmet) +Gins (fmet)
. (4)

Moreover, we consider a situation where the inclusions and
host are exchangeable, for instance, fi = fh = 50%. We
use the Bruggeman formula to treat this situation, which
reads

fmet
Gmet −Ge,B

Gmet +Ge,B
+ fins

Gins −Ge,B

Gins +Ge,B
= 0, (5)

where fins is the insulating phase ratio. Considering
Gmet(fmet), Gins(fmet), and fins + fmet = 100%, the
Bruggeman formula (eq. (5)) can be expressed as

fmet
Gmet (fmet)−Ge,B (fmet)

Gmet (fmet) +Ge,B (fmet)

+ (100%− fmet)
Gins (fmet)−Ge,B (fmet)

Gins (fmet) +Ge,B (fmet)
= 0. (6)

Following the above analyses, we generally consider the
sample has phase symmetry and phase asymmetry. The
phase asymmetry is due to the non-exchangeability of
the host and inclusions, which the M-G-1 formula can
treat. Meanwhile, the phase symmetry is because of
the exchangeability of the host and inclusions, which the
Bruggeman formula can solve. Thus, the phase transition
is a competitive process of phase symmetry and asym-
metry. When the area ratios of the metallic phase and
insulating phase are equal (fmet = fins = 50%), the sam-
ple has complete phase symmetry. When the area ra-
tio difference between the metallic phase and insulating
phase reaches the maximum (fmet = 0%, fins = 100% or
fmet = 100%, fins = 0%), the sample has complete phase
asymmetry. Then, we get three typical steps in the phase

transition process: beginning, intermediate, and ending.
The three typical steps can be expressed as



































fmet = 0%, beginning (complete phase asymmetry,
M-G-1 formula);

fmet = 50%, intermediate (complete phase symmetry,
Bruggeman formula);

fmet = 100%, ending (complete phase asymmetry,
M-G-1 formula),

(7)
where fmet satisfies fmet + fins = 100%. Furthermore, the
competition process of phase symmetry and asymmetry
is continuous. When fmet increases from 0% to 50%, the
complete phase asymmetry continuously changes to the
complete phase symmetry. When fmet rises from 50% to
100%, the complete phase symmetry continuously changes
to the complete phase asymmetry. It means that Ge (fmet)
should be decided by both Ge,M-G-1 (fmet) and Ge,B (fmet).
We define a weight parameter η for evaluating the con-
tribution of Ge,M-G-1 (fmet) and Ge,B (fmet) to Ge (fmet).
Thus, Ge (fmet) can be expressed as

Ge (fmet) = ηGe,M-G-1 (fmet) + (1− η)Ge,B (fmet) . (8)

More details about the variation of η with fmet are listed
in table 1. When fmet ∈ [0%, 50%], the increasing fmet

leads to the decreasing η. When fmet ∈ [50%, 100%], the
increasing fmet causes the rising η. Following these rules
and considering the three typical steps (eq. (7)), we as-
sume that η satisfies

η = 4 (fmet − 50%)
2
. (9)

For the cooling process, we regard the phase transi-
tion process as a growth process of the insulating phase
in the metallic phase, which indicates that the insulating
and metallic phases can be considered as the inclusions
and host, respectively. Further analyzing Gmet (fmet),
Gins (fmet), and fins + fmet = 100%, we get the M-G for-
mula in the cooling process (M-G-2 formula),

Ge,M-G-2 (fmet)−Gmet (fmet)

Ge,M-G-2 (fmet) +Gmet (fmet)
=

(100%− fmet)
Gins (fmet)−Gmet (fmet)

Gins (fmet) +Gmet (fmet)
, (10)

16001-p3



X. C. Zhou et al.

Table 2: Experimental data in the warming and cooling processes [19]. Note that Gmet and Gins cannot be obtained directly
through experiments. We get the data by extrapolating G near the warming and cooling driven phase transition processes.

Warming process Cooling process

T (K) fmet (%) G (s) Gmet (s) Gins (s) T (K) fmet (%) G (s) Gmet (s) Gins (s)

161 0.928 0.002 0.138973 0.002021 158 2.831 0.008 0.138788 0.002966
164 16.009 0.008 0.141131 0.003616 161 27.100 0.016 0.140805 0.004387
167 53.921 0.027 0.143289 0.005211 164 51.787 0.027 0.142823 0.005808
170 62.506 0.050 0.145447 0.006806 167 61.253 0.053 0.144840 0.007230
173 76.798 0.075 0.147605 0.008401 170 66.125 0.083 0.146857 0.008651
176 89.559 0.100 0.149763 0.009996 173 81.578 0.108 0.148874 0.010072
179 95.824 0.124 0.151921 0.011591 176 95.545 0.132 0.150891 0.011494
182 99.814 0.145 0.154079 0.013186 179 99.118 0.148 0.152909 0.012915
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Fig. 2: Relationships between Ge and fmet in the warming
and cooling processes. The experimental data is extracted
from ref. [19]. Note that the grey lines are added to intro-
duce the calculation method of the electric conductance differ-
ence ∆Ge (fmet) during warming and cooling processes. The
detailed calculation approach reads ∆Ge (fmet) = Gc

