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Abstract. With the increasing requirement of metamaterials, integration and intellectualization have
become the trends in order to enhance the manipulation efficiency of physical fields. Therefore, multi-
physical functions and metamaterials have been proposed intensively. Meanwhile, the higher requirement
of materials and structures is also put forward. In this work, by applying a shell and a dipole as two con-
trollable conditions, multiphysical (say, thermal and electrical) invisibility can be obtained simultaneously
with only common materials and simple structures. We explore the dipole effects in a core-shell structure
and derive the requirements of the shell and dipole in both two and three dimensions, even considering the
shells with material anisotropy. Finite-element simulations are consistent with theoretical analyses, con-
firming the feasibility of our scheme. These results may not only provide guidance to thermal and electrical
management, but also benefit other physical fields such as electrostatics and magnetostatics.

1 Introduction

Since the proposal of transformation optics [1], transfor-
mation theories and metamaterials have made significant
achievements in acoustic waves [2,3], matter waves [4],
water waves [5,6], thermotics [7,8], fluid mechanics [9–11],
dc current [12], caustics [13], etc. These studies consider
only a single physical field. As the requirement of meta-
materials goes up, it is found possible to manipulate mul-
tiphysical fields with a single device, thus realizing mul-
tiphysical functions and metamaterials. One classification
of these multiphysical functions and metamaterials may
depend on whether the multiphysical fields are coupled
together. For decoupled fields, representative instances
consider thermal and electrical fields [14–22], electromag-
netic and acoustic waves [23–26], light and heat [27,28],
etc. For coupled fields, typical examples are based on light-
electrical effects [29,30], thermo-electric effects [31,32],
conductive-convective effects [33–38], conductive-radiative
effects [39–42], etc.

The feasibility of multiphysical functions and meta-
materials mainly contributes to the similar dominant
equations of multiphysical fields. However, an awkward
situation is that there are few natural materials to meet
the requirement. We take thermal and electrical fields
as an example. If we expect to achieve multiphysical

a e-mail: 13307110076@fudan.edu.cn
b e-mail: jphuang@fudan.edu.cn

functions and metamaterials, the ratio between thermal
and electrical conductivities should be the same in all
regions [17], thus challenging natural materials. To solve
the problem, one method is to apply the effective-medium
theory [15,16], and another method is to combine passive
and active schemes [19]. These two methods have a signif-
icant advantage in reducing the requirement of materials,
but they still require complex structures. Therefore, there
is still room for improving the method of multiphysical
functions and metamaterials.

For this purpose, we study the dipole effects for achiev-
ing multiphysical invisibility. Here, multiphysical invisibil-
ity means that thermal and electrical gradients are both
uniform in the matrix. The present scheme has no harsh
requirement on materials and structures, which is benefi-
cial to practical applications. The feasibility of our scheme
lies in the particular field of a dipole which can just cancel
the scattering of a core-shell structure. Essentially, we pro-
vide two controllable conditions (say, a shell and a dipole)
to achieve multiphysical invisibility, so the requirement of
materials and structures is naturally reduced.

2 Theory

We start from two dimensions (see Fig. 1) and consider
a core-shell structure with core radius rc and shell radius
rs embedded in a matrix. The subscripts c and s repre-
sent the core and shell, respectively. Since multiphysical
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Fig. 1. Schematic diagram of our scheme.

fields refer to a thermal field and an electrical field, for
the convenience of discussion, we use subscripts t and e to
represent thermal parameters and electrical parameters,
respectively. Then, the thermal (or electrical) conductiv-
ities of the core, shell, and matrix can be denoted as ωtc
(or ωec), ωts (or ωes), and ωtm (or ωem), respectively.
Here, we consider only an anisotropic shell whose tensorial
thermal and electrical conductivities can be expressed in
cylindrical coordinates (r, θ) as ωts = diag

(
ωrrts , ω

θθ
ts

)
and

ωes = diag
(
ωrres , ω

θθ
es

)
, respectively. We suppose that there

are a thermal dipole and an electrical dipole in the center
with dipole moments Pt = QtL and Pe = QeL, respec-
tively. Qt and Qe denote thermal power and electrical
charge, respectively. L represents the distance between the
two circular sources with radius rd. Temperature and volt-
age are denoted as Ωt and Ωe, respectively. If a parameter
has no subscripts t and e, it has multiphysical meanings.
Then, the dominant equation of multiphysical processes
can be generalized as

