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Abstract – Multithermal metamaterials are more practical to control thermal energy because
there are three basic modes of thermal transport in nature. However, existing theories for multi-
thermotics, such as the transformation theory and effective medium theory, are limited to com-
plicated parameters or regular shapes. To solve the problem, we apply the thermal uniqueness
theorem together with the heat flux conservation to design multithermal metamaterials includ-
ing invisible cloaks and sensors. Multithermotics refers to the combination of conduction and
radiation, which are described by the Fourier law and the Rosseland diffusion approximation,
respectively. The present scheme can simplify parameters despite complex shapes, which only
requires simple layered structures. We further perform finite-element simulations with different
shapes to confirm the desired effects. These results provide guidance for multithermal management
such as considering the combination of other basic modes of thermal transport.

Copyright c© 2021 EPLA

Introduction. – Thermal transport has three basic
modes including conduction, radiation, and convection.
Since the proposal of transformation thermotics [1,2],
conduction has been widely explored and well manip-
ulated [3]. To make the transformation theory more
realistic, radiation and convection have recently been con-
sidered, yielding multithermal (or omnithermal) metama-
terials [4–10]. Multithermal (or omnithermal) refers to
the combination of two (or three) basic modes of ther-
mal transport. In addition to the transformation the-
ory [4–10], the effective medium theory was also broadly
explored [11–16]. Numerous novel phenomena based on
several basic modes of thermal transport have been re-
vealed such as anti-parity-time symmetry [17–19], thermal
waves [20–22], and directional heat transfer [23].

However, existing methods also have some restrictions.
We take thermal cloaking as an example. When the trans-
formation theory is applied [4–10], the parameters are
highly complicated with anisotropy, inhomogeneity, and
even singularity. When the effective medium theory is

(a)E-mail: 13307110076@fudan.edu.cn
(b)E-mail: jphuang@fudan.edu.cn

used [11–16], the shapes are restricted to only ellipses or
ellipsoids. These limitations may hinder engineering appli-
cations. To solve the problem, the uniqueness theorem [24]
was developed to actively [25–29] or passively [30] control
boundary conditions, but the scheme can only handle one
basic mode of thermal transport (i.e., conduction) so far.
Therefore, it is of practical significance to establish the re-
lated method to design multithermal metamaterials with-
out anisotropic, inhomogeneous, and singular parameters,
and with complex shapes beyond the existing ellipses and
ellipsoids.

For this purpose, we propose a mechanism based on
the thermal uniqueness theorem and the heat flux con-
servation to design multithermally invisible cloaks and
sensors. We consider the combination of conduction
and radiation, which are described by the Fourier law
and the Rosseland diffusion approximation [31], respec-
tively. Invisible cloaks [32–35] can protect objects from
infrared detection. However, the cloaked region has no
feeling of external temperatures. Therefore, we further
design invisible sensors [35–40], which can accurately
detect local temperatures without distortions of back-
ground temperatures. Compared with existing methods
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Fig. 1: Schematic diagrams of (a1)–(a3) invisible cloak and
(b1)–(b3) invisible sensor with complex shapes. (a1) and (b1):
structure and size. (a2) and (b2): heat flux distribution (de-
noted by red arrows). (a3) and (b3): line integration of the
heat flux I as a function of position y on the black lines in (a2)
and (b2).

[32–40], the present one only requires simple parameters
and structures. Meanwhile, it has superior performance:
for invisible cloaks (see fig. 1(a1)), all regions except
the cloaked one are invisible; for invisible sensors (see
fig. 1(b1)), all regions are invisible. This feature goes be-
yond existing methods [32–40] which cannot make the de-
signed shells thermally invisible. In what follows, let us
start from the theory.

Theory. – We consider conduction and radiation si-
multaneously, and the total heat flux J total includes the
conductive flux Jcon and the radiative flux J rad,

J total = Jcon + J rad. (1)

The conductive flux is given by the Fourier law,

Jcon = −κ∇T, (2)

where κ is thermal conductivity. The radiative flux is
described by the Rosseland diffusion approximation,

Jrad = −γT 3∇T, (3)

where γ = 16/3n2σβ−1 is the radiative coefficient, β is the
Rosseland mean extinction coefficient, n is the relative re-
fractive index, and σ is the Stefan-Boltzmann constant
(=5.67 × 10−8 W m−2 K−4). Equation (3) is on the as-
sumption that the mean free path of photons is far smaller
than the system size, so photons are featured by diffusion.
This process also occurs in many practical materials like
aerogels [41,42].

