
Commun. Theor. Phys. 63 (2015) 77–85 Vol. 63, No. 1, January 1, 2015

An Exotic Phase Change in Dynamic Electrorheological Fluids∗
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Abstract It is well known that constant or time-varying electric fields can induce phase changes in electrorheological
(ER) fluids, from a liquid to semi-solid state, provided the field strength is larger than some critical value. We describe
here an experimental and theoretical study considering yet a different class of phase changes, specifically those for an
ER fluid in the presence of both shear flow and a time-varying electric field. We note that as the frequency of the field
is decreased, the ER fluid will go from a liquid to an intermediate transition state, and eventually to a shear banding
state. Our theoretical analysis further indicates that this phase change originates from competing effects of viscous
and electrical forces. Ultimately, we conclude that it is possible to achieve various states and corresponding (desired)
macroscopic properties of dynamic colloidal suspensions by adjusting the frequency of the externally applied electric
field.
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1 Introduction
An electrorheological (ER) fluid can change from

a liquid to semi-solid state within milliseconds when
the fluid is subjected to an external applied electric
field generated by direct current (DC) or alternating
current (AC) voltage. This process is known to be
reversible.[1−4] The mechanical properties of ER fluids
have attracted much research interest, particularly after
giant ER or polar molecules-modified ER (PMER) fluids
were invented.[2−3,5−14] Moreover, Calandra et al. found
such electrorheological effects at very low applied fields
(≈ 400 V/mm) in systems where a (carefully chosen) sol-
vent, via certain solvent-nanoparticle interactions, acted
as both a dispersing medium and a nanoparticle capping
agent.[15] This finding paved the way for many new ap-
plications of ER fluids exposed to very low electric fields.
On the other hand, since most ER fluids are employed in
dynamic states under a variety of shear flow conditions,
increasingly we see studies of such flow state of ER flu-
ids, so-called electrohydrodynamic effects.[16−18] Electro-
hydrodynamics considers both the effect of fluid motion
on the field, as well as the influence of field on the fluid
motion. Melcher and Taylor investigated the role of in-
terfacial shear stress in determining properties of various
ER fluids.[16] Roberts et al. examined the instabilities of
AC electrohydrodynamic ER fluids in thin liquid films,
using lubrication theory to exert control over the size and

shape of the surface pillars.[17] Khusid et al. studied the
mechanism of interfacial polarization of the particles and
how it affects DC electric-field-induced aggregation. Their
results show that the thermodynamic properties of such
suspensions are strongly influenced by certain dielectric
relaxation effects.[18] Also, lamellar structures were ob-
served in the plate-plate geometry.[19−21] The higher the
applied field strength (or the lower the rotating speed),
the greater the number of layer rings.[19] Klingenberg et al.
discovered that the liquid layers attached to the electrodes
become thinner in the presence of DC electric fields when
the shear rate is increased.[22] The work of Volkova et al.
verified that a nematic-to-isotropic transition in ER fluids
can further affect shear stresses.[23] By using a two-phase
dipole fluid model,[24−25] our recent computer simulation
study produced lamellar structures and shear banding in a
disk-disk geometry using a DC electric field.[26] Recently,
the study of self-assembled tunable networks of polymer
fibres under an AC electric field shows that the frequency
and amplitude of the electric field affect the morphology
and relative length of polymer fibres.[27]

In this study, we use a microscope-attached elec-
trorheometer to investigate the dynamic properties of 1,4-
butyrolactone-TiO2 ER fluids[28] exposed to an AC elec-
tric field. The electric field between the inner rotator and
outer stator is maintained at 700 V/mm. In this way,
the electric interaction forces between particles can be
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changed by adjusting the field frequency.[29−32] Lan et al.
studied the frequency dependence of the ER response in
a suspension of barium titanate spherical particles sus-
pending in silicone oil.[29] Subjected to such sinusoidal
electric fields, the shear stresses increased sharply with
frequency below 500 Hz, and quickly reached a saturation
value. This phenomena can be explained using permit-
tivity mismatch theory. Wen et al. studied the ER fluid
consisting of glass spheres and silicone oil and found that
with increasing frequency of the externally applied electric
field, the shear stress decreased below 1000 Hz and finally
reached a stable value.[3] By using calculations from first-
principles, their theory has good quantitative agreement
with other’s experimental results.[33]

We observe yet a different class of phase changes in the
ER fluid in the presence of both shear flow and AC electric
field. When the frequency of the AC field is decreased, we
observe that the ER fluid changes from a liquid state, to a
transition state, and eventually to a shear banding state.
It will be shown that this phase change originates from
competing effects of electric and viscous forces.

2 Experiment
The sample used in this experiment is a colloidal

suspension of silicone oil and 1,4-butyrolactone modified
TiO2 powder. The viscosity of silicone oil is 20 cSt at room
temperature. The volume fraction of 1,4-butyrolactone
modified TiO2 powder is 0.43 with sedimentation ra-
tio above 99% after 500 hours of testing.[28] The 1, 4-
butyrolactone modified TiO2 powder is synthesized with
the sol-gel method. The average radius of suspended par-
ticles is 460 nm. The colloidal suspension consisting of
such particles has a significant response to externally ap-
plied electric fields. The quasi-static yield stress of the
PMER fluid, which is Newtonian under zero electric field,
reaches 48.1 kPa at 5 kV/mm.[28]

The apparatus consists mainly of three parts: an AC
high voltage generator, a Haake–Mars II electrorheometer
and a lens system with a charge-coupled device (CCD)
camera. The AC high-voltage generator can output up
to 1 kV of sinusoidal waveforms with frequencies ranging
from 6 Hz to 1 kHz. The AC voltage generating sys-
tem contains of three parts: a voltage signal generator, a
custom-made power amplifier and transformer pair. One
transformer is made of silicon sheets and is designed for
frequencies below 500 Hz; the other made using a ferrite
core and is designed for frequencies above 500 Hz. Each
transformer is immersed in a transformer oil tank to main-
tain electrical stability. During the experiment, the volt-
age of the AC high voltage generator was monitored to
keep the output voltage stable. The Haake–Mars II elec-
trorheometer is used to shear the ER fluid at a constant
apparent shear rate and to measure the shear stress with
an error less than 0.01 Pa. The CCD camera (JAI Ltd.,
Japan) and corresponding lens system is used to acquire
top views of the dynamic features of the particles, using
1.5 million pixels per frame, at 30 frames per second.

To reset conditions to a neutral state, each new ex-
periment begins by shearing the ER fluid without exter-
nal fields for 5 minutes. After applying an external elec-
tric field, the shear stress is acquired by electrorheometer.
Meanwhile, the top view of liquid-air interface is taken
by the CCD camera in the microscope. Due to the low
transparency of ER fluids, it is difficult to observe the
particle movement inside the fluids. Our simulations with
finite element analysis show that the surface flow prop-
erties are the same as that inside (see below for details).
The shear stress and particle speed profiles become stable
after several minutes and then the data and pictures are
recorded for further study. Wall slip is not observed in
rheological measurements with increasing frequency. Fig-
ure 1(b) shows how to measure the velocity of a particle
cluster based on the horizontal interface of the fluid. The
CCD camera records positions of particles every 1/30 s.
The velocity of a particle cluster between two frames is
calculated by using the Euclidean distance. This algo-
rithm holds true in the limit of a large cylinder radius, or
a small distance between particles, and it is true in this
study. The travel distance of a particle measured every
two frames is smaller than 0.4 mm, which is about 2% of
the diameter of the inner cylinder (20 mm).

3 Results
First, we determine profiles of ER particle speeds ver-

sus particle distances to the stator, r, for different frequen-
cies of the applied AC electric field. The stator is at r = 0,
while the rotor is at r = 1 mm, as indicated in Fig. 1. The
slope of the particle speed profile is equal to the apparent
shear rate. According to the experimental results shown
in Fig. 2, when the field frequency is 600 Hz [Fig. 2(b)],
the profile of particle speed versus distance to the stator
is nearly linear. The ER fluid behaves as a liquid with a
low shear stress of 27.1 Pa, and it is considered to remain
in a liquid state at this frequency.

When the frequency of the applied field is 50 Hz and
the shear stress is 99.7 Pa [Fig. 2(e)], the slope of the par-
ticle speed profile is near zero when the distance to the
rotor is below 0.1 mm, and then increases gradually with
the distance when the distance is above 0.1 mm. In the
jammed area, the fluid behaves like a solid, while in the
flowing area, like a liquid. There is not a sharp change of
the the particle speed profile slope at the interface between
flowing and jammed areas. This particular phenomenon is
not a shear banding state, but rather a transition state. At
the field frequency of 15 Hz [Fig. 2(i)], the shear stress is
larger than those at the field frequencies of 50 and 200 Hz,
and the slope of the particle speed profile is almost zero
when r is less than 0.4 mm. The particle speed increases
abruptly when r is larger than 0.4 mm with a constant
slope. This is also a coexistence state of liquid and solid
that is found at a field frequency of 50Hz. However, in
contrast to the case at 50 Hz where the profile slope is
continuous, the slope (namely, the local shear rate) for
15Hz at the interface between flowing and jammed areas
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shows an abrupt change, which is clearly a shear band-
ing phenomenon.[34] Therefore this state is called a shear
banding state. We thus observed a dynamic transitions
process of the ER fluid: starting from a liquid state, then
a transition state – coexistence of flowing and jammed
structures without a distinct boundary between the two
structures, and finally a shear banding state – coexistence
of flowing and jammed structures with well-established
boundary between the two structures.

Fig. 1 (Color online) (a) Two-dimensional schematic
graph of the electrorheometer with a microscopic CCD
that measures rheological properties of ER fluids and
takes images of the particle structure of colloidal suspen-
sions. The rotor (inner cylinder) with radius of 10.35 mm
rotates (as shown by the white arrow in (b) or (c))
at a speed of 4 RPM with a shear rate of 4.14 s−1,
while the stator is fixed. Two coaxial cylinders with the
gap of 1 mm and the height of 55 mm are constructed.
r = 0 mm (or 1 mm) denotes the edge of the stator (or
rotor). 0 < r < 1 mm denotes the gap between the stator
and rotor that is filled with the model ER fluid. (b) and
(c) show the movement of a particle cluster (pointed by a
black arrow in each panel) in the gap between the stator
and rotor. The rotation direction of the rotor is indicated
by the white arrow. (c) is about 0.17 s later than (b). (d)
is the CCD picture of a shear banding state. The black
arrow in (d) points the boundary of jammed (left) and
flow (right) areas.

Yoshimura et al. have proposed a parameter, ϕω (=

ωER1τ) to describe slippage of materials on the surface
of rotator or stator in concentric cylinder measurements,
where R1 is the stator radius in a concentric-cylinder ge-
ometry, and the emulsion rotates around the stator with
angular velocity ωE .[35] They suggest that the nature of
the plot of rotational speed divided by stress vs. stress is
similar to that of ϕω vs τ . The abbreviation of “rounds
per minute”, RPM, represents the angular velocity of the
rotator, and RPM/τ is proportional to the reversed vis-
cosity. Thus the curve of RPM/τ − τ provides qualita-
tive information about the flow behavior of the slip layers.
RPM/τ should be linear with shear stress given the ab-
sence of boundary slip. Their results show that there ex-
ists boundary slip in concentric-cylinder geometry. In our
experiments, the boundary slip is not evident under the
condition of angular velocities of rotator of 4 RPM, and
there exists shear banding throughout the depth. We have
measured rheological properties of the PMER fluid to as-
sess the boundary slip using Yoshimura et al.’s method. In
Fig. 3, panels (a) and (b) give the rheological curves of the
PMER fluid at electric field frequencies of 6, 15, 25, 35, 45,
50, 80 and 200 Hz, and applied electric field of 700 V/mm.
The PMER fluid consists of 3 g PMER powders per 2.2 ml
silicone oil. Panels (c) and (d) plot RPM/τ−τ at the same
field frequencies with arrows indicating the deviation from
the linear section of the curves due to wall slip. RPM/τ
is about 0.02 at 4 RPM in the linear region of the curves,
where no obvious wall slip is evident. Yoshimura et al.’s
method suggests that the boundary slip is very small and
can be ignored at and below 4 RPM. As mentioned above,
the shear banding experiments are conducted when the ro-
tational speed of the rotator is about 4 RPM. The shear
banding throughout this region is the main factor that
restricts slip at the boundary under low rotational speed.

Owing to the high concentration of the ER fluid, im-
ages observed in this work only reflect the behavior at the
liquid-air interface of the ER fluid. It is therefore impor-
tant to also mention the effects of the electric field on the
liquid-air interface. The electric field within the liquid
region is not uniform, however is not expected to affect
our qualitative results (both experimental and theoreti-
cal). For our experiment, the frequencies of interest are
less than 1 kHz. Thus, the quasi-static approximation can
be adopted to model the effect of electric field. In this re-
gard, at the interface between the ER fluid and air, if the
strength of electric field on the air side is Ea, the strength
of equivalent electric field within the ER fluid side could
be EER = Ea/εER due to the boundary condition of elec-
tric displacement, where the effective dielectric constant
of ER fluids is denoted by εER. Here we have assumed
Ea is normally incident onto the interface, thus yielding
the maximum difference of Ea−EER. In other words, the
strength of electric field within the ER fluid side should
generally be between EER and Ea (which corresponds to
the case where the electric field, Ea, is almost parallel to
the interface).
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Fig. 2 (Color online) Profiles of particle speeds versus the distance to the stator, r (as indicated in Fig. 1(a)).
The edge of stator is at r = 0 mm, and that of rotor, r = 1 mm. (a) shows the case of zero electric field (shear
stress: 25.4 Pa); for (b)–(j), the intensity of the applied electric field is 700 V/mm. The field frequencies are (b)
600 Hz (shear stress: 27.1 Pa), (c) 200 Hz (shear stress: 29.2 Pa), (d) 80 Hz (shear stress: 61.6 Pa), (e) 50 Hz
(shear stress: 99.7 Pa), (f) 45 Hz (shear stress: 111.5 Pa), (g) 35 Hz (shear stress: 139.8 Pa), (h) 25 Hz (shear
stress: 172.4 Pa), (i) 15 Hz (shear stress: 170.6 Pa), and (j) 6 Hz (shear stress: 120.8 Pa). (a)–(c) the liquid state,
(d)–(e) the transition state, and (f)–(j) the shear banding state. The corresponding slopes (shear rates) of liquid
state are (a) 4.11 s−1, (b) 4.16 s−1 and (c) 4.42 s−1 . Red arrows are added to highlight the greatest change zone
of speed profiles. (k) Dependence of local shear rates near the stator on the frequency of the applied electric field.
(l) Local shear rate near the stator versus shear stress. Each point in (l) corresponds to the point in (k) with the
same local shear rate and frequency value. The dotted curves show the trends of shear rates versus (k) frequencies
or (l) shear stresses in the area near the stator. “SB”, “T” and “L” stand for shear banding, transition and liquid
states, respectively, divided by two vertical dot-dashed lines.
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Fig. 3 (Color online) Assessments of boundary slip in a concentric cylinder measurement of rheological properties
of the PMER fluid. Panels (a) and (b) give the rheological curves of the PMER fluid at electric field frequencies
of 6, 15, 25, 35, 45, 50, 80, and 200 Hz. Panels (c) and (d) plot RPM/τ − τ at the same field frequencies. The
arrows indicate the deviation from the linear section of the curves due to wall slip. The applied electric field is
700 V/mm, and the PMER fluid consists of 3 g PMER powders per 2.2 ml silicone oil.

Because of the low transparency of ER fluids, it is
difficult to observe the particle movement inside of the
fluids. According to the experiments, we have done sim-
ulations with the finite element analysis using COMSOL
MultiPhysics (a commercial software). Without much loss
of generality, we construct a three-dimensional simulation
cell formed by two coaxial cylinders with a gap of 1 mm
and a height of 11 mm. The inner coaxial cylinder has
a radius of 10.35 mm and a height of 10 mm, and the
outer cylinder has a radius of 11.35 mm and a height of
11 mm. The simulation is based on the Onsager princi-
ple of least dissipation, which refers to the rules governing
the optimal paths of deviation from and to restoration to
equilibrium.[24,36] The consistent mathematical scheme is
solved with the four coupled physical fields:[26] two incom-
pressible Navier–Stokes fluids (one for the oil phase and
the other for the particle phase), one convection-diffusion
physical field for continuity equations of ER particles, and
the external electric field.