∇ · (−ω ·∇Ω) = 0. (1)

The multiphysical profiles in the core Ωc, shell Ωs, and
matrix Ωm can be expressed as [43]

Ωc =
(
A1r +A2r

−1
)

cos θ,
Ωs = (A3r

u1 +A4r
u2) cos θ,

Ωm =
(
A5r +A6r

−1
)

cos θ,
(2)

where u1, 2 = ±
√
ωθθs /ω

rr
s . A1, A2, A3, A4, A5, and A6

are six coefficients to be determined. Among them, A2

and A5 can be determined by two limit analyses, respec-
tively. The existence of A2 results from the dipole effects,
so we can obtain A2 = P/ (2πωc) which is exactly the

profile of a dipole in an infinite core [44]. This expres-
sion of A2 = P/ (2πωc) is applicable when the distance
between the hot and cold sources L is small enough. The
smaller the distance L is, the better the performance is.
Meanwhile, the radius of the hot and cold sources rd does
not affect the accuracy of A2. When considering the pro-
files at infinity, we can obtain uniform fields, thus yielding
A5 = G with G = −Gx̂ representing uniform fields. The
rest four coefficients can be determined by the continuous
potentials and fluxes on the boundaries, namely

Ωc (r = rc) = Ωs (r = rc) ,
Ωs (r = rs) = Ωm (r = rs) ,

−ωc∂Ωc/∂r (r = rc) = −ωrrs ∂Ωs/∂r (r = rc) ,
−ωrrs ∂Ωs/∂r (r = rs) = −ωm∂Ωm/∂r (r = rs) .

(3)

When A6 = 0, the multiphysical profiles in the matrix are
uniform, thus achieving multiphysical invisibility. There-
fore, the dipole moments can be derived by solving
equation (3) with A6 = 0,

P =
[
r1+u1
c r1−u1

s (ωc − u1ωrrs ) (−u2ωrrs + ωm)

+r1+u2
c r1−u2

s (ωc − u2ωrrs ) (u1ω
rr
s − ωm)

]
πG

(u1−u2)ωrr
s
.

(4)

Now, we have two methods to achieve invisibility, say, a
shell and a dipole. If a shell can just obtain thermal invisi-
bility, a thermal dipole is not required (Pt = 0). However,
such a shell cannot necessarily obtain electrical invisibility
simultaneously, so an electrical dipole is required (Pe 6= 0).
Conversely, if a shell can just obtain electrical invisibility,
an electrical dipole is not required (Pe = 0). In this case,
a thermal dipole is required (Pt 6= 0). The requirement to
obtain a zero dipole moment (P = 0) is

ωm = ωrrs
u1 (ωc − u2ωrrs )− u2 (ωc − u1ωrrs ) f (u1−u2)/2

(ωc − u2ωrrs )− (ωc − u1ωrrs ) f (u1−u2)/2
,

(5)

where f = (rc/rs)
2
. So far, we have revealed the dipole

effects for achieving multiphysical invisibility in two
dimensions. The key to our scheme is to provide another
controllable method (say, a dipole) beyond a shell. In this
way, we can break the strict restriction of materials and
structures, and achieve multiphysical invisibility.

On the same footing, we consider a three-dimensional
case with an anisotropic shell in the spherical coordinates
(r, θ, ϕ) which is expressed as ωs = diag

(
ωrrs , ω

θθ
s , ω

ϕϕ
s

)
with ωθθs = ωϕϕs for brevity. Then, the three-dimensional
multiphysical profiles in the core Ωc, shell Ωs, and matrix
Ωm can be expressed as [43]

Ωc =
(
A1r +A2r

−2
)

cos θ,
Ωs = (A3r

v1 +A4r
v2) cos θ,

Ωm =
(
A5r +A6r

−2
)

cos θ,
(6)

where v1, 2 = −1/2 ±
√

1/4 + 2ωθθs /ω
rr
s . A1, A2, A3, A4,

A5, and A6 are six coefficients to be determined. With
limit analyses similar to two dimensions, we can obtain
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A2 = P/ (4πωc) [44] and A6 = G. The rest four coefficients
can also be determined by equation (3). By setting A6 = 0,
we can derive the dipole moments

P =
[
r2+v1c r1−v1s (ωc − v1ωrrs ) (−v2ωrrs + ωm)

+r2+v2c r1−v2s (ωc − v2ωrrs ) (v1ω
rr
s − ωm)

]
4πG

3(v1−v2)ωrr
s
.

