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Apparently Negative Electric Polarization in Shaped Graded Dielectric Materials∗
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Abstract By using a first-principles approach, we investigate the pathway of electric displacement fields in shaped
graded dielectric materials existing in the form of cloaks with various shapes. We reveal a type of apparently negative
electric polarization (ANEP), which is due to a symmetric oscillation of the paired electric permittivities, satisfying
a sum rule. The ANEP does not occur for a spherical cloak, but appears up to maximum as a/b (the ratio between
the long and short principal axis of the spheroidal cloak) is about 5/2, and eventually disappears as a/b becomes large
enough corresponding to a rod-like shape. Further, the cloaking efficiency is calculated for different geometrical shapes
and demonstrated to closely relate to the ANEP. The possibility of experiments is discussed. This work has relevance to
dielectric shielding based on shaped graded dielectric materials.
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1 Introduction

Metamaterials[1−2] are a class of electromagnetic ma-
terials, which are currently under extensive investi-
gation.[3−15] They owe their properties to subwavelength
details of structure rather than to their chemical compo-
sition, and can be designed to have properties difficult or
impossible to find in nature. One outstanding case of the
metamaterials is the realization of electromagnetic cloaks,
which was put forth by Pendry et al.

[3] It is well-known for
hiding objects from electro-magnetic waves,[4−5,9] due to
the high freedom of design of metamaterials,[6] which may
be both inhomogeneous and anisotropic in their electric
permittivity and magnetic permeability.[3−7] Owing to in-
triguing potential applications, it has received extensive
attention both theoretically and experimentally.

For a spherical cloak, the obtained permittivities are
anisotropic along the three directions in spherical coordi-
nates. However, to simplify the material parameters we
may focus on two dimensional cases. As for a cylindrical
cloak, which was first experimentally demonstrated[5] and
theoretically studied at optical frequencies.[9] The cross
section[7] for the two dimensional cylindrical invisibility
cloak was explored. It has been conjectured that, in the
quasistatic regime, dielectric bodies of finite size could be
perfectly cloaked by certain cylindrical arrangements of
materials of positive and negative permittivities known
as superlenses.[16] Meanwhile the elliptic electromagnetic
cloaks have been studied,[17−19] where the required mate-
rial properties of the cloak were derived in terms of the
geometrical parameters and the coordinates in the trans-
formed system.[19]

Now, the interest in the study of the cloak has been
extended to acoustic cloaks,[11,20−22] elastic cloaks,[23] and
thermal cloaks.[25] The realization of acoustic cloaks de-
pends on the elastic transformation medium, which should
show radius-dependent distributions for anisotropic den-
sity and bulk modulus.[24] The apparently negative ther-
mal conductivity of the thermal cloak has already been
studied.[25]

In this work, by using a first-principles approach based
on the coordinate transformation method, we shall inves-
tigate cloaks made of graded dielectric materials, and clar-
ify their universality concerning apparently negative elec-
tric polarization (ANEP) as geometric shapes of the cloak
change in a typical range. We shall further calculate the
cloaking efficiency of the cloaks with various shapes, which
is shown to be closely related to the ANEP.

The remainder of this work is organized as follows. In
Sec. 2, based on the coordinate transformation method,
we present a first-principles approach to derive the ex-
pressions for electric permittivities in cloaks with non-
spherical shapes. This is followed by Sec. 3, in which
we numerically clarify their universality concerning the
ANEP, and calculate cloaking efficiency under various
conditions. This paper ends with a discussion and con-
clusion in Sec. 4.