We then substitute eqs. (2) and (3) into eq. (1),

J total = −κ∇T − γT 3∇T = −(κ + γT 3)∇T. (4)

We then define the effective thermal conductivity κeff as

κeff = κ + γT 3 = κ +
16n2σ

3β
T 3. (5)

Equation (4) can be reduced to

J total = −κeff∇T. (6)

As suggested by the uniqueness theorem [24], if we
can match the boundary conditions between the shell and
background artificially, the background temperature pro-
file can be effectively manipulated. To ensure invisibility,
we should always keep the background temperature profile
(or heat flux) undistorted (see figs. 1(a2) and 1(b2)), so
the temperature distribution can be designed as

(∇T )x = ∇T0,

(∇T )y = 0,
(7)

where ∇T0 is the background thermal gradient, (∇T )x and
(∇T )y are the horizontal and vertical thermal gradients
in the shell, respectively. We then require to derive the
parameters of the shell to satisfy eq. (7). For a cloak,
there is an insulated layer outside the object which can
block the heat flux. Therefore, according to the heat flux
conservation (see fig. 1(a3)), we can achieve

−κeff1,xx (ls (x) − lc (x)) |(∇T )x| = −κeff,bls (x) |∇T0|,
−κeff1,yyls (x) |(∇T )y| = δ, (8)

where κeff,b is the effective thermal conductivity of the
background, κeff1,xx (or κeff1,yy) is the horizontal (or ver-
tical) effective thermal conductivity of the shell, and δ has
a nonzero value. Since the heat flux requires to bypass the
object, the vertical heat flux is nonzero. ls (x) and lc (x)
are the exterior and interior widths of the shell at the po-
sition x, respectively. We can then derive the effective
thermal conductivity of the shell κeff1 through eq. (7) and
eq. (8) as

κeff1 =

⎛
⎝

ls(x)
ls(x) − lc(x)

κeff,b 0

0 κeff1,yy

⎞
⎠ , (9)

where κeff1,yy should be ∞ theoretically to ensure that
δ is nonzero. With eq. (5), we can rewrite eq. (9) in
detail

κeff1 =⎛
⎜⎜⎝

ls(x)
ls(x) − lc(x)

(
κb +

16n2σ

3βb
T 3

)
0

0 κ1,yy +
16n2σ

3β1,yy
T 3

⎞
⎟⎟⎠ ,

(10)

where κb and βb are the thermal conductivity and the
Rosseland mean extinction coefficient of the background,
respectively. κ1,yy and β1,yy are, respectively, the verti-
cal thermal conductivity and the Rosseland mean extinc-
tion coefficient of the shell, which should be ∞ and 0,
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respectively. The shell can then be designed with eq. (10),
which does not depend on the shapes of the shell. In other
words, the shell can be designed with complex shapes.

We then design an invisible sensor which is slightly
different from the invisible cloak. As shown in
figs. 1(b1) and (b2), the insulated layer is removed, so
heat flux conservation (see fig. 1(b3)) can be expressed as

−κeff2,xx (ls (x) − lc (x)) |(∇T )x| − κeff,olc (x) |(∇T )x| =
−κeff,bls (x) |∇T0|,
−κeff2,yyls (x) |(∇T )y| = δ, (11)

where κeff,o is the effective thermal conductivity of the
sensor. We then use the same method to derive the
effective thermal conductivity κeff2 of the shell which sat-
isfies eq. (7),

κeff2 =

⎛
⎝

ls (x) κeff,b − lc (x) κeff,o

ls (x) − lc (x)
0

0 κeff2,yy

⎞
⎠ , (12)

which can be expressed in detail as

κeff2 =⎛
⎜⎜⎜⎜⎝

ls (x) κeff,b − lc (x)
(
κo + 16n2σ

3βo
T 3

)
ls (x) − lc (x)

0

0 κ2,yy +
16n2σ

3β2,yy
T 3

⎞
⎟⎟⎟⎟⎠ ,

(13)

where κeff,b = κb + (16/3)n2σβ−1
b T 3, κo is the thermal

conductivity of the sensor, and βo is the Rosseland mean
extinction coefficient of the sensor. κeff2,yy should also be
∞, indicating that κ2,yy and β2,yy require to be ∞ and 0,
respectively. Similarly, eq. (13) does not depend on the
shapes of the shell.

Simulations of multithermally invisible cloaks.
– We perform finite-element simulations with COMSOL
Multiphysics (http://www.comsol.com/) to confirm our
theory. We set the relative refractive index of all regions as
1 for brevity and set the background size as 8×8 cm2 whose
thermal conductivity and the Rosseland mean extinction
coefficient are 1 W m−1 K−1 and 100 m−1, respectively.
These parameters are close to practical materials such
as organic glasses, which satisfy the requirements of the
Rosseland diffusion approximation.

