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Active Thermal Wave Cloak
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Active metamaterials have shown huge advantages to control electromagnetic and acoustic waves. However, how
to use active metamaterials to control thermal waves has not been explored, though thermal waves are significant
in various fields. To address the problem, here we report an active scheme for thermal wave cloaks. The thermal
waves are based on conduction and convection, which are dominated by the Fourier and Darcy laws, respectively.
By calculating the propagation of thermal waves in a free space, we can derive the global temperature and
pressure distributions. We then apply these calculation results to actively control the boundary temperature and
pressure, and active thermal wave cloaks can be obtained. Compared with existing passive schemes to control
thermal waves, the present active scheme is more flexible for switching on/off and changing geometries. This
work provides active and controllable components to thermal wave cloaks, which can be further used to design
more active thermal wave metamaterials.
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Thermal invisibility is crucially important to
fight against infrared detection, whose realization
largely depends on the development of thermal
metamaterials, especially thermal cloaks.[1] So far,
the research scope of thermal metamaterials has
been extended from conduction[2,3] to conduction-
convection,[4−9] conduction-radiation,[10−13] and even
conduction-convection-radiation.[14−16] Recently, the
invisibility of thermal waves (i.e., the temperature has
a wave form) has also attracted intensive research in-
terest. The related explorations are mainly based on
conduction,[17] conduction with thermal relaxation,[18]
and conduction-convection.[19] For these different sys-
tems, the methods of scattering cancellation[17,18] and
coordinate transformation[19] are successfully applied
to achieve thermal wave invisibility.

However, these methods only apply to passive
metamaterials, lacking the flexibility for switch-
ing on/off or changing geometries. Actually,
active metamaterials have been widely applied
to control physical fields such as electromagnetic
waves,[20−22] acoustic waves,[23−25] fluid flows,[26,27]
direct currents,[28−30] magnetic conduction,[31−33] and
thermal conduction.[34−37] However, thermal wave
cloaks still lack similar controllability. To solve the
problem, here we study thermal waves based on con-
duction and convection, which are crucially important
to achieve thermal phenomena such as anti-parity-
time symmetry,[38,39] negative thermal transport,[40]
and crystals.[41] Conduction and convection are dom-
inated by the Fourier and Darcy laws, respectively.
The discussed thermal waves can be treated as an ideal
model of practical conditions. For example, there are
temperature fluctuations in space, which can propa-
gate via conduction and convection to generate ther-
mal waves. We then consider two typical cases of ther-
mal waves. The first one (case 1) is shown in Fig. 1(a),

where the left and right boundaries are set with peri-
odic boundary condition, leading to a zero imaginary
part of thermal wave vector. The second one (case
2) is displayed in Fig. 1(b), where the left and right
boundaries are set with time-harmonic temperature
and open boundary condition, respectively. There-
fore, the thermal wave has a nonzero imaginary part
of thermal wave vector. We then calculate the prop-
agation of thermal waves in a free space, and derive
the global temperature and pressure distributions. By
setting the boundary temperature and pressure as cal-
culated, active thermal wave cloaks can be achieved.
The controlled boundary is just the position surround-
ing the cloaked region. Let us start from the theory.

We consider a conduction-convection process in a
porous medium composed of fluid and solid, whose
dominant equation can be expressed as

𝜌m𝐶m𝜕𝑇/𝜕𝑡+∇ · (−𝜅m∇𝑇 + 𝜌f𝐶f𝑣𝑇 ) = 0, (1)

where 𝜌m𝐶m = 𝜑𝜌f𝐶f + (1 − 𝜑)𝜌s𝐶s, 𝜅m = 𝜑𝜅f +
(1 − 𝜑)𝜅s, and 𝜑 are the effective product of den-
sity and heat capacity, effective thermal conductivity,
and porosity of the porous medium,[42] respectively;
𝜌f (𝜌s), 𝐶f (𝐶s), and 𝜅f (𝜅s) are the density, heat ca-
pacity, and thermal conductivity of the fluid (solid),
respectively; 𝑇 and 𝑡 denote temperature and time,
respectively; 𝑣 is the convective velocity of the fluid.
We suppose 𝜌f𝐶f = 𝜌s𝐶s for brevity, so 𝜌m𝐶m = 𝜌f𝐶f .
We then consider a thermal wave solution

𝑇 = 𝐴𝑒𝑖(𝛽𝑥−𝜔𝑡) +𝐵, (2)

where 𝐴, 𝛽, 𝜔, and 𝐵 are the temperature amplitude,
wave vector, circular frequency, and reference temper-
ature of the thermal wave, respectively; 𝑖 =

√
−1 is

the imaginary unit. Substituting Eq. (2) into Eq. (1)
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yields

−𝑖𝜔𝜌m𝐶m + 𝜅m𝛽
2 + 𝑖𝜌f𝐶f𝑣𝛽 = 0. (3)

We consider the first case with Im(𝛽) = 0 and
Im(𝜔) ̸= 0 [see Fig. 1(a)], and Eq. (3) turns into

𝜔 =
𝜌f𝐶f

𝜌m𝐶m
𝑣𝛽 − 𝑖

𝜅𝛽2

𝜌m𝐶m
. (4)

Substituting Eq. (4) into Eq. (2) yields

𝑇 = 𝐴𝑒Im(𝜔)𝑡𝑒𝑖[𝛽𝑥−Re(𝜔)𝑡] +𝐵, (5)

which indicates that the thermal wave decays in time,
but does not decay in space. Therefore, the thermal
wave vector is preset, and the circular frequency is
determined by the thermal wave vector.
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Fig. 1. Schematic diagrams of (a) case 1 and (b) case 2.
PBC, periodic boundary condition; THT, time harmonic
temperature; OBC, open boundary condition.

We then consider the second case with Im(𝛽) ̸= 0
and Im(𝜔) = 0 [see Fig. 1(b)], and Eq. (3) turns into

𝛽 =

√
2𝛾

4

+ 𝑖
−8𝜌f𝐶f𝑣𝜌m𝐶m𝜔+2

√
2𝜌2f𝐶

2
f 𝑣

2𝛾+
√
2𝜅2

m𝛾
3

16𝜌m𝐶m𝜔𝜅m
,
(6)

where 𝛾 takes the form of

𝛾 =

√︁
−𝜌2f𝐶

2
f 𝑣

2 +
√︀
𝜌4f𝐶

4
f 𝑣

4 + 16𝜌2m𝐶
2
m𝜔

2𝜅2
m

𝜅m
. (7)

Substituting Eq. (6) into Eq. (2) yields

𝑇 = 𝐴𝑒−Im(𝛽)𝑥𝑒𝑖[Re(𝛽)𝑥−𝜔𝑡] +𝐵, (8)

which indicates that the thermal wave decays in space,
but does not decay in time. Therefore, the circular
frequency is preset, and the thermal wave vector is
determined by the circular frequency.

Convective velocities in the two cases are both de-
termined by the steady Darcy law,[43−45]

𝑣 = −𝜎

𝜇
∇𝑃, (9)

where 𝜎 is the permeability of the porous medium, 𝜇
is the dynamic viscosity of the fluid, and 𝑃 denotes
pressure. By setting a high pressure 𝑃h on the left
boundary and a low pressure 𝑃l on the right bound-
ary (see Fig. 1), the pressure profile can be expressed
as

𝑃 = −𝑃h − 𝑃l

𝑑
𝑥+

𝑃h + 𝑃l

2
, (10)

where 𝑑 is the distance between the left and right
boundaries.

So far, we have derived all the information for de-
signing active thermal wave cloaks, i.e., Eqs. (5), (8),
and (10). Concretely speaking, Eqs. (5) and (10) can
be applied for case 1 shown in Fig. 1(a), and Eqs. (8)
and (10) can be applied for case 2 shown in Fig. 1(b).

To confirm the scheme, we further perform finite-
element simulations based on COMSOL MULTI-
PHYSICS (http://www.comsol.com/). The results
for cases 1 and 2 are presented in Figs. 2 and 3, re-
spectively.

We firstly discuss case 1 (see Fig. 2). The bound-
ary settings are the same as those in Fig. 1(a). The left
and right boundaries are set with periodic boundary
condition, which can be regarded as the temperature
continuity of the left and right boundaries. The left
and right boundaries are also set with high and low
pressures, respectively. The upper and lower bound-
aries are set with no flux condition. The left three
columns show the temperature profiles at 0, 100, and
200 s, respectively. The right column displays the
pressure profiles, which do not change with time be-
cause we consider the steady Darcy law. The first
and third rows exhibit the simulations with the central
boundaries not actively controlled (i.e., only with no
flux condition). The second and fourth rows exhibit
the simulations with the central boundaries actively
controlled by Eqs. (5) and (10). The initial tempera-
ture profiles are set at 𝑇 = 40 cos(100𝜋𝑥)+323K (see
the first column in Fig. 2). The origin locates at the
center of each simulation. If the central boundaries are
not actively controlled, the thermal waves and pres-
sure profiles are strongly distorted [see Figs. 2(b)–2(d)
and 2(j)–2(l)]. Fortunately, with the active control of
central boundaries, the thermal waves can propagate
without distortion, and the pressure profiles also be-
come linear [see Figs. 2(f)–2(h) and 2(n)–2(p)]. As
discussed, the thermal waves only decay in time, but
do not decay in space.

We then discuss case 2 (see Fig. 3). Since the
pressure settings are the same as those in Fig. 2, the
pressure profiles are also the same as those in Fig. 2
(see the fourth column in Fig. 3). Differently, the pe-
riodic boundary condition is removed. Instead, the
left boundary is set with time harmonic temperature,
which can be expressed as 𝑇 = 40 cos(−𝜋𝑡/10)+323K.
The right boundary is set with open boundary con-
dition, indicating no thermal wave reflection. The
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initial temperature is set at 323K (see the first col-
umn in Fig. 3). The results at 100 and 200 s are
presented in the second and third columns of Fig. 3.
Compared with the results without active control [see
Figs. 3(b)–3(d) and 3(j)–3(l)], those with active con-

trol by Eqs. (8) and (10) are satisfying [see Figs. 3(f)–
3(h) and 3(n)–3(p)]. Since the periodic boundary con-
dition is replaced with time harmonic temperature and
open boundary condition, the thermal waves only de-
cay in space, but do not decay in time.

T (K) 283363 P (105 Pa)2 0

t=0 s t=100 s t=200 s

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

(m) (n) (o) (p)

Fig. 2. Simulations of case 1 with (a)–(h) circular shape and (i)–(p) arbitrary shape. The simulation size is
20 × 10 cm2. The circular shape in the first two rows has a radius of 2 cm. The arbitrary shape in the last two
rows has a radius of 2 + 0.2 sin 𝜃 − 0.2 sin(2𝜃) + 0.4 cos(3𝜃) cm. The temperature of the controlled boundary is
𝑇 = 40𝑒−𝜋2 𝑡/103 cos(100𝜋𝑥− 𝜋𝑡/10) + 323K, and the pressure of the controlled boundary is 𝑃 = −106𝑥+ 105 Pa.
Parameters: 𝜌m𝐶m = 𝜌𝑓𝐶𝑓 = 106 J·m−3·K−1, 𝜅m = 𝜅f = 0.1W·m−1·K−1, 𝜎 = 10−12 m2, 𝜇 = 10−3 Pa·s,
𝑃h = 2× 105 Pa, and 𝑃l = 0Pa. Lines and arrows in the last column denote isobars and velocities, respectively.

T (K) 283363 P (105 Pa)2 0

t=0 s t=100 s t=200 s

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

(m) (n) (o) (p)

Fig. 3. Simulations of case 2 with (a)–(h) circular shape and (i)–(p) arbitrary shape. The sizes and parameters
are the same those in Fig. 2. The temperature of the controlled boundary is 𝑇 = 𝑆(𝑡)40𝑒−9.82(𝑥+0.1) cos[313.54(𝑥+
0.1)− 𝜋𝑡/10] + 323K, and the pressure of the controlled boundary is 𝑃 = −106𝑥+ 105 Pa. 𝑆(𝑡) is a step function
with 𝑆(𝑡 ≤ 100) = 0 and 𝑆(𝑡 > 100) = 1.
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The results shown in Figs. 2 and 3 are satisfying
because we apply ideal settings such as a continuous
temperature control and a continuous pressure con-
trol on the central boundary. However, it might be
challenging to continuously control the temperature
and pressure in experiments. To solve this experi-
mental difficulty, we further discrete the temperature
and pressure, and the results are shown in Fig. 4. We
apply 36 small circles with diameter 1mm around the
central boundary to control the temperature and pres-

sure. The first and last two rows show the results of
cases 1 and 2, respectively. The left three columns ex-
hibit the temperature profiles at 0, 100, 200 s, respec-
tively. The last column presents the pressure profiles.
Clearly, the cloaking effect is also achieved, though it
is not as perfect as that based on ideal settings. More-
over, to reduce experimental difficulty, one can in-
crease the periodicity of the thermal wave, and control
the temperature by alternately using ceramic heater
and semiconductor cooler.

T (K) 283363 P (105 Pa)2 0

t=0 s t=100 s t=200 s

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

(m) (n) (o) (p)

Fig. 4. Discrete boundary control of (a)–(h) case 1 and (i)–(p) case 2. The settings are the same as those in Figs. 2
and 3 except for the central boundary. There are 36 circles with diameter 1mm arranged every 10 deg.
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Fig. 5. Quantitative comparison. (a) Circular shape with
continuous control (abbreviated as Cir.-Con.). (b) Arbi-
trary shape with discrete control (abbreviated as Arb.-
Dis.). Similarly, Arb.-Con., arbitrary shape with continu-
ous control; Cir.-Dis., circular shape with discrete control.
(c) Pressure distribution of case 1 (which is the same as
case 2). Temperature distribution at 200 s of (d) case 1
and (e) case 2.

To compare the cloaking effect quantitatively, we
further plot the data of the pressure and temperature
along the 𝑥 axis [i.e., on the dashed lines in Figs. 5(a)

and 5(b)]. Since the pressure profiles of cases 1 and 2
are the same, we only plot the pressure profiles of case
1 for brevity [see Fig. 5(c)]. The solid line is a reference
with no obstacle in the center. Cir.-Con. means circu-
lar shape with continuous control [see Fig. 5(a)], and
Arb.-Dis. means arbitrary shape with discrete con-
trol [see Fig. 5(b)]. Similarly, Arb.-Con. and Cir.-Dis.
means arbitrary shape with continuous control and
circular shape with discrete control, respectively. Ob-
viously, with the active control, whether continuously
or discretely, the pressure profiles are the same as the
reference (i.e., the five lines overlap). The temperature
profiles with continuous control (at 200 s) are also the
same as the reference, and those with discrete con-
trol have only a smaller temperature amplitude than
the reference [see Figs. 5(d) and 5(e)]. Therefore, the
active scheme is experimentally feasible.

We have discussed the thermal waves based on con-
duction and convection. Actually, many other sys-
tems can also support the propagation of thermal
waves. Especially, thermal waves based on modi-
fying the Fourier law with thermal relaxation have
been long investigated.[46−50] Therefore, how to use
an active scheme to control these thermal waves re-
mains to be explored. Moreover, the active scheme
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requires to know the temperature and pressure distri-
butions in advance. For practical applications, ma-
chine learning[51] might be applied to obtain global
information by only detecting local information, and
provides guidance for the active control.

In summary, we have proposed an active scheme
for thermal wave cloaks. By actively controlling the
boundary temperature and pressure, we can construct
a cloaked region, outside which thermal waves can
propagate without distortion. The feasibility of the
scheme is confirmed by finite-element simulations with
both continuous and discrete boundary control. This
scheme has superiorities such as switching on/off flexi-
bly and designing irregular geometries. Our work pro-
vides active and controllable components to thermal
wave metamaterials, which are desirable in many prac-
tical applications like thermal wave imaging[52−56] and
thermal illusion.[57−60]
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