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Abstract. All objects in nature are essentially heat sources due to their non-zero temperatures, but the
control of them are seldom explored in the theory of transformation thermotics, which largely results from
the complicated and uncontrollable parameters given by this theory. Here we put forward an equivalence
operation to overcome this challenge, and then show analytical, simulation and experimental evidence for
boundary-independent conduction and all-directional replication. The former represents the counterintu-
itive boundary-independent behavior of thermal conduction surrounded by arbitrary boundaries; the latter
denotes a thermal copy of arbitrary shaped objects, which has the accurate shape of isotherms of the
objects along all directions. The equivalence operation could be an applicable method for achieving uni-
form heating, boundary-independent cloaking, all-directional camouflaging, etc. Our results could also give
hints for both freely controlling heat transfer and delicately designing similar conduction and replication
in other disciplines like electrostatics and particle diffusion.

1 Introduction

Even though humans are facing the energy crisis, much
high-quality energy is still being wasted as heat energy,
which largely results from the lack of appropriate
approaches for efficiently controlling heat transfer. Fortu-
nately, manipulating heat conduction at the nanoscale [1]
has provided new methods for utilizing heat energy. For
example, some novel nano-devices have been proposed,
such as thermal diodes [2] and memory [3].

However, the study of heat conduction at the macro-
scopic scale is still not enough, which prevents macro-
scopic thermal control/protection/measurement, e.g., in
solar cells, energy-saving buildings, efficient refrigerators,
and even military camouflages. This situation occurs
due to the lack of suitable theoretical methods for the
macroscopic scale.

Fortunately, the theory of transformation ther-
motics [4–6] has opened a different way for controlling
macroscopic heat conduction by designing novel artificial
materials/devices [4–20], such as cloaks [4–16], concentra-
tors [6,7], and rotators [7,17]. This theory is actually a
thermal-conduction counterpart of transformation optics
proposed in 2006 [21], and it has also been extended to
treat thermal convection [22]. Its underlying mechanism
lies in the fact that the governing equations keep form
invariance under coordinate transformation.
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Since heat sources play a crucial role in heat con-
duction, the transformation of heat sources has been
proposed [6]. However, the resulting parameters are com-
plicated and uncontrollable, which are thus difficult to be
experimentally realized. This fact largely limits potential
applications.

To solve this problem, here we develop an equiva-
lence operation to transform objects (heat sources) in a
practical way, which is inspired by optics [23–25]. In par-
ticular, our operation further helps us to propose both
boundary-independent thermal conduction surrounded by
arbitrary boundaries and all-directional thermal replica-
tion of arbitrarily shaped objects; the latter is a direct
extension of the former. Our approaches rely on the-
oretical analysis, finite-element simulations, and experi-
ments.

2 Heat-source transformation thermotics:
boundary-independent thermal conduction

Heat conduction satisfies the equation ρC∂T/∂t + ∇ ·
(−κ∇T ) = Q, where ρ and C are respectively the den-
sity and heat capacity of the material, ∂T/∂t denotes the
derivative of temperature T with respect to time t, κ is
the thermal conductivity tensor of the material, and heat
source Q is represented as the heat energy generated per
unit time and per unit volume.
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Fig. 1. Simulation results of boundary-independent ther-
mal conduction. The color surfaces denote the temperature
distributions, and the white lines represent the isotherms.
The first column shows that irregular boundaries distort the
temperature distribution in uniform materials whose thermal
conductivity is 25 W/(m·K); the second column shows that
the transformation enables the boundary-independent thermal
conduction to appear indeed. The parameters are designed
according to equation (2), where κ0 = 25 W/(m·K) and d =
0.24. In (a–h), the origin of cartesian coordinates with the unit
of centimeters is set at the center, and x and y axes are along
the horizontal and vertical directions, respectively. The size of
(a) can be regarded as the attachment of the following points
(−2.5, 0.32), (−2.5, −0.32), (2.5, −2.14), and (2.5, 2.14). The
size of (c) is the attachment of (2.5, 2.5), (0.625, 2.5), (−0.625,
1.25), (−2.5, 1.25), (−2.5, −1.25), (−0.625, −1.25), (0.625,
−2.5), and (2.5, −2.5). The size of (e) is described by the
upper curved line 1.25 cos(0.4πs) with s ∈ [−1.25, 1.25], and
the lower one 1.25 sin(0.8πs) with s ∈ [−1.25, 0) and sin(0.8πs)
with s ∈ [0, 1.25]. The size of (g) is described by the upper
curved line 2 cos[0.1π(s + 2.5)] with s ∈ [−2.5, 2.5], and the
lower one −2 sin(0.1π(s+ 2.5)) with s ∈ [−2.5, 2.5].