In the presence of the same temperature field, the ra-
diative flux Jrad is proportional to T 3, but the conduc-
tive flux Jcon is independent of concrete temperature,
as described by eqs. (2) and (3). Therefore, the total
heat flux is dominated by radiation at high temperatures.
We then apply three temperature intervals to show that
the cloak designed with eq. (10) can work under differ-
ent temperatures. In other words, our scheme can work

Fig. 2: Simulation results of a square invisible cloak. Color
surfaces denote temperature distributions, and white lines rep-
resent isotherms. The temperatures of the left boundaries
are 313 K, 673 K, and 2000 K, and those of the right bound-
aries are 273 K. (a1)–(a3) Pure background whose size is
8 × 8 cm2. The thermal conductivity and the Rosseland mean
extinction coefficient of background are 1W m−1 K−1 and
100 m−1, respectively. (b1)–(d3) Object with thermal conduc-
tivity 397 W m−1 K−1, the Rosseland mean extinction coeffi-
cient 6.5 m−1, and size 1.5 × 1.5 cm2 coated by an insulated
layer with thermal conductivity 10−5 W m−1 K−1, the Rosse-
land mean extinction coefficient 105 m−1, and size 2 × 2 cm2.
The size of the shell is 4 × 4 cm2. The effective thermal con-
ductivity of the shell is derived from eq. (10). The vertical
thermal conductivity κ1,yy and the vertical Rosseland mean
extinction coefficient β1,yy of the shells from the second row to
the fourth row are 20, 100, 500 W m−1 K−1 and 5, 1, 0.2 m−1,
respectively.

for both conduction and radiation. The three temper-
ature intervals are: 1) 273–313 K, where conduction is
dominant; 2) 273–673 K, where conduction and radia-
tion are roughly equal; 3) 273–2000 K, where radiation is
dominant.

The simulation results are displayed in fig. 2.
Figures 2(a1)–(a3) show the homogeneous backgrounds
with linear thermal fields under different temperature in-
tervals. We coat the object with an insulated layer,
and then add a square shell designed by eq. (10) with
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Fig. 3: Temperature differences between figs. 2(b1)–(d3) and
the reference group (figs. 2(a1)–(a3)). It is a one-to-one
match between figs. 3(a1)–(c3) and figs. 2(b1)–(d3). White
regions are occupied by insulated layers which are not of our
concern.

κ1,yy = 20, 100, 500 W m−1 K−1 and β1,yy = 5, 1, 0.2 m−1

to remove the temperature distortion. Figures 2(b1)–(d3)
exhibit the effects of our device at different temperature
intervals, which have almost the same temperature profiles
as those in figs. 2(a1)–(a3). Therefore, the object is well
hidden, and meanwhile the designed shell is also invisible
at different temperature intervals. Moreover, it is clear
in fig. 3 that the larger κ1,yy and the smaller β1,yy yield
the better invisibility, which echoes with the prediction of
eqs. (9) and (10).

To show the robustness and generality of our theory,
we further perform simulations for other shapes. We also
coat the object with an insulated layer, and then design
the shell with eq. (10). The thermal conductivity of the
shell is κ1,yy = 500 W m−1 K−1 and the Rosseland mean
extinction coefficient is β1,yy = 0.2 m−1. The desired ef-
fects at different temperature intervals are showed in fig. 4,
indicating that our theory can be applied to arbitrary
shapes.

We then use layered structures composed of two uniform
materials to realize the designed invisible cloaks. The ef-
fective thermal conductivity (anisotropic) of the shell with
layered structure can be written as

κeff =

⎛
⎜⎜⎝

(a + b)κa,effκb,eff

aκb,eff + bκa,eff
0

0
aκa,eff + bκb,eff

a + b
,

⎞
⎟⎟⎠ (14)

Fig. 4: Simulation results of other shaped cloaks. (a1)–(a3)
Circular case. The radii of the shell, insulated layer, and ob-
ject are 2, 1 and 0.8 cm, respectively. (b1)–(b3) Elliptical case.
Semimajor axes of the shell, insulated layer, and object are 3,
1.5 and 1.2 cm, and semiminor axes are 2, 1 and 0.8 cm, re-
spectively. (c1)–(c3) Irregular shape. The shape of the shell
is a square while the cavity is fish-like. In all cases, the verti-
cal thermal conductivity of the shells κ1,yy is 500 W m−1 K−1,
and the vertical Rosseland mean extinction coefficient β1,yy is
0.2 m−1.

where a and b are, respectively, the lengths of the isotropic
materials with effective thermal conductivity κa,eff and
κb,eff. We then choose two materials to fabricate the shell,
whose thermal conductivities and the Rosseland mean ex-
tinction coefficients are 200 W m−1 K−1, 0.5 W m−1 K−1

and 0.5 m−1, 200 m−1, respectively. In this way, we can
specially design the lengths of the two materials according
to the theory. The results are shown in fig. 5 with differ-
ent shapes under different temperature intervals. Clearly,
compared to figs. 2 and 4, the layered structures show
good effects, indicating that our theory can be applied in
experiments.

Simulations of multithermally invisible sensors.
– We then show theoretical simulations and experimen-
tal suggestions of an invisible sensor. We also set the
relative refractive index of all regions as 1 for brevity.
The shapes are set to a square and an ellipse. All
background parameters are the same as before. A sen-
sor is embedded in the center, whose thermal conduc-
tivity and the Rosseland mean extinction coefficient are
0.5 W m−1 K−1 and 200 m−1, respectively. We also apply
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Fig. 5: Experimental suggestions for figs. 2 and 4 with layer
structures designed according to eqs. (10) and (14). The pa-
rameters are the same as those in figs. 2 and 4. The thermal
conductivities and the Rosseland mean extinction coefficients
of two materials are 200 W m−1 K−1, 0.5 W m−1 K−1 and
0.5 m−1, 200 m−1, respectively.

three temperature intervals to show that our sensor de-
signed by eq. (13) can work under both high and low
temperatures. The thermal conductivity of the shell is
κ2,yy = 500 W m−1 K−1 and the Rosseland mean extinc-
tion coefficient is β2,yy = 0.2 m−1. The simulation results
are displayed in figs. 6(a1)–(a3) and figs. 6(c1)–(c3). As
we can observe, our sensors show invisibility in all regions
at different temperatures.

Also, we use layered structures composed of two uniform
materials to realize our invisible sensors. Thermal conduc-
tivities and the Rosseland mean extinction coefficients of
the two materials are 100 W m−1 K−1, 0.2 W m−1 K−1

and 1 m−1, 500 m−1, respectively. The lengths of two ma-
terials can be specially designed according to eqs. (13)
and (14). Figures 6(b1)–(b3) and figs. 6(d1)–(d3) show
corresponding simulations with layered structures. These
results indicate that our invisible sensors can be fabricated
by using two uniform materials, which can be served as ex-
perimental suggestions.

Fig. 6: Simulation results of invisible sensors. (a1)–(a3) Square
case. A sensor with thermal conductivity 0.5 W m−1 K−1 and
the Rosseland mean extinction coefficient 200 m−1 is directly
coated by a square shell with size 4×4 cm2. The effective ther-
mal conductivity of the shell is derived from eq. (13). (c1)–(c3)
Elliptical case. Semimajor axes of the shell and sensor are 3
and 1.5 cm, and semiminor axes are 2 and 1 cm, respectively.
The vertical thermal conductivity κ2,yy and the vertical Rosse-
land mean extinction coefficient β2,yy of the shells in both cases
are 500 W m−1 K−1 and 0.2 m−1. (b1)–(b3) and (d1)–(d3):
experimental suggestions for (a1)–(a3) and (c1)–(c3), respec-
tively. Layered structures are designed according to eqs. (13)
and (14). Thermal conductivities and the Rosseland mean
extinction coefficients of two materials are 100 W m−1 K−1,
0.2 W m−1 K−1 and 1m−1, 500 m−1.

Discussion and conclusion. – We consider the
combination of conduction and radiation in this work.
Conduction is handled with the Fourier law which is an ap-
propriate hypothesis at the macroscopic scale. Radiation
is dealt with the Rosseland diffusion approximation, indi-
cating that radiative photons travel only a short distance
before being absorbed or scattered. With these two as-
sumptions, conduction and radiation can be effectively de-
scribed by a nonlinear (temperature-dependent) thermal
conductivity (eq. (6)), which is convenient for discussion.
Certainly, there are many practical materials satisfying
these two assumptions like aerogels [41,42].
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Furthermore, there are three basic modes of thermal
transport in nature, and each way has also different de-
scriptions. Therefore, more extended studies can be ex-
pected by considering other mechanisms, such as phononic
conduction [43] and near-field radiation [44,45]. Certainly,
other methods (which have shown capability in conduc-
tion like optimization [46–49]) can also be expected to de-
sign multithermal metamaterials. Moreover, the Fourier
law (eq. (2)) and the Rosseland diffusion approxima-
tion (eq. (3)) are reasonable in steady states, it is also
promising to extend these results to transient states by
considering mass density and heat capacity [3].

In summary, we have proposed a method based on the
thermal uniqueness theorem and the heat flux conser-
vation to design multithermal metamaterials. As prac-
tical applications, we have also designed multithermally
invisible cloaks and sensors with complex shapes but sim-
ple parameters and structures. The feasibility of our
scheme is confirmed by finite-element simulations. We also
suggest experimental demonstration with layered struc-
tures. These results extend the application range of cloaks
and sensors, and provide guidance to extend other ther-
mal metamaterials such as concentrators and rotators to
multithermotics.
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