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The study of electric field distributions in graded systems is important due to various applications. We
establish an analytical method based on the Maxwell equations, to investigate electric field distributions
in graded multilayered colloidal crystals. This analytical method agrees very well with an existing numer-
ical method. It convincingly explains and confirms the fact that the peak of electric field distributions is
controllable to appear in a specific layer, by tuning the angular frequency of an incident light. Also, this
method offers a more convenient way to the understanding of electric field distributions in colloidal
crystals.

� 2009 Elsevier B.V. All rights reserved.

Colloidal crystals can be prepared via templated sedimentation,
methods based on capillary forces, and electric fields [1–3]. In re-
cent years, colloidal crystals have attracted much attention of
chemists and physicists. The self-assembly behavior of nanoparti-
cles or micrometer particles occupying the lattice of colloidal crys-
tals can be clearly observed by atomic force microscopes or
scanning electron microscopes [4]. Therefore, colloidal crystals
serve as a model for studying crystal phase transitions, and help
people deepen their understanding of crystal point defects, grain
boundaries, dislocations, and so on [5,6].

Colloidal crystals have flexible periodic structures, which are of
special significance in the field of optical research [7,8]. Thus, col-
loidal crystals can also be used to realize photonic crystals, which
can be applied to photoelectric switch and photocatalytic area.

In materials research, colloidal crystals can be used as the tem-
plate for the growth of microporous and mesoporous materials, so
as to form multi-storey hole-like material, such as surface catalyst,
absorbent, light material, and membrane filters. Thus, colloidal
crystals have received much attention in nanomaterials engineer-
ing for their great potential applications in various areas like nano-
photonics, chemistry, and biomedicine [9–12].

If the structure of colloidal crystals can be made in the form of
gradation, where the composition (or other properties) is varied
continuously in space, colloidal crystals can exhibit some incredi-
ble characters, which is due to tunable physical properties of
graded composites [13–19]. For instance, the gradation of graded
materials can offer an extra degree of freedom to control nonlinear
optical responses [17,19], electrokinetic behaviors [20], electric re-
sponses [15], dielectric responses [16], harmonic vibrational exci-

tations [21], and so on. Nonlinear optical phenomena form the
basis for all optical devices like optically bistable switches and
nonlinear directional couplers. The suitability of a material for
these device applications requires a large magnitude of the third-
order nonlinear optical susceptibility v3. Thus, finding nonlinear
optical materials with large v3 is up to now a challenge.

Colloidal crystals can also exhibit unusual optical nonlinearity.
Two of us [13] have theoretically exploited a class of nonlinear opti-
cal materials based on colloidal crystals of graded metallodielectric
nanoparticles. Such materials can have both an enhancement and a
redshift of optical nonlinearity, due to the gradation inside in the
metallic core as well as the lattice effects arising from the periodic
structure. Further, in a recent work [22], we have also theoretically
exploited nonlinear optical materials by graded multilayered colloi-
dal crystals, whose basic layer is made of metallodielectric nanopar-
ticles immersed periodically in a host fluid. In the crystals, either the
volume fraction of nanoparticles or the dielectric constant of the
host fluid can vary gradually within layers. Again, nonlinearity
enhancement comes about. Here we should claim that the nonlin-
earity enhancement just comes from the enhanced local electric
field in the system [17,22,23], which was revealed to be fre-
quency-controllable [22]. Later than our work [22], Malyshev
et al. [24] studied theoretically the optical response of graded linear
arrays of noble metal nanospheres in which the center-to-center
distances and/or the radii of the spheres change linearly along the
chain. Both the Fig. 2 of Ref. [22] and the Fig. 4 of Ref. [24] show that
the peak of a local electric field can be controlled to appear in differ-
ent positions of a graded system, by tuning the frequency of an inci-
dent electromagnetic wave. The frequency-controllable electric
field distribution was shown to be beneficial, e.g., for achieving opti-
mal nonlinearity enhancement [22] and localization [24] of optical
signals. Thus, the study of the field distribution becomes of particu-
lar importance. The main aim of this work is just to investigate the
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distribution of local electric fields in multilayered colloidal crystals.
For this purpose, we shall put forth a new method (based on Model II
in the below), which differs from the method (based on Model I in
the below) previously adopted in Ref. [22].