2 Formalism

To proceed, we shall use a first-principles approach,
namely, the coordinate transformation method.[3−4] We
consider that each point in the original orthogonal Carte-
sian coordinates can be represented as (x, y, z), while in
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the distorted coordinates it can be given as (u, v, w), which
is the location of the new point with respect to the x,
y, and z axes, namely, u = u(x, y, z), v = v(x, y, z),
and w = w(x, y, z).[3] In the distorted coordinates, the
form of Maxwell’s Equations are invariant, but the cor-
responding electric permittivity are got in the following
form ǫ′u = ǫu(QuQvQw/Q2

u) (ǫu: electric permittivity in
the original Cartesian coordinates), where
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Now we consider an ellipsoidal cloak in three dimensions.
In the Cartesian coordinates (x, y, z), the equation for de-
scribing an ellpsoidal shape is

x2

a2
+

y2

b2
+

z2

c2
= 1 ,

where a, b, and c are the three principal semi-axes of the
ellipsoid, respectively. Next, we choose (λ, µ, ν) to repre-
sent a point in the orthogonal ellipsoidal coordinates. So
far, the relation between (λ, µ, ν) and (x, y, z) is given as

x2 =
(a2 + λ)(a2 + µ)(a2 + ν)

(a2 − b2)(a2 − c2)
, (4)

y2 =
(b2 + λ)(b2 + µ)(b2 + ν)

(b2 − c2)(b2 − a2)
, (5)

z2 =
(c2 + λ)(c2 + µ)(c2 + ν)

(c2 − a2)(c2 − b2)
. (6)

Then, we squeeze the ellipsoidal volume into an ellipsoidal
shell through the following relations

λ′ = a1 + λ
a2 − a1

a2
, (7)

µ′ = b1 + µ
b2 − b1

b2
, (8)

ν′ = c1 + ν
c2 − c1

c2
, (9)

where a1, b1, and c1 (a2, b2, and c2) are the inner (outer)
three principal semi-axes of the ellipsoidal shell. In the
distorted ellipsoidal coordinates, we have the renormalized
values of electric permittivities, ǫ′λ′ , ǫ′µ′ , and ǫ′ν′ , inside the
ellipsoidal cloak (shell):

ǫ′λ′ =
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2
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2
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2
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where ǫhost denotes the electric permittivity outside the
cloak. From Eqs. (10)–(12), we can see that the electric
permittivities are both materially anisotropic and spa-
tially inhomegeneous in the distorted ellipsoidal coordi-

nates. For achieving them, metamaterials can help.[6]

On the other hand, Eqs. (10)–(12) also imply that the
gradation of materials offers an additional control to ob-
tain novel cloaking materials, similar to its known role in
achieving enhanced nonlinear optical materials.[26−28]

3 Numerical Results

3.1 Negative Pathway of Electric Displacement

Fields

By using the commercial software COMSOL Multi-
physics 3.5 (which is based on the finite element method),
we perform the numerical simulations. There are three
geometrical regions in the whole system, namely, the in-
ner region (region I), the cloak or shell region (region II),
and the outer region (region III), see Fig. 1. For conve-
nience, we set the electric permittivity of region I to have
the same value as that ǫhost of region III, and further take
ǫhost to be equal to the electric permittivity of free space
ǫ0. This will not affect our results at all because the main
interest of this work is on geometrical control of electric
fields within region II. The electric permittivity of region
II is determined according to Eqs. (10)–(12). For all the
spherical or non-spherical cloaks discussed in this work,
we keep the volume ratio between region II and region I
at 7:1, and the applied electric potentials are set to be
+3 V and −3 V at the two opposite planes of the cubic
box, respectively.

Fig. 1 Schematic graph showing three regions used in
our simulations: The inner region (region I), the cloak or
shell region (region II), and the outer region (region III).

It is worth mentioning that our results are indepen-
dent of the actual value of the potentials. As the spheri-
cal cloak is centro-symmetric, it makes no difference when
the electric field is applied in various directions. How-
ever, for an ellipsoidal cloak, we have to discriminate the
direction of applied electric fields due to the existence of
geometric anisotropy. In our simulations, we apply the
electric potentials in two opposite planes along the three
principal axes, a, b, and c, of the ellipsoidal cloak, re-
spectively. We focus on two types of rotational ellipsoid
(namely, spheroid) with a < b = c (oblate spheroid) and
a > b = c (prolate spheroid). Throughout this work, the
set of a, b, and c will be used to denote both three inner
principal semi-axes (a1, b1, and c1) and three outer prin-
cipal semi-axes (a2, b2, and c2) of the ellipsoidal cloak if
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there are no special instructions. We should also remark

that our simulation results are independent of the length

scale of the cloaks.