A crucial feature of heat conduction equation is its form
invariance under coordinate transformation. Namely, if
one makes the mapping from each point X of the thermal
conductivity κ and heat source Q in an original cartesian
space to a point X̃ of the transformed thermal conduc-
tivity κ̃ and heat source Q̃ in a transformed cartesian
space, due to the form invariance, it is straightforward
to obtain κ̃ = JκJ t/det (J) [4–6] and Q̃ = Q/det (J) [6],
where det (J) denotes the determinant of the Jacobian

matrix J that bridges X and X̃, and J t is the transpose
of J .

First we consider the single-directional (x axis) trans-
formation for thermal conduction{

x̃ = x,

ỹ = α(x)−β(x)
2d

y + α(x)+β(x)
2

,
(1)

where α (x) and β (x) describe the shape of upper and
lower boundaries respectively, and d can be any pos-
itive constant. Equation (1) is essentially a stretching
transformation along y axis.

According to the transformation thermotics, we can
derive the following parameters κ̃ (thermal conductivity)

and Q̃ (heat source)

κ̃ =

(
A AB
AB AB2 + 1/A

)
κ0, (2)

Q̃ = QA, (3)

where κ0 is the thermal conductivity of the background.

A = 2d
α(x)−β(x) , and B =

y[α(x)′−β(x)′]+α(x)β(x)′−α(x)′β(x)
α(x)−β(x) .

α (x)
′

and β (x)
′

are the derivation of α (x) and β (x) with
respect to x, respectively.

A challenge for conducting practical experiments is that
the transformed heat source Q̃ (Eq. (3)) is difficult to
realize because of its inhomogeneity.

To solve this challenge, here we propose an equivalent
operation corresponding to temperature T or its relevant
parameter, because temperature is a controllable param-
eter in experiments. After much deliberation, we choose
to change the shape of heat sources as designed (Eq. (1)),
and then the requirement of transformation (Eq. (3))
is automatically satisfied, which can be mathematically
expressed as

Ls = α (xs) − β (xs) , (4)

where Ls and xs describes the length and position of heat
sources, respectively. To be mentioned, the “boundary-
independent conduction” can be understood as “the
uniform heat conduction is independent of boundary”.
We take Figures 1a and 1b as an example. When the upper
and lower boundaries are irregular, uniform heat conduc-
tion is broken (Fig. 1a), which can be obviously observed
from the strongly distorted isotherms. To maintain the
uniform heat conduction despite of the irregular bound-
aries, transformation is required (Fig. 1b). Thus, the
uniform heat conduction is not affected by the irregular
boundaries, say boundary-independent conduction. Thus,
the parameters (Eq. (4)) are related to the boundaries.

Then, let us check whether the heat energy released
by the heat sources after operation (Eq. (4)) satisfies the
requirement of transformation (Eq. (3))

Q̃′ = en ·
[
j (xs)right − j (xs)left

]
= en · (−κ̃∇nT − 0)

= − ( enx eny )

(
A AB
AB AB2 + 1/A

)(
∇nTx
∇nTy

)
κ0, (5)
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Fig. 2. Measurement and simulation results of boundary-
independent thermal conduction; (a, b) are the fabricated sam-
ples for the geometric structures shown in Figures 1a and 1b;
(c–f) are the corresponding measured and simulation temper-
ature distributions, represented by the rainbow surface. White
lines in (e, f) denote the isotherms. Parameters: copper’s ther-
mal conductivity 397 W/(m·K) and air’s thermal conductivity
0.026 W/(m·K).

where j is the heat flow density and en is the unit normal
vector of the curved line.

For the single-directional transformation, eny = 0 and
∇nTy = 0. Then we get the heat energy

Q̃′ = (−κ0∇nTx)A = QA = Q̃. (6)

Equation (6) illustrates that if one changes the shape of
heat sources according to equation (4), the corresponding
transformation of heat sources (Eq. (3)) is automatically
satisfied.

3 Simulations and experiments of
boundary-independent thermal conduction

To validate the aforementioned theory, we perform finite-
element simulations for four complex boundaries based
on the commercial software COMSOL Multiphysics (http:
//www.comsol.com/). We can observe that the tempera-
ture profiles in the first column of Figure 1 are extensively
distorted. With the transformation of thermal conductiv-
ities (Eq. (2)) and heat sources (Eq. (4)), the temperature
profiles recover to be undistorted (see the second column
of Fig. 1), which show the same uniform temperature
distribution as that in a square uniform background. As
expected, the boundary-independent thermal conduction
appears indeed.

Furthermore, we also fabricate two samples
(Figs. 2a and 2b) to validate the boundary-independent

thermal conduction (Figs. 1a and 1b). Sample I is a pure
copper plate, and Sample II is a copper plate drilled with
squares with different sizes and orientations. In detail,
Sample II combines the porous structure and layer struc-
ture together. We take two layers as an example, each
layer with effective thermal conductivity κe1 and κe2,
respectively. The overall effective thermal conductivity
of the two layers, κ, can be derived with the following
calculations

κe1,e2 = κcopper
(1 + p1,2)κair + (1 − p1,2)κcopper
(1 − p1,2)κair + (1 + p1,2)κcopper

, (7)

κ =

(
(a/b+1)κe1κe2

(a/b)κe2+κe1
0

0 (a/b)κe1+κe2

a/b+1

)
, (8)

where κcopper and κair are the thermal conductivities of
copper and air, p1,2 is the area fraction of air in each layer,
and a (or b) is the layer width. Here equation (7) is just
the famous Maxwell-Garnett theory (an effective medium
theory) in two dimensions, and equation (8) results from
the derivation for the series or parallel combination of the
two layers.

Figures 2c–2f are the measurement and simulation
results corresponding to the structures presented in
Figures 2a and 2b. It is evident that the (approximately)
straight isotherms still remain along the horizontal direc-
tion; see Figures 2d and 2f. Such scheme has applications
in uniform heating thanks to the straight isotherms. For
example, we can use a small heat source for large-area uni-
form heating, which will no doubt contribute to efficiency.

Moreover, the boundary-independent thermal conduc-
tion is robust regardless of the middle obstacles. For
example, the white areas in Figure 3 denote holes, where
any obstacle will not affect the boundary-independent
thermal conduction. In detail, the temperature profile in
the first column of Figure 3 is dramatically distorted. With
the transformation of thermal conductivities (Eq. (2)) and
heat sources (Eq. (4)), the temperature profile is still
undistorted in the second column of Figure 3, which shows
the same uniform temperature distribution as that in a
square uniform background. Such scheme is actually a
development of traditional thermal cloaks [7–11] for we
consider the boundary effect of thermal cloaks. In fact,
boundary effect cannot be neglected in practical appli-
cations because it does make differences; see the second
column of Figure 3. We design cavities in Figure 3 with dif-
ferent boundaries where arbitrary objects can be placed,
which contributes to the development of traditional ther-
mal cloaks (say, boundary-independent thermal cloaks).

4 Heat-source transformation thermotics:
all-directional thermal replication

Now we consider circular heat source in a two-dimensional
space for realizing all-directional thermal replication. The
isotherm distribution of circular heat sources is a set of
concentric circles. What we expect is to turn these con-
centric circles into any shapes as an all-directional thermal
replication.
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Fig. 3. Same as Figure 1, but each panel has a cavity in the
middle. The cavity size of (a, b) can be regarded as the attach-
ment of the following points (−0.62, −0.3), (1.26, −0.3), and
(0.32, 0.77). The hole size of (c, d) is the attachment of (2, 0),
(0, 1), (−1, 0), and (0, −1). The hole size of (e, f) is symmet-
rical, and the upper boundary is described by the curved line
0.6 cos(0.4πs) + 0.5 with s ∈ [−1.25, 1.25]. The hole size of (g,
h) can be be regarded as the attachment of the points (−0.5,
1.5), (−1.5, 1.5), (0.5, −1.5), and (1.5, −1.5).

To achieve this goal, the geometrical transformation
between original polar coordinates (r, θ) and new coor-

dinates (r̃, θ̃) can be written as{
r̃ = rf (θ) ,

θ̃ = θ,
(9)

where f (θ) is the function describing the shape of an
arbitrary isotherm.

According to the transformation thermotics, we can
derive the following parameters, κ̃ (thermal conductivity)

and Q̃ (heat source),

κ̃ =

(
1 + f(θ)′2/f(θ)2 f(θ)′/f(θ)
f(θ)′/f(θ) 1

)
κ0, (10)

Q̃ = Q/f(θ)2, (11)

where f(θ)′ is the derivation of f(θ) with respect to θ.
The same problem for conducting experiments is that

heat source Q̃ (Eq. (11)) is a function of angle θ, which

Fig. 4. Simulation results of all-directional thermal replica-
tion. The objects are indicated by heat sources (313 K) located
in the center of each panel, the environment is denoted by
the cold source (273 K) surrounding each panel, and between
the object and environment is the transformed medium whose
thermal conductivities are designed according to equation (10)
with κ0 being 25 W/(m·K). All the sources are transformed
according to equation (12). The side length of each cold source
is five times that of the corresponding heat source. Isotherms
are indicated by white lines. (a) Shows a square heat source in
a square simulation box with the side length being 8.2 cm, (b)
shows a triangular heat source in a triangular simulation box
whose side length is 10.0 cm, (c) shows a pentacle-like heat
source in a simulation box whose side length is 4.2 cm, (d)
shows a face-like heat source in a simulation box whose cold
source is composed of an ellipse (major axis 2.9 cm and minor
axis 1.9 cm) and two circles with radius of 1.1 cm at points with
coordinates (±1.3, 0), (e) shows a dog-shaped heat source in
a simulation box, whose cold source can be regarded as the
attachment of the following points (3.5, 0), (4.8, 1.2), (0, 1.2),
(−1.8, 4.4), (−3, 2.8), (−4.6, 2.4), (−2.4, 1.1), (−2.4, −3.2), (0,
−0.8), and (4.8, −3.2) and (f) shows an artillery-shaped heat
source in a simulation box, whose cold source can be regarded
as the attachment of the following points (3.8, 1.3), (1.3, 1.3),
(3.2, 4.6), (1.3, 5.7), (−1.3, 1.3), (−3.8, 1.3), (−3.8, −1.3), and
(3.8, −1.3).

is also inconvenient to manipulate. With the similar
thought of equation (4), we take an equivalent operation
corresponding to the controllable variable temperature

Rs = cf (θ) , (12)

where Rs describes the shape of heat sources, and the
constant c does not affect the final effect. Then we can
follow the similar process of equations (5) and (6) to
verify the equivalence between equations (11) and (12).

5 Simulations and experiments of
all-directional thermal replication

We perform finite-element simulations for six objects with
the shape of square, triangle, pentacle, face, dog, and
artillery in Figure 4. The objects are represented by heat

https://epjb.epj.org/
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Fig. 5. Experimental measurement by infrared camera; (a) shows the temperature profile of a fake hand (transformation
medium; decoy target), which is made of heated conductive epoxy with thermal conductivity 3.6 W/(m·K). For comparison, the
temperature profile of the front of a real hand (real target) is displayed in (b).

sources at 313 K while the environments are denoted
by cold sources at 273 K. Between the object and the
environment is filled with transformed medium designed
according to equation (10). As a result, we find that
the isotherms in the transformed medium not only have
the same shape as the relevant objects, but also expand
from the objects to the environment, thus working as
all-directional thermal replication.

The six shapes considered in Figure 4 are quite different
from each other. This fact implies that one can ther-
mally copy objects with arbitrary shaped isotherms. Also,
Figure 4 shows that there are three elements for experi-
mentally achieving such thermal copies, namely, an orig-
inal object (heat source), environment (cold source), and
transformation media. When experimentally demonstrat-
ing thermal copies of original objects, the environment
(cold source) naturally exists, and the transformation
media must be carefully designed and fabricated according
to equations (10) and (12). Here, we present an experimen-
tal illustration of thermal copier; see Figure 5a where the
transformation medium (a fake hand) is made of hand-
like conductive epoxy heated by stove to about 37◦C. As
expected, the measured thermal image of the copy shown
in Figure 5a looks similar to that of the real hand depicted
in Figure 5b. Figure 5 is just a simple demonstration to
show that the tailor of shape can be a simplified operation
of transformation. Thermal replication shows the ability
to precisely manipulate the shape of isotherms, which will
contribute to thermal camouflage [12,13,18–20].

6 Conclusion

In summary, we have developed an equivalence opera-
tion (Eqs. (4) and (12)) for transforming objects (heat
sources) in a practical way. The theory then helps to
propose a counterintuitive boundary-independent behav-
ior of thermal conduction with arbitrary boundaries.
This conduction further enables us to propose a type
of all-directional thermal replication of arbitrary shaped
objects. Our results have broad potential applications
in uniform heating, boundary-independent cloaking, and
military camouflaging, etc. Additionally, thermal replica-
tion, namely, a precise manipulation of isotherms, can
show capabilities in accurate temperature controlling as
required in some areas, such as solar cells, energy-saving

buildings, and efficient refrigerators. This work is help-
ful to design thermal metamaterials or metadevices for
achieving novel thermal illusion/camouflage and control-
ling heat flow freely. Analogous conduction and replication
could also be extended to other disciplines like particle
diffusion [26] and electrostatics [27].
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