(7)

The requirement of a zero dipole moment (P = 0) is

ωm = ωrrs
v1 (ωc − v2ωrrs )− v2 (ωc − v1ωrrs ) f (v1−v2)/3

(ωc − v2ωrrs )− (ωc − v1ωrrs ) f (v1−v2)/3
,

(8)

where f = (rc/rs)
3
. Therefore, the dipole effects can help

to achieve multiphysical invisibility in both two and three
dimensions.

3 Finite-element simulations

We perform finite-element simulations with COMSOL
MULTIPHYSICS (http://www.comsol.com/) to confirm
our scheme. Firstly, we discuss a two-dimensional case
with practical materials and apply horizontal multiphysi-
cal fields (see Fig. 2). For this purpose, the left and right
boundaries are set at high and low temperatures/voltages,
respectively. The top and bottom boundaries are ther-
mally and electrically insulated. When a copper (Cu) core
is embedded in an aluminum (Al) matrix, the isothermal
and isopotential lines are repelled because the parame-
ters of Cu and Al do not match (see Figs. 2a and 2b).
Therefore, the core is visible with an in-plane detection.
To remove the distortions of isolines, we wrap up the core
with a shell made of magnesium (Mg) alloy. By designing
a thermally-matched radius according to equation (5), we
can obtain thermal invisibility because the thermal dipole
moment with this radius is zero (see Fig. 2c). Unfortu-
nately, such a radius is not electrically matched, so the
isopotential lines are still distorted (see Fig. 2d). Then,
we place an electrical dipole designed with equation (4)
in the center, and the isopotential lines become undis-
torted (see Fig. 2e). Therefore, we achieve multiphysical
invisibility with a shell and an electrical dipole. Certainly,
we can also design an electrically-matched radius accord-
ing to equation (5) to achieve electrical invisibility (see
Fig. 2g). However, such a radius is not thermally matched,
so only a shell cannot achieve thermal invisibility (see
Fig. 2f). Then, we place a thermal dipole designed with
equation (4) in the center, and the isothermal lines become
undistorted (see Fig. 2h). Therefore, we can also achieve
multiphysical invisibility with a shell and a thermal dipole.

For quantitative analyses, we plot the data at x =
−8 cm of each simulation in Figure 2 (see Fig. 3). The
temperature and voltage distributions are presented in
Figures 3a and 3b, respectively. Clearly, the profiles of
Figures 2c, 2h, 2e, and 2g are uniform, thus achieving
multiphysical invisibility.

The shell applied in Figure 2 is isotropic. We further
discuss an anisotropic shell (see Fig. 4). Similar to two

Fig. 2. Two-dimensional case with isotropic shells. Rainbow
color maps represent temperature distributions, and disco color
maps represent voltage distributions. White lines represent iso-
lines. The core, shell, and matrix are copper, magnesium alloy,
and aluminum, respectively. Copper: ωt = 400 W m−1 K−1,
ωe = 5.9× 107 S m−1; Magnesium alloy: ωt = 73 W m−1 K−1,
ωe = 0.7 × 107 S m−1; Aluminum: ωt = 220 W m−1 K−1,
ωe = 3.7 × 107 S m−1. (a) and (b) Only a core with radius
rc = 6 cm embedded in a matrix with size 20 × 20 cm2.
(c)–(e) A shell with radius rs = 7 cm surrounded the core.
(e) An electrical dipole with Pe = 8.9 × 106 C m, L = 1 cm,
and rd = 0.2 cm in the center. (f)–(h) A shell with radius
rs = 6.4 cm surrounded the core. (h) A thermal dipole with
Pt = −239.6 W m and the same size as (e) in the center.