Furthermore, we consider the effect of loss in these

cloaks. Throughout this work, we take the loss factor to
be 10i for model calculations. That is, the factor 10i is

added to the permittivity of the materials (which make

the cloak) as its imaginary part. In fact, if the loss fac-
tor is smaller than i, the results we obtain are almost the

same as the cases without loss.

The streamlines of Fig. 2(a) represent the pathway of
the electric displacement field in the spherical cloak for

the parameters as indicated in the caption. Clearly, the

displacement field goes around the inner region, but is lim-
ited within the cloak (shell), and eventually returns to its

original pathway. In this process, an object inside the in-

ner regions has no effect on the electric displacement field
at all. In other words, the object is protected from the

invasion of electric fields by using the cloak. Figure 2(b)

is the cross section of the spherical cloak.

Fig. 2 Spherical cloak without loss (Fig. 2(a)), cross
section of the spherical cloak without loss (Fig. 2(b)) and
cross section of the spherical cloak with loss (Fig. 2(c)).
The streamlines denote the pathway of the electric dis-
placement field when the applied electric potentials are
set to be +3 V and −3 V at the top and bottom plane
of the cubic box, respectively. Parameters: r1 = 0.1 m
(inner radius) and r2 = 0.2 m (outer radius).

For a spheroidal cloak, the pathway of the electric

displacement field is also illustrated in Figs. 3(a)–3(b)
(oblate spheroid) and Figs. 4(a)–4(b) (prolate spheroid).

For the oblate spheroidal cloak a < b = c, the pathway

is similar to the spherical cloak discussed in Figs. 2(a)–
2(b) when the applied electric field is directed along the

short principal semi-axis a, see Figs. 3(a)–3(b). How-

ever, the situation becomes different for the case of pro-
late spheroid with a > b = c, as shown in Figs. 4(a)–

4(b) in which the external electric field is along the long

principal semi-axis a. Figures 4(a)–4(b) show an nega-
tive pathway of the electric displacement field inside the

spheroidal cloak. Here, we called it negative electric po-

larization (NEP), which means that the displacement field
goes backwards, in contrast to normal pathway for which

the field goes forwards. (All the NEP streamlines shown

in Figs. 4(a)–4(b) are seemingly limited to enter the in-
ner region. However, this is actually not true. Depending
on different streamlines/pathways and/or shape param-
eters, such NEP streamlines can also appear within the
cloak region only.) Owing to the symmetry of the prolate
spheroid, the NEP zone is strictly symmetrical, which lo-
cates close to the two opposite sides of the prolate cloak.

Fig. 3 Oblate spheroidal cloak without loss with three
principal semi-axes a, b, and c satisfying a < b = c
(Fig. 3(a)), cross section of the oblate cloak without
loss (Fig. 3(b)), and cross section of the oblate cloak
with loss (Fig. 3(c)). The streamlines denote the path-
way of the electric displacement field in the direction
of the short axis a when the applied electric potentials
are set to be +3 V and −3 V at the top and bot-
tom plane of the cubic box. Parameters: a1 = 0.1 m
and b1 = c1 = 0.2 m (three inner principal semi-axes);
a2 = 0.2 m, and b2 = c2 = 0.4 m (three outer principal
semi-axes).

On the other hand, we have also investigated the case
of a general ellipsoid with a 6= b 6= c for which the ex-
ternal electric field is directed along the longest principal
semi-axis, the behavior is generally similar to Figs. 4(a)–
4(b) (no figures shown here). For the ellipsoidal cloak,
we consider the electric displacement field along the three
principal axes, in contrast to that along two principal axes
of spheroidal or elliptical cloaks. As an incident electric
field is directed along the long (or longest) principal axis,
the behavior of 2D elliptical (or 3D ellipsoidal cloaks) is
similar to Fig. 4 for 3D spheroidal cloaks. Otherwise, their
appearance looks similar to Fig. 3. Nevertheless, in this
case, the NEP zone is no longer strictly symmetrical, the
degree of which depends on the actual values of a, b, and
c.

When the effect of loss (loss factor: 10i) is considered,
the corresponding pathway of the electric displacement
field is displayed in Fig. 2(c), Fig. 3(c), and Fig. 4(c), re-
spectively. Apparently, the behavior is very different from
that for the cases without loss. Nevertheless, we should
stress that all the general results obtained from Figs. 2(a)–
2(b), Figs. 3(a)–3(b), and Figs. 4(a)–4(b) can also work
for the cases with loss as long as the loss factor is smaller
than i for the current parameters in use.

In the prolate spheroidal cloak, the displacement field
displays a pathway that is inverse to the external elec-
tric field (Figs. 4(a)–4(b)), thus indicating the appearance
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of apparently negative polarization. As for the spherical
cloak, the electric displacement field goes around the inner
geometrical region as if there is nothing in it (Figs. 2(a)–
2(b)), and the streamlines show no inverse pathway. Thus,
the NEP does not occur for a spherical cloak. Now let us
explain the NEP in more details. In a model NEP line, see
Fig. 5, the electric displacement goes from the top to the
bottom. First let us take two points A and B along the
displacement field, the potential UA at A must be larger
than that UB at B according to the fundamental knowl-
edge of electrodynamics. However, in the simulation the
top side has a higher potential than the bottom side in this
reverse region. In other words, UB is apparently higher
than UA in the simulation. Thus, we conclude that the
NEP line corresponds to an area with ANEP (apparently
negative electric polarization). Here we want to stress one
point, NEP is a general phenomena which can happen in
many cases, while ANEP is a special case of the NEP in
the study here. Explicitly speaking, NEP is just ANEP
throughout this work. So far, we may conclude that the
appearance of the ANEP zone is driven by geometrical
shapes.

Fig. 4 The same as Fig. 3, but for prolate spheroidal
cloak a > b = c and the electric displacement field in the
direction of the long axis a. Parameters: a1 = 0.2 m and
b1 = c1 = 0.1 m; a2 = 0.4 m, and b2 = c2 = 0.2 m.

Fig. 5 Schematic graph showing the trajectory of a
displacement field. The arrow indicates the direction of
the field. The line AB denotes an NEP (or ANEP) line.

For spheroidal cloak with three principal semi-axes
a 6= b = c, in the presence of external electric fields along
the direction of the principal semi-axis a, Fig. 6(a) shows

the potential difference UAB as a function of the ratio be-
tween a and b (a : b) ranging from 0 to 3.6. When the
ratio is larger than 1, the potential difference UAB will
increase as a function of the ratio. To understand more
clearly, in Fig. 6(b) we investigate UAB as a function of
a : b ranging from 0 to 20. It is evident that when a : b is
smaller than or equal to 1 (oblate spheroid or sphere), the
electric potential UAB = 0, namely, there is no ANEP. As
a : b > 1 (prolate spheroid), the ANEP comes to appear,
and reach maximum at about a : b = 5 : 2. Eventually, it
tends to disappear as a : b is large enough corresponding
to a rod-like shape.

Fig. 6 (a) The potential difference UAB between the
starting point A and ending point B of the ANEP stream-
line [as also indicated in the inset of (b)] is a function of
the ratio between a and b (a : b) ranging from 0 to 3.6.
The three curves correspond to the three incident electric
fields, which respectively have a vertical distance of 0.8b,
0.5b, and 0.3b with respect to the principal semi-axis a,
see also the inset of (b). (b) UAB as a function of a : b
ranging from 0 to 20, and others are the same as (a).

Figure 7 illustrates the paired electric permittivities,
ǫλ and ǫµ, in the ANEP streamline within the cross sec-
tion of the spheroidal cloak with a > b = c as a function
of the distance r (see the caption), for a : b = (a) 2 : 1,
(b) 3 : 1, and (c) 4 : 1. The permittivity components
shown in Eqs. (10)–(12) are functions of the position in
the transformed coordinates. All the points displayed in
Figs. 7(a)–7(c) have been taken in sequence from the start-
ing point to the ending point of the ANEP streamline, as
indicated by the ordered numbers. As a : b is given, all
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the paired ελ and εµ (corresponding to the same number)
appear in a symmetric oscillation trajectory, and satisfy a
sum rule: (a) ελ + εµ = 2.015 ± 0.003, (b) 2.218 ± 0.007,

and (c) 2.461± 0.006. It is worth noting that the electric
permittivity εν keeps unchanged for the cross section (in
two dimensions) of our interest.

Fig. 7 The paired electric permittivities, ǫλ and ǫµ, in the ANEP streamline within the cross section of the
spheroidal cloak without loss with a > b = c as a function of the distance r between any point in the ANEP
streamline and the center of the cloak, for (a) a : b = 2 : 1, (b) a : b = 3 : 1, and (c) a : b = 4 : 1. All the
20 points have been taken in sequence from the starting point to the ending point of the ANEP streamline, as
clearly indicated in the corresponding ordered numbers, see also the three insets.

3.2 Cloaking Efficiency

For the cloaks of our interest, we adopt a convenient
definition based on the concept of electric energy. That is,
we define the cloaking efficiency η as the ratio between the
total electric energy of geometrical regions II and III and
that of the whole system of regions I, II, and III. Appar-
ently, if η is equal to 100%, the cloaking is perfect. In this
case, any objects within region I can be perfectly shielded
from external electric fields. In other words, the degree of
imperfectness of the cloaking is denoted by how η deviates
from 100%.

For consistence, the applied electric potentials and the
electric permittivities of geometrical regions I, II, and III
are set to be the same as those already presented in the
previous section. In the simulations, the volume ratio be-
tween region II and region I is also kept at 7:1.

The calculated cloaking efficiencies of the cloaks with-
out loss under different conditions are shown in Tables 1–3.
As we can see, the cloaking efficiency of the spherical cloak
is 99.58%, which is very close to, but not equal to 100%

(perfect cloaking). The deviation from 100% arises from
the small amount of central streamlines that unavoidably
pass through region I. Further, we find that the cloak-
ing efficiencies of non-spherical cloaks are always smaller
than that of the spherical cloak. In detail, for prolate
spheroidal (a > b = c), oblate spheroidal (a < b = c),
and ellipsoidal (a 6= b 6= c) cloaks, their cloaking efficien-
cies corresponding to three different principal semi-axes
have only slight difference and are smaller than that of
the spherical cloak. For the three kinds of non-spherical
cloaks, we can conclude that the cloaking efficiency cor-
responding to the field directed along the longest princi-
pal semi-axes is the smallest among those along the three
principal semi-axes, and that the cloaking efficiency of el-
lipsoidal (a 6= b 6= c) cloaks is the largest whereas that
of oblate spheroidal (a < b = c) cloaks is the smallest.
Also evidently, Tables 1–3 have numerically shown that
the cloak with ANEP has a lowest cloaking efficiency,
see η = 99.14% in Table 1, η = 97.69% in Table 2, and
η = 99.52% in Table 3.
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Table 1 Cloaking efficiency η of spherical and prolate spheroidal (a > b = c) cloaks without loss. The external
DC electric field is applied along the a, b, and c principal semi-axes, respectively. r1 (or r2) denotes the inner (or
outer) radius of a spherical cloak.

Shape Direction Inner Outer η

Sphere r1 = 0.1 m r2 = 0.2 m 99.58%

Spheroid a a1 = 0.2 m, b1 = 0.1 m, c1 = 0.1 m a2 = 0.4 m, b2 = 0.2 m, c2 = 0.2 m 99.14%

Spheroid b or c a1 = 0.2 m, b1 = 0.1 m, c1 = 0.1 m a2 = 0.4 m, b2 = 0.2 m, c2 = 0.2 m 99.15%

Table 2 Cloaking efficiency η of oblate spheroidal (a < b = c) cloaks without loss.