e (fmet) −
Gw

e (fmet), where Gc
e (fmet) and Gw

e (fmet) denote Ge (fmet) in
the cooling and warming processes, respectively. For more de-
tails, see fig. 5. In addition, the slight difference of Ge dur-
ing warming and cooling processes observed in fmet = 50%
is caused by the different Gmet (fmet) and Gins (fmet) during
warming and cooling processes (table 2).

where Ge,M-G-2 is the effective electric conductance calcu-
lated by the M-G-2 formula. Replacing the M-G-1 formula
in the warming process with the M-G-2 formula, the rest
calculation methods of Ge(fmet) in the cooling process are
the same as those in the warming process, as stated above.

Experimental fitting. – Now, let us verify the above
theory. We extract the detailed relationships among Gmet,
Gins, T , and fmet in the warming and cooling processes
from the experimental data, as listed in table 2. We ob-
tain Gmet (fmet) and Gins (fmet) by extrapolations. Using
eqs. (4), (6), and (8)–(10), we finally plot Ge (fmet) in the
warming/cooling process, as shown in fig. 2. Considering

the three typical steps (eq. (7)), we divide the curves into
two regions: fmet ∈ [0%–50%] (region I) and fmet ∈

[50%–100%] (region II). When fmet rises from 0% to
50%, the electric conductance difference ∆Ge (fmet) in
the warming and cooling processes increases and then de-
creases. A similar and more significant phenomenon oc-
curs when fmet rises from 50% to 100%. It reproduces the
hysteresis of Ge against fmet in ref. [19].

Discussion and conclusion. – We first reveal the
hysteresis of Ge against fmet. In the warming pro-
cess, the host (insulating phase) in the M-G-1 formula
(eq. (4)) isolates the inclusion (metallic phase). How-
ever, in the cooling process, the host (metallic phase)
in the M-G-2 formula (eq. (10)) is not entirely blocked
by the inclusion (insulating phase). Compared to the
warming process, the cooling process is more straight-
forward for the current to pass through. Thus, when
fmet ∈ (0%, 50%) ∪ (50%, 100%), Ge in the cooling pro-
cess is larger than in the warming process. This analysis
is compatible with the domain evolution explanation in
ref. [19]. When fmet = fins = 50%, the metallic and insu-
lating phases are exchangeable. The contributions of the
metallic phase and the insulating phase to Ge are equal,
consistent with percolating theory [19]. The Bruggeman
formula (eq. (6)) with symmetrical characteristics is more
accurate in describing this situation. Our theoretical pre-
dictions agree with the experimental results by smoothly
combining the M-G-1 (M-G-2) formula and the Brugge-
man formula (fig. 2). It indicates that the hysteresis of
Ge (fmet) is due to the hybrid impacts of phase symmetry
and asymmetry.
We then discuss a potential application of our the-

ory. It is known that G(T ) can be measured experi-
mentally. Gmet(T ) and Gins(T ) are inherent properties of
the material. Meanwhile, our theory can obtain Ge (fmet)
(eq. (8)). Setting G(T ) = Ge (fmet), we get fmet(T ), as
shown in fig. 3. It is consistent with the experimental
results obtained by scanning microwave impedance mi-
croscopy [19]. It means we can predict the nucleation and
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Fig. 3: Relationships between fmet and T in the warming and
cooling processes. The experimental data is extracted from
ref. [19].

growth behavior of the minority phase in the majority
phase during phase transition to some extent. Compared
to the warming process, the fmet in the cooling process is
significantly larger at the same T . The result shows that
the nucleation and growth behaviors during the warming
and cooling processes are asymmetrical.