The coupled equations of motion for the solid parti-
cles phase (indicated by subscript “p”) and fluid oil phase
(indicated by subscript “f”) are given by[19,26,37]

ρp

(∂~Vp

∂t
+ ~Vp· 5 ~Vp

)
= −5 pp +5·τp

visc

+ n′ 5 µ + K(~Vf − ~Vp) , (1)

ρf

(∂~Vf

∂t
+ ~Vf ·5 ~Vf

)
= −5pf +5·τf

visc +K(~Vp− ~Vf ) , (2)

ṅ′ + ~5 · ~J = ∂tn + ~Vp·~5n′ + ~5· ~J = 0 , (3)

with the supplementary incompressibility conditions 5 ·
~Vs,f = 0. 5·τs = n5µ is the volume force induced by the
electric field and neighboring dipoles, and n is the number
density of ER particles. The left-hand side of Eq. (1) is
the time change rate of the particle momentum consisting
of the local and the convective accelerations, and is equal
to the sum of the surface forces per unit volume, including
three terms on the right-hand side of Eq. (1). The first
term is the particle pressure force, the second and the
fourth terms represent viscous forces, and the third one
is the body force per unit volume caused by the electric
field. Equation (2) is an equation for the fluid, and it con-
tains all the terms for particles except for the body force
per unit volume caused by electric field. Equation (3) is
the continuity equation for n, the local number density of
particles.

These three equations, together with the non-slip
boundary conditions, form a suitable mathematical
scheme for analysis. The simulation is conducted with
the following parameters: the dielectric constants of fluid
and particles are respectively 2.5 and 38, the viscosity of
fluid is 20 cSt, the radius and mass of an ER particle
is 460 nm and 1.2 × 10−15 g, and the density of fluid is
ρf = 0.96 g/m3.
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Simulation results show that the flow properties inside
the sample cell appear to be the same as the ones on the
surface; see Fig. 4. Under the external field and shear-
ing flow, there exist not only a radial shear band (such
as in Fig. 1(d)), but also an axial shear band throughout
the depth.[19] Because of the existence of the axial shear
band, the structure of shear banding varies throughout
the depth while maintaining the principal features of the
particle speed profile on horizontal layers. It is clear that
shear bands occur not only at the surface of ER fluids
(H = 11 mm), but also inside the ER fluid when the ro-

tating speed of the rotor is 4 RPM, the volume fraction
is 0.43, and the external DC electric field is 700 kV/mm.
When the ER fluids with the high solid-state volume frac-
tion under external electric fields are sheared, the energy
of ER particles can not dissipate fast through the oil. The
energy can dissipate only by the friction among ER parti-
cles timely, thus causing the speed difference of ER parti-
cles inside and on the surface of the suspension. Finally,
the results obtained from the speed curves are also affected
by the fluctuation of the solid particles phase in motion.

Fig. 4 Three-dimensional simulation results with the finite element analysis under a similar condition to that in
the experiments. Profiles of particle speeds on horizontal layers versus the distance to the stator with an external
DC electric field of 700 V/mm. The edge of stator is at r = 0 mm, and that of rotor, r = 1 mm. The simulation
cell constitutes of two coaxial cylinders with the gap of 1 mm and the height of 11 mm. H represents the height
of the point being observed in the suspension from the bottom of the gap. The rotating speed of the rotor is
4 RPM. The volume fraction is 0.43.

We have proposed[38] that the structure criterion for
the shear banding is S(r) = |fe(r)|/|fh(r)| > 1, where
fe(r) is the jamming stress due to electric interaction and
fh(r) is the fluidizing stress due to hydrodynamic interac-
tion. Namely, S(r) > 1 is the criterion of jamming struc-
ture in the shear banding phase; while S(r) < 1, fh(r) sur-
passes fe(r), the banding structures are destroyed gradu-
ally, and the whole suspension is eventually fluidized com-
pletely without any shear banding.

According to the previous discussion, at the transition
and the shear banding states, the local shear rate is differ-
ent from the apparent shear rate. Figure 2(k) shows the
relation between local shear rates near the stator and field
frequencies. Below 50 Hz, the shear rate near the stator
is close to zero. The shear rate near the stator increases

quickly with frequency up to about 100 Hz, beyond which
the shear rate near the stator is relatively stable. We
have already established that when the profile is linear,
this state is identified as a liquid state. The state without
an abrupt change of particle speed slope at the interface
between flowing and jammed areas is identified as a tran-
sition state. Otherwise, a shear banding state appears.
Based on this understanding, particle speed profiles under
different frequencies are examined, and the result is shown
in Fig. 2(l). When the shear stress is less than 55 Pa, the
curve of particle speeds versus the distance to the stator
is almost linear, therefore the ER fluid stays at the liquid
state. In this state, the local shear rate is nearly steady
within the measurement error. When the shear stress
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is within a range between 55 Pa and 105 Pa, the curve
changes gradually without an abrupt slope change. This
corresponds to the transition state. It is clear to see that
the shear rate of jammed areas decreases quickly while the
shear stress increases. When the shear stress is larger than
105 Pa, the profile of particle speeds versus the distance
shows an abrupt change in the slope [Fig. 2(f)]. Then
the ER fluid stays at a shear banding state. In this case,
the shear rate near the stator is almost zero while that
near the rotor increases with shear stresses. This means
the size of the flowing area is reduced. Above all, the

ER fluid experiences three states when the field frequency
changes from 6 to 200 Hz. For ER fluids in a disk-disk
condition under a DC field, it is shown that the denser
rings (a shear banding phenomenon) correspond to the
larger shear stress. Also, when the intensity of the external
electric field increases, the number of rings increases.[21]

In this work, an exotic phase change has been observed
when the frequency of the external electric field changes.
However, in order to further understand the above exper-
imental findings, further theoretical analysis is provided
below.

Fig. 5 (a) Sketch of two close spherical particles in the presence of an external electric field, E. Either P1 or P2

is the induced dipole moment of the corresponding particle, a is the radius of particle, d is the distance between

the centers of two particles, and θ is the angle between ~E and the center-to-center line of the two particles. (b)
Comparison between F⊥ and Fs. Parameters adopted from the experiment: εf = 2.5, σf = 2.5 × 10−11 S/m,
εp = 38, σp = 2.2 × 10−9 S/m, E = 700 V/mm, and a = 460 nm. Other parameters taken for the calculations:
d/a = 2.08, θ = 36◦, and v = 1.99× 10−2 mm/s.

4 Theoretical Analysis
In the absence of an externally applied electric (or

other) field, ER particles will be uniformly dispersed in
silicone oil. In the presence of an electric field, particles
become polarized and there results an electric interaction
force between particles.[31,39−40] The complex dielectric
permittivity of particles is ε̃p(ω) = εpε0 + σp/iω, while
that of silicone oil is ε̃f (ω) = εfε0 + σf/iω. Here ε0 is
the permittivity of free space; σp and σf are the conduc-
tivity of particles and silicone oil, respectively; εp and εf

are the relative permittivity of particles and silicone oil,
respectively; ω is the angular frequency of the external
AC electric field directed along x axis; and i =

√−1. It
is difficult to quantitatively understand the above exper-
imental results since the structure of system is difficult
to model in detail. However, we could be able to qualita-
tively understand the experimental results obtained above
by considering the electric interaction force between two
close spherical particles with a radius of a[40−42] suspended
in the ER fluid; see Fig. 5(a).

Let us start by considering the two boundary condi-
tions for electric potentials, ϕ̃p (for a particle) and ϕ̃f (for
the oil):

ϕ̃p = ϕ̃f , (4)

ε̃p
∂ϕ̃p

∂x
= ε̃f

∂ϕ̃f

∂x
. (5)

Then, the solution of Laplace’s equation,

∇2ϕ̃ = 0 , (6)

yields the induced dipole moments, P̃1 and P̃2, of the two
spherical particles,

P̃1 = P̃2 = 4πεfε0
ε̃p − ε̃f

ε̃p + 2ε̃f
a3Ef .

Here Ef is the local electric field in the oil. To take into
account the many-body (local field) effect, we use the ef-
fective complex dielectric permittivity of the system, ε̃eff

(here ε̃eff(ω) ≡ εeffε0 + σeff/iω; note εeff and σeff are both
real), to replace ε̃f in the above equation. As a result, we
obtain

P̃1 = P̃2 = 4πεeffε0
ε̃p − ε̃eff

ε̃p + 2ε̃eff
a3E , (7)

where E is the external electric field according to the
definition of effective medium.[43] Owing to the effective
medium approximation,[43−44] which includes many-body
(local-field) effects, ε̃eff is given by the following equation,

p
ε̃p − ε̃eff

ε̃p + 2ε̃eff
+ (1− p)

ε̃f − ε̃eff

ε̃f + 2ε̃eff
= 0 , (8)

where p is the volume fraction of 1,4-butyrolactone mod-
ified TiO2 particles (p = 0.43 in this work). It is worth
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noting that Eq. (8) holds for symmetrical structure.
In the absence of an external shear field, the line con-

necting the centers of the two ER particles is directed
along the direction of the external electric field. However,
in the presence of a shear field, this line deviates from
this direction. The electric interaction force between the
two spheres suspended in the many-particle system, Fe,
is given by Fe = ||F ′∗| − |F ∗||, where F ∗ (or F ′∗) is the
interparticle force between the two spherical particles for

the transverse (or longitudinal) field case according to the
many-body dipole-induced dipole model:[40]

F ∗ = −4πεeffε0(E sin θ)2a3b

∞∑
n=0

(−b)nΦn , (9)

F ′∗ = −4πεeffε0(E cos θ)2a3b
∞∑

n=0

(2b)nΦn . (10)

Here,

b =
ε̃p − ε̃eff

ε̃p + 2ε̃eff
, Φn =

sinhα cosh α sinh2[(n + 1)α]− (n + 1) sinh2[α] cosh[(n + 1)α]
(2a/3) sinh4[(n + 1)α]

, cosh α =
d

a
,

d is the distance between the centers of the two particles
[Fig. 5(a)], and θ is the angle between the field direction
and the line connecting the centers of the two spheres
[Fig. 5(a)]. In the above two equations, we have taken
into account both local-field effects of the many-particle
system (according to Eq. (8)) and multipolar interactions
between the two spherical particles. It is worth remarking
that the multipolar interactions only include the dipole-
induced dipole interaction.[40]

On the other hand, the electric interaction force be-
tween the two spheres, Fe, possesses a component per-
pendicular to the direction of external electric field, which
is denoted by F⊥,

|F⊥| = Fe sin θ . (11)

Similarly, the component parallel to the direction of the
external electric field, F||, is given by

|F||| = Fe cos θ . (12)

While the viscous (Stokes) force, Fs, induced by shear-
ing is a force destructing the static structure of the two
almost touching particles in the ER fluid, F⊥ tends to
sustain this static structure. As a result, the competition
between F⊥ and Fs can be used to account for the flow-
ing phases as revealed above. The viscous force, Fs, acted
upon one of the two particles can be approximately given
by

Fs = 6πηeffav , (13)

with v = vp − vf . Here, vp (or vf ) is the velocity of the
particle and silicone oil, and ηeff is the effective viscosity of
the system. To take into account the many-body effects,
we use the following equation to determine ηeff ,[45]

ηeff − ηf

ηeff + (3/2)ηf
= p

ηp − ηf

ηp + (3/2)ηf
, (14)

where ηf is the viscosity of silicone oil (ηf = 20 cSt) and
ηp is the viscosity of 1, 4-butyrolactone modified TiO2

particles (ηp → ∞).
As shown in Fig. 5(b), F⊥ decreases as frequencies in-

crease. For a low frequency (say, ≤ 45Hz), the electric
interaction force between particles (F⊥ ) is much stronger
than the viscous force (Fs). Therefore, the particles near

the stator may not flow due to the relatively large F⊥,
or alternatively due to the relatively weak Fs originating
from a small velocity difference, v. In contrast, particles
located at the region near the rotator have a larger veloc-
ity difference, v, and hence Fs can be much larger than
F⊥. As a result, particles near the rotor flow. In this
situation, the ER fluid remains in a shear banding state.
Alternately, at higher frequencies (> 100 Hz), F⊥ may be
much smaller than Fs for all particles near either the sta-
tor or the rotator. In this case, all the ER particles have
to flow. As a result, the ER fluid is located in a liquid
state. Between the shear banding state and liquid state,
it can be conjectured that a transition state should appear
when F⊥ and Fs have comparable values.

5 Discussion and Conclusions
It is worth mentioning that the present system actually

contains many other forces. For example, the Brownian
force, short-range repulsive forces arising from the steric
interactions, adhesion forces due to water or surfactant,
the van der Waals attraction, and electrostatic repulsion.
In the theoretical analysis above, for simplicity, such forces
have been correctly neglected since the electric interaction
force produces by far the largest ER effect. In addition,
to expose the basic physical mechanism, we have adopted
a somewhat simplified model for calculating the electric
interaction force between two ER particles, though vari-
ous kinds of more complex models can be used to quan-
titatively improve accuracy, such as employing an energy
method,[46] accounting for non-linear conduction,[47] and
so on.

To sum up, we have found that as the frequency of the
field is decreased, the ER fluid will go from a liquid to an
intermediate transition state, and eventually to a shear
banding state. Our theoretical analysis has further indi-
cated that this phase change originates from competing
effects of viscous and electrical forces.
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