In this work, following Ref. [22], we shall describe graded mul-
tilayered colloidal crystalline materials whose features vary con-
tinuously with the layers (Fig. 1). And each layer can be seen as a
single homogeneous colloidal crystal with a homogeneous host.
Their structures exhibit a body-centered tetragonal (bct) lattice.
We shall investigate two cases, in which either the nanoparticles
or host in each layer change continuously with the layers, in an at-
tempt to discuss the electric field distribution by developing two
kinds of methods. First, we will use a numerical model to calculate
the field distribution, which was also used in our recent Letter [22].
Second, we will develop an analytical theory. To this end, both of
the methods are shown to agree with each other, and display some
interesting characteristics of the electric field distribution. The
present analytical method appears to be more convenient.

Model I. Let us start by considering a tetragonal unit cell which
has a basis of two colloidal nanoparticles each of which is fixed
with an induced point dipole at its center. One of the two nanopar-
ticles is located at a corner and the other one at the body center of
the cell (Fig. 1). Its lattice constants are denoted by c1ð¼c2Þ ¼ lq�1=2

and c3 ¼ lq along xðyÞ and z axes, respectively. In this case, the uni-
axial anisotropic axis is directed along the z axis. The degree of
anisotropy of the periodic lattice is measured by how q deviates
from unity. In particular, q ¼ 0:87358;1:0, and 21=3 represent the
bct, bcc (body-centered cubic), and fcc (face-centered cubic) lat-
tice, respectively. In general, the individual colloidal nanoparticles
should be touching. Due to advancements in the fabrication of
nanoshells [25], a colloidal crystal without the nanoparticles’
touching can also be achieved if one adds a dielectric surface shell
on metallic cores. In this case, the dielectric constant of the surface
shell may be set to be the same as that of the host, so that the mul-
tipolar interaction between the metallic nanoparticles (cores)
might be small enough to be neglected. When an external electric
field is applied along the x axis, the induced dipole moment P is
perpendicular to the uniaxial anisotropic z-axis. Then, the local
field Ex at the lattice point R ¼ 0 can be determined by using the
Ewald–Kornfeld formation [26]
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expð�g2r2Þ, and erfcðgrÞ is the
complementary error function. Here, g is an adjustable parameter
making the summation converge rapidly, and R and G respectively
denote the lattice vector and reciprocal lattice vector: R ¼

‘ðq�1=2lx̂þ q�1=2mŷþ qnẑÞ and G ¼ ð2p=‘Þðq1=2ux̂þ q1=2vŷþ q�1wẑÞ;
where l;m;n;u;v ; and w are integers. In Eq. (1), xj and Rj are respec-
tively given by xj ¼ l� ðj� 1Þ=2 and Rj ¼ jR � ½ðj� 1Þ=2�ðax̂þ aŷþ
cẑÞj, and the structure factor

Q
ðGÞ is

Q
ðGÞ ¼ 1þ exp½iðuþ vþ

wÞ=p�: The local electric field can be obtained by summing over
all integer indices ðu;v ;wÞ – ð0;0;0Þ for the summation in the reci-
procal lattice and ðj; l;m;nÞ – ð1; 0;0;0Þ for that in the real lattice. In
our calculation, because of the exponential factors, we may impose
an upper limit to the indices, that is, all indices ranging from�L to L,
where L is a positive integer. Now we define a local field factor aT in
transverse field cases, aT ¼ 3VcEx=ð8pPÞ: It is worth noting that aT is
a function of a single variable q. In the mean time, there is
aL ¼ 3� 2aT [26,27], which denotes the local field factor in longitu-
dinal field cases. Here, the longitudinal (or transverse) field cases
correspond to the fact that the E field of the incident light is parallel
(or perpendicular) to the uniaxial anisotropic z axis. For the bct, bcc
and fcc lattices, we obtain aT ¼ 0:95351;1:0; and 1.0 (or alterna-
tively aL ¼ 1:09298;1:0; and 1.0), respectively.