Shape Direction Inner Outer η

Spheroid a a1 = 0.1 m, b1 = 0.2 m, c1 = 0.2 m a2 = 0.2 m, b2 = 0.4 m, c2 = 0.4 m 97.75%

Spheroid b or c a1 = 0.1 m, b1 = 0.2 m, c1 = 0.2 m a2 = 0.2 m, b2 = 0.4 m, c2 = 0.4 m 97.69%

Table 3 Cloaking efficiency η of ellipsoidal (a 6= b 6= c) cloaks without loss.

Shape Direction Inner Outer η

Ellipsoid a a1 = 0.1 m, b1 = 0.2 m, c1 = 0.4 m a2 = 0.2 m, b2 = 0.4 m, c2 = 0.8 m 99.55%

Ellipsoid b a1 = 0.1 m, b1 = 0.2 m, c1 = 0.4 m a2 = 0.2 m, b2 = 0.4 m, c2 = 0.8 m 99.56%

Ellipsoid c a1 = 0.1 m, b1 = 0.2 m, c1 = 0.4 m a2 = 0.2 m, b2 = 0.4 m, c2 = 0.8 m 99.52%

As a matter of fact, our qualitative results are inde-
pendent of the explicit value of the volume ratio. For in-
stance, we set the ratio to be 19:8, and plot the pathway
of the electric displacement field (no figures shown here).
The efficiency has little difference. Clearly, for different
volume ratios, the efficiency of cloaking is unchanged for
spherical cloaks, and only varies slightly for non-spherical
cloaks. In general, all the above qualitative results remain
the same for difference volume ratios.

On the other hand, from Table 4, we find that for
cloaks with loss, the efficiency of cloaking is reduced
slightly in comparison with those without loss. Neverthe-
less, for spherical cloaks, the efficiency keeps unchanged
no matter whether there exists the loss or not.

Table 4 Cloaking efficiency η of cloaks with loss or
without loss, for the three structures displayed in Figs. 1,
2, and 3, respectively.

Fig. 1 Fig. 2 Fig. 3

Without loss η = 0.9658 η = 0.9341 η = 0.9357

With loss η = 0.9658 η = 0.9111 η = 0.9028

4 Discussion and Conclusion

Besides DC electric fields adopted in the above simu-
lations, our results also hold for AC fields due to the sym-
metry of the system. Since they have been obtained by
using numerical simulations according to a first-principles
approach, namely, the coordinate transformation method,
they are exact without any approximation (despite the er-
ror which might occur when we extracted the data, e.g.,
as implied by the sum rules obtained from Fig. 7).

Regarding an experimental demonstration, it would be
quite convenient to use metamaterials to realize the cloaks

with a shape-driven negative electric polarization, due to

the existing significant achievements in the field.[5−6] Fur-

ther, the fact that our results do not depend on specific

length-scales makes the experiment more tractable. For

the applications, the negative polarization region has rel-

evance to dielectric shielding and the energy conservation.

Actually it has been studied in many other areas such as

the quantum system to realize the quantum repeater with

a long spin memory time[29−30] and the ferroelectrics to

have a short switching time.[31]

For the cloaks of our interest, based on the concept of

electric energy, we have defined the cloaking efficiency η

as the ratio between the total electric energy of geomet-

rical regions II and III and that of the whole system of

regions I, II, and III. On the other hand, for general elec-

tromagnetic cloaks, one has used “scattering efficiency”

to represent the efficiency of cloaking.[32] While the defi-

nition of “scattering efficiency” was adopted according to

the Mie theory for general electromagnetic waves, our def-

inition is for DC (or AC) electric fields according to the

finite element method, and thus should also be accurate

and precise.

To sum up, we have accurately revealed the universal-

ity concerning a class of shape-dependent ANEP in shaped

graded dielectric materials existing in the form of cloaks

with various shapes. Under certain circumstances the

streamlines of the electric displacement field may partly

loop backwards. And it arises from a symmetric oscilla-

tion of the paired electric permittivities, which have been

demonstrated to satisfy a sum rule. The cloaking effi-

ciency has further been calculated for various geometri-

cal shapes, and demonstrated to be closely related to the

ANEP.
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