We further explore the thermal hysteresis mechanism.
Combining Ge (fmet) and fmet (T ), we obtain Ge(T ), as
shown in fig. 4(a). There exists around 3.3–4.1K thermal
hysteresis during warming and cooling processes. Since
the evolution of the Ge against T contains the influence of
Ge (fmet) and fmet (T ), we attribute the thermal hystere-
sis of Ge(T ) (or R(T ) in ref. [19]) to two factors. The first
is the hybrid impacts of phase symmetry and asymmetry
(fig. 2). It reflects the influence of the spatial distribution
of the metallic and insulating phases on Ge during the
phase transition. We term it a space factor. The second
is the asymmetrical behavior of minority phase, which nu-
cleates and grows in the majority phase during warming
and cooling processes (fig. 3). It reveals the asymmet-
rical dynamic behavior during warming and cooling pro-
cesses. We regard it as a dynamic factor. To go further,
we provide quantitative analysis. Figure 4(b) indicates
that the electric conductance differences ∆Ge(T ) is a cru-
cial parameter of the thermal hysteresis magnitude. The
more the ∆Ge(T ), the more significant the thermal hys-
teresis magnitude. We calculate ∆Ge of Ge (fmet) and
Ge(T ) during warming and cooling processes, as shown in
fig. 5. It shows the contributions of the space factor and
the dynamic factor to ∆Ge (fmet) and ∆Ge(T ). Note that
∆Ge (fmet) is only caused by the space factor, as men-
tioned above. In comparison, Ge(T ) contains Ge (fmet)
and fmet(T ), so ∆Ge(T ) is influenced by both space and
dynamic factors. Therefore, ∆Ge vs. T is more significant
than ∆Ge vs. fmet. In short, the thermal hysteresis is
owing to the asymmetrical elements of space and dynamic
factors during phase transition.

The above discussion indicates that adjusting the asym-
metrical elements in the above space and dynamic factors
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Fig. 4: (a) Relationships between Ge and T in the warming
and cooling processes. The experimental data is extracted
from the ref. [19]. Note that the grey lines are added to in-
troduce the calculation method of the electric conductance
difference ∆Ge(T ). The detailed calculation approach reads
∆Ge (T ) = Gc

e (T )−Gw
e (T ), where Gc

e (T ) and Gw
e (T ) denote

Ge (T ) in the cooling and warming processes, respectively. For
more details, see fig. 5. (b) Schematic diagram of the relation-
ships between ∆Ge(T ) and thermal hysteresis magnitude. We
keep the warming process unchanged and show the effect of dif-
ferent cooling processes on ∆Ge(T ) and the thermal hysteresis
magnitude. The increasing thermal hysteresis magnitude leads
to the rising ∆Ge(T ).

during phase transitions is key to regulating thermal hys-
teresis magnitude in practical applications. Doping meth-
ods can achieve this goal [39–41]. Adding some extra
substances might adjust the nucleation and growth pro-
cesses of the minority phase in the majority phase. For
instance, ref. [41] used W-Ti doping to optimize the elec-
trical performance of the V2O3 sample. The obtained
co-doped V2O3 film has no hysteresis loops during phase
transition. Interestingly, this mechanism and experimen-
tal approach exist not only in metal-insulator transitions.
In the solid-liquid transitions, researchers controlled the
hysteresis magnitude through various additives for real-
izing stable thermal energy release or seasonal thermal
energy storage [15,16,42–45]. For example, ref. [43] re-
ported a novel composite phase change material with
stable heat release performance. Although a large ther-
mal hysteresis exists during the solid-liquid transition, the
suitable solidification temperature allows the material to
be used for thermal energy utilization in daily life. For
more phase transitions in different systems [6,7,46–48],
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Fig. 5: Electric conductance differences ∆Ge during the warm-
ing and cooling processes. The blue line is the relationship
between ∆Ge and fmet, corresponding to fig. 2. The orange
line is the relationship between ∆Ge and T , which corresponds
to fig. 4(a). Note that the calculation methods of ∆Ge (fmet)
and ∆Ge (T ) are shown in fig. 2 and fig. 4(a), respectively. For
ease of presentation, we take the ranges of fmet and T as [0%,
95%] and [162.1K, 178.6K], respectively.

the electric conductance in our theory can be replaced
by corresponding physical properties such as thermal con-
ductivity [20–22], dielectric constant [25], and magnetic
permeability [29]. Therefore, this work may have broad
application prospects.

In summary, we established an effective medium theory
to predict the relationship between the effective electric
conductanceGe and metallic phase ratio fmet during phase
transition in the V2O3 system. It reveals that the hys-
teresis of Ge (fmet) is due to the hybrid impacts of phase
symmetry and asymmetry in spatial distribution (termed
space factor). We then applied this theory to predict the
evolution of fmet with temperature T . It shows that the
nucleation and growth behaviors of the minority phase in
the majority phase during the warming and cooling pro-
cesses are asymmetrical (termed dynamic factor). Since
Ge(T ) contains Ge (fmet) and fmet(T ), we attributed the
thermal hysteresis of Ge(T ) to the space factor and the
dynamic factor. To go further, we analyzed the influence
of these two factors on the electric conductance difference
∆Ge during warming and cooling processes. It indicates
that the thermal hysteresis magnitude can be controlled
by regulating the asymmetrical elements in the space and
dynamic factors. Since hysteresis exists in various phase
transition processes [10–16], this work might be helpful
in many situations for analyzing different phase transition
behaviors.
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