Next, for calculating the effective dielectric constant �ði;xÞ (x:
angular frequency of an incident light) of the colloidal crystal in the
ith layer along the z axis, we resort to the anisotropic Maxwell–
Garnett formula [17] with a high degree of accuracy due to the ex-
plicit determination of aL,

�ði;xÞ � �2ðiÞ
�2ðiÞ þ aL

3 ð�ði;xÞ � �2ðiÞÞ
¼ pðiÞ �1 � �2ðiÞ

�2ðiÞ þ 1
3 ð�1 � �2ðiÞÞ

; ð2Þ

where �1 stands for the dielectric constant of the spherical metallic
core, �2ðiÞ represents that of the host fluid and surface shell, and pðiÞ
is the volume fraction of the metallic core in the ith layer.

For model calculations, the dielectric constant �1 of the metallic
core is given by the Drude model,

�1 ¼ 1�
x2

p

xðxþ icÞ ; ð3Þ

where xp (or c) is the plasmon frequency (or relaxation rate).
Throughout this work, for numerical calculations, we only take into
account a bct lattice (aL ¼ 1:09298) for the longitudinal field case.

For graded multilayered colloidal crystals of our interest, we
can use the equivalent capacitance of a series combination to cal-
culate the effective dielectric constant �ðxÞ according to

1
�ðxÞ ¼

1
N

XN

i¼1

1
�ði;xÞ : ð4Þ

By virtue of the continuity of electric displacement, we have the
relation �ði;xÞEðiÞ ¼ �ðxÞE0, where E0 is the external electric field
along z axis. Thus, the reduced electric field of each layer can be
written as EðiÞ=E0 ¼ �ðxÞ=�ði;xÞ, according to which we can numer-
ically calculate the local electric field.

Model II. In order to investigate the electric field distribution of
graded mutilayered colloidal crystals, here below we first depict
the eigenvalue equation of the electric field distribution, and then
derive the local electric field analytically. For such colloidal crys-
tals, each layer is made of metallodielectric nanoparticles im-
mersed periodically in a host fluid. The volume fraction of the
particles in a layer is denoted as pðzÞ, which is a function of posi-
tion z. When an external electric field E0 is along the z-axis, the lo-
cal electric field inside the particle is denoted as E1, and that of the
host medium is represented as E2. Solving a fundamental equation
in electrodynamics yields

E1 ¼
3�2ðzÞ

�1 þ 2�2ðzÞ
E2: ð5Þ

It is known that the volume-averaged electric field
hEið� pðzÞhE1i þ ð1� pðzÞÞhE2iÞ inside the layer at z should be equal
to the external electric field, namely, hEi ¼ E0. Here h� � �i denotes the

Fig. 1. Schematic graph showing colloidal particles arranged in a bct structure (left
panel) and a graded multilayered colloidal crystal immersed in a host medium
(right panel).
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volume average of . . . On the other hand, the effective dielectric
constant �ðz;xÞ of the layer may be given by the ratio of the vol-
ume-averaged displacement hDi to hEi inside the layer at z, namely,

�ðz;xÞ ¼ hDihEi ¼
hDi
E0

: ð6Þ

Thus we obtain

�ðz;xÞ ¼ pðzÞ�1hE1i þ ð1� pðzÞÞ�2hE2i
phE1i þ ð1� pðzÞÞhE2i

: ð7Þ

This yields a conventional form like

�ðz;xÞ � �2ðzÞ
�ðz;xÞ þ 2�2ðzÞ

¼ pðzÞ �1 � �2ðzÞ
�1 þ 2�2ðzÞ

: ð8Þ

where �1 is the Drude dielectric constant for the metallic cores, as
expressed in Eq. (3).

Now we are allowed to investigate two kinds of mutilayered
colloidal crystals. For the first case in which the volume fraction
of metallic cores changes with layers gradually, we set
pðzÞ ¼ zU0, where z can actually be thought as i=N if the colloidal
crystals consist of infinite layers (i.e., N !1), and U0 denotes
the packing density for the situation where the metallic cores are
in contact. On the other hand, for the second case in which the
dielectric constant of the host changes with layers gradually, we
set �2ðzÞ ¼ 1:0þ 1:25z.

Due to the fact that there is no free charges in the system, there
exists

r � D ¼ 0: ð9Þ

Moreover, since D can be written as �ðz;xÞEðzÞẑ, Eq. (9) yields a par-
tial differential equation like

r � ½�ðz;xÞEðzÞẑ� ¼ 0: ð10Þ

The substitution of �ðz;xÞ of Eq. (8) into Eq. (10) yields the electric
field distribution EðzÞ directly. