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Transformation Electrics: Cloaking and Rotating Electric Current∗
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Abstract Transformation optics provides great versatility for precisely manipulating electromagnetic waves. It has

been extended to other fields including acoustics, thermotics, and electrics. Taking advantage of the transformation

electrics method, we demonstrate that the square-shaped cloak can guide electric current around the cloaked region

smoothly without perturbing the exterior electric current. And the cylindrical rotator can rotate the electric current.

Inside the enclosed domain of the rotator, the electric current from the outside will appear as if it is coming from a

different angle. Finally, the related experimental realizations and potential applications are also discussed.
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1 Introduction

Within the past few years, the developed technique
of transformation optics (TO)[1−5] provides a powerful
means to control electromagnetic waves in almost arbi-
trary ways. Some of the ideas have so far been success-
fully demonstrated by experiments in microwave regime[2]

and particularly in optical frequency regime.[6] The TO
method is based on the form invariant of the Maxwell’s
equations under the coordinate transformations,[1,7] how-
ever, it does not limit to electromagnetic waves. For exam-
ple, the TO method has been extended to other fields in-
cluding acoustics,[8−9] conduction,[10−14] electric field,[15]

elastic wave,[16] matter waves,[17] fluid flow,[18] etc.
The cloaking of electric conduction can be traced back

to the pioneering work of Greenleaf et al. in 2003.[19]

In dealing with the anisotropic conductivities in electri-
cal impedance tomography technology, they constructed
anisotropic conductivities in three dimensions that give
rise to the same voltage and current measurements at the
boundary of a body as a homogeneous isotropic conduc-
tivity. In last year, such kind of electric cloak has been
demonstrated experimentally by Yang et al.,[20] where the
dc electric invisibility cloak for steady currents is achieved
by using the analogy between electrically conducting ma-
terials and resistor networks.

Cylindrical electric cloak[20] and electric
concentrator[21] have been proposed. In the present work,
we will first investigate a square-shaped electric cloak.

Furthermore, we will introduce a rotational coordinate

transformation for the dc electric field. And we design

a cylindrical electric rotator for steady current by using

the transformation electrics method. With the designed

anisotropic conductivities, the finite element simulation

results were performed to illustrate the corresponding

functionalities. For the cloak, the electric current can

be excluded from an object without perturbing the ex-

terior electric current. As for the electric rotator, it can

rotate the electric current. Inside the enclosed domain,

the current from the outside will appear as if it is com-

ing from a different angle. For both devices, the electric

current can be guided back to its original path, as though

the object was not present. Using the transformation

electrics method, it is able to design the devices with

arbitrary shape and novel functionalities, such as dc cur-

rent illusion devices.[22] The extension of the TO method

to steady current fields could open a new field of study

since it promises unprecedented manipulation of the elec-

tric current, and may lead to striking phenomena and

applications.

2 Transformation Electrics

We first investigate the governing equation for the

steady electric current. Without the source term, equation

can be written as,

∇ · [σ∇V ] = 0 , (1)
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where V is the electric potential and σ is the electric con-
ductivity. Milton et al. have proved that the conductiv-
ity equation is invariant in their form under the coordi-
nate transformations. Based on the form invariant of the
conductivity equation in the original and the transformed
spaces, we can obtain the electric conductivity tensor of
the transformation media,[7,10]

σ′ =
Aσ0A

T

detA
, (2)

where A is the Jacobian transformation matrix between
the transformed coordinate and the original coordinate,
and σ0 is the electric conductivity in the original coordi-
nate. Thereby, we can obtain the electric conductivity of
the material from various types of transformations.

2.1 Square-Shaped Cloak

The electric square-shaped cloak with a sidelength 2s1

of the inner square and a sidelength 2s2 of the outer
square is shown in Fig. 1. As for the region 1, the coor-
dinate transformation equations in Cartesian coordinate
are piecewise defined by,[4,23]

x′ =
s2 − s1

s2
x + s1 ,

y′ =
(s2 − s1

s2
+

s1

x

)

y ,

z′ = z , (3)

for 0 < x 6 s2, −s2 6 y 6 s2, |y| < |x|, and |z| <∞. The
Jacobian transformation matrix is,

T1 =







s2−s1

s2
0 0

− ys1

x2

s1

x
+ s2−s1

s2

0

0 0 1






. (4)

On the basis of the TO method, we can obtain the con-
ductivity tensor in Cartesian coordinate for the region 1,

←→σ 1 =
T1σ0T

T
1

det(T1)

=







1− s1

x
− ys1

x2 0

− ys1

x2 −
x4+y2s2

1

x3(s1−x) 0

0 0
(x−s1)s

2

2

x(s1−s2)2






σ0 . (5)

As for the region 2, the coordinate transformation equa-
tions in Cartesian coordinate are piecewise defined by,

y′ =
s2 − s1

s2
y + s1 ,

x′ =
(s2 − s1

s2
+

s1

y

)

x, z′ = z , (6)

for 0 < y 6 s2, −s2 6 x 6 s2, |x| < |y|, and |z| < ∞. On
the basis of the TO method, we can obtain the conductiv-
ity tensor in Cartesian coordinate for the region 2,

←→σ 2 =









−
y4+x2s2

1

y3(s1−y) −xs1

y2 0

−xs1

y2 1− s1

y
0

0 0
(y−s1)s

2

2

y(s1−s2)2









σ0 . (7)

The material parameters for Region 3 and Region 1 are
symmetry for y axis. The material parameters for Region

4 and Region 2 are symmetry for x axis.

Fig. 1 (Color online) Schematic diagram of the square-
shaped cloak with a sidelength 2s1 of the inner square and
a sidelength 2s2 of the outer square, where the structure
is divided into four regions according to the symmetry.

2.2 Cylindrical Rotator

In this part, we investigate a cylindrical electric ro-
tator. Due to its cylindrical symmetry, it is convenient
to describe the transformation equations in a cylindri-
cal coordinate system (r, θ, z). We consider the following
transformation,[24−25]

r′ = r, θ′ = θ + θ0
b− r

b− a
,

z′ = z (a < r < b) . (8)

The rotational angle is reduced to zero as the radius ap-
proaches r = b. We first derive the conductivity tensors
in cylindrical coordinate, then we can obtain the conduc-
tivity tensors in Cartesian coordinate. As for the region
a < r < b, the Jacobian transformation matrix in the
circular cylindrical coordinate is,[26]

T2 =







∂r′

∂r
∂r′

r∂θ
0

r′∂θ′

∂r
r′∂θ′

r∂θ
0

0 0 1






. (9)

So, we can calculate the conductivity tensor in the cylin-
drical coordinate,

←→σ 2 =
T2σ0T

T
2

det(T2)
=







1 −t 0

−t 1 + t2 0

0 0 1






σ0 , (10)

where, t = θ0r/(b − a). The COMSOL Multiphysics fi-
nite element-based solver requires Cartesian coordinates,
so we rewrite the above conductivity tensor in Cartesian
coordinate. The rotation matrix can be written as[10,26]

R =







cos θ − sin θ 0

sin θ cos θ 0

0 0 1






. (11)

We finally obtain the explicit form of the conductivity ten-
sor in Cartesian coordinate in the region a < r < b,
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←→σ 3 = R←→σ 2R
T =







yθ0(−2ax+2bx+ryθ0)
r(a−b)2 + 1 θ0[(a−b)(x−y)(x+y)−rxyθ0]

r(a−b)2 0
θ0[(a−b)(x−y)(x+y)−rxyθ0]

r(a−b)2
xθ0(2ay−2by+rxθ0)

r(a−b)2 + 1 0

0 0 1






σ0 , (12)

where, r =
√

x2 + y2. Until now, we obtain the
anisotropic conductivities of the material parameters re-
quired for the designed square electric invisibility cloak
and cylindrical electric rotator by using the transforma-
tion electrtics method.

3 Simulation Results

Fig. 2 (Color online) Boundary conditions are set to be
1V at the left boundary, 0V at the right boundary, elec-
tric insulation for both up and down boundaries. Gray
lines indicate the direction of the electric current, color
surface represents the electric potential. Electric currents
are smoothly bent around the corners of the square cloak.

Fig. 3 (Color online) For θ0 = π/2, electric current
and potential distributions in the cylindric rotator with
a = 0.3 m, b = 0.6 m. Boundary conditions are the same
as Fig. 2. Gray lines indicate the direction of the electric
current, color surface represents the electric potential.

Now we are in a position to perform numerical simu-
lations by using a two-dimensional finite-element solver of
the COMSOL Multiphysics software. So, σz has not been

used in the numerical simulations. Figure 1 shows the
schematic diagram of the square-shaped cloak with a side-
length 2s1 of the inner square and a sidelength 2s2 of the
outer square, where the structure is divided into four re-
gions according to the symmetry. There are three domains
in the whole cloak system, namely, the inner domain, the
cloaking domain (shell), and the outer domain. For conve-
nience, we set the electric conductivity of the inner domain
to have the same value as that of the outer domain. For
the cloaking shell, we use the anisotropic conductivities
obtained by using the transformation electrics method.
In the simulations, the boundary conditions are set to be
1V at the left boundary, 0V at the right boundary, and
electric insulation for both up and down boundaries. Fig-
ure 2 illustrates the results of the two-dimensional simu-
lation of a square-shaped cloak. The gray lines indicate
the direction of the electric current. The electric current
is smoothly bent around the corners of the square cloak.
Outside the cloak, the current lines return to their orig-
inal directions as if nothing happens. For the designed
cylindrical rotator, the conductivities of the material pa-
rameters are set according to Eqs. (12). Figure 3 shows
the electric current and potential distributions in the ro-
tator. The proposed electric rotator is proved to be well
suited for rotate the electric current for an arbitrary given
angle. If we set θ0 = π/2, we see that the electric current
changes its direction for π/2 inside the enclosed domain.

Fig. 4 (Color online) For θ0 = π, electric current
and potential distributions in the cylindric rotator with
a = 0.3 m, b = 0.6 m. Boundary conditions are the same
as Fig. 2. Gray lines indicate the direction of the electric
current, color surface represents the electric potential.

In Fig. 4, we show the result of considering a rotation
angle θ0 = π in the transformation. The electric current
inside and outside the rotation coating flows in opposite
directions. However, the electric current can be guided
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back to its original path, as shown in Fig. 4. Such dc
electric devices based on transformation media may have
some potential applications in electric impedance tomog-
raphy related fields.

4 Discussion and Conclusions

In summary, we proposed and demonstrated trans-
formation media based devices for controlling dc electric
current. A square-shaped electric cloak and a cylindri-
cal electric rotator were designed, and the corresponding
conductivity tensors were derived explicitly by using the
transformation electrics method. With the derived pa-
rameters, two-dimensional finite element simulation re-
sults were performed to confirm the theoretical predic-
tions. The numerical results show that the square-shaped
cloak can electrically protect a given region. As for the
cylindrical electric rotator, it can rotate the electric cur-
rent for an arbitrary given angle. In addition, the electric
current can be guided back to its original path. In other
words, the rotator is itself invisible electrically for an ex-
ternal observer. In principle, we can design electric cloak

and rotator with arbitrary geometries and also can sug-

gest some dc electric devices with novel properties. In

particular, with the rapid progress in the nanofabrication

techniques, it is also possible to extend the method to

nanoelectronics. Based on electric metamaterials, the de-

veloped technique of transformation electrics provides a

powerful means to precisely control the electric current

in almost arbitrary ways. By utilizing the analogy be-

tween electrically conducting materials and resistor net-

works, the dc cylindrical electric cloak has been designed

experimentally.[20] We can use a similar method to realize

the functionalities of the designed devices. Alternatively,

the devices suggested by us, probably could be achieved by

using composite materials or metamaterials with designed

parameters. These kinds of artificially engineered elec-

tric materials can yield characteristics that go far beyond

those obtainable with nature materials, and such materi-

als should lead to unprecedented electric current control

and intriguing applications, such as electric impedance to-

mography related fields, and military camouflage.
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