Fig. 3. Quantitative analyses of Figure 2. Temperature and
voltage distributions at x = −8 cm (the origin is located in
the center of each simulation) are plotted in (a) and (b),
respectively. Each line corresponds to a figure shown in the
legend.

dimensions, when a core composed of Mg alloy is embed-
ded in an Al matrix, the isothermal and isopotential lines
are contracted (see Figs. 4a and 4b). With a thermally-
matched anisotropic shell designed with equation (5), we
can achieve thermal invisibility without a thermal dipole
(see Fig. 4c) and obtain electrical invisibility with this
shell and an electrical dipole designed with equation (4)
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Fig. 4. Two-dimensional case with anisotropic shells. The
core and matrix are magnesium alloy and aluminum, respec-
tively. The shell has a tensorial thermal conductivity ωt =
diag (400, 800) W m−1 K−1 and a tensorial electrical conduc-
tivity ωe = diag (4, 8) × 107 S m−1. The core in (a)–(h) has
a radius of rc = 4 cm. The shell in (c)–(e) has a radius of
rs = 4.9 cm, and that in (f)–(h) has a radius of rs = 6.4 cm.
The electrical dipole in (e) has a dipole moment of Pe =
2.5×106 C m with L = 1 cm and rd = 0.2 cm, and the thermal
dipole in (h) has a dipole moment Pt = −319.6 W m with the
same size as (e).

(see Figs. 4d and 4e). We can also design an electrically-
matched anisotropic shell according to equation (5), and
achieve electrical invisibility without an electrical dipole
(see Fig. 4g). In this case, thermal invisibility cannot be
obtained (see Fig. 4f), and a thermal dipole designed with
equation (4) can help to achieve thermal invisibility (see
Fig. 4h).

Finally, we consider a three-dimensional case with a
Cu core embedded in an Al matrix (see Figs. 5a and
5b). With a thermally-matched anisotropic shell designed
with equation (8) and an electrical dipole designed with
equation (7), three-dimensional multiphysical invisibility
can be achieved (see Figs. 5c–5e). Certainly, multiphysical
invisibility can also be obtained with an electrically-
matched anisotropic shell designed with equation (8)
and a thermal dipole designed with equation (7) (see
Figs. 5f–5h).

4 Discussions

For practical applications, thermal dipoles can be achieved
with ceramic heaters and peltier coolers, and electrical
dipoles can be realized with constant-power sources. So,
our scheme is not difficult to be confirmed by experi-
ments. Although multiphysical invisibility in this work

Fig. 5. Three-dimensional case (20 × 20 × 20 cm3) with
anisotropic shells. The core and matrix are copper and alu-
minum, respectively. The shell has a tensorial thermal con-
ductivity ωt = diag (80, 120, 120) W m−1 K−1 and a tensorial
electrical conductivity ωe = diag (0.5, 1, 1) × 107 S m−1. The
core in (a)–(h) has a radius of rc = 6 cm. The shell in (c)–(e)
has a radius of rs = 7 cm, and that in (f)–(h) has a radius of
rs = 6.3 cm. The electrical dipole in (e) has a dipole moment
of Pe = 1.5× 106 C m with L = 2 cm and rd = 0.4 cm, and the
thermal dipole in (h) has a dipole moment Pt = −24.3 W m
with the same size as (e).

refers to thermal and electrical invisibility, such a con-
cept can also be extended to other physical fields such
as electrostatics [45,46] and magnetostatics [47] where the
realization of dipoles is mature. Furthermore, the dipole
effects are also promising to be applied in other systems
beyond core-shell structures such as many-particle sys-
tems [48–50], and may be extended to transient states by
take time-dependent dipole moments into consideration.
Nevertheless, there is only an analytical solution to cir-
cular/spherical cases, but one may extend these results
to irregular shapes by applying the method of topology
optimization [51–54].

5 Conclusions

In summary, we have fully discussed the dipole effects to
achieve multiphysical invisibility, and derive the require-
ments of a shell and a dipole in both two and three
dimensions. Meanwhile, we also discuss the requirement
of a zero dipole moment and the cases with material
anisotropy. These theoretical analyses are confirmed by
finite-element simulations, indicating the feasibility of
our scheme. Furthermore, our scheme has desirable fea-
tures such as simple structure, material insensitivity,
flexible manipulation, etc. Therefore, broad applications
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can be expected in realizing intelligent camouflage and
illusion [55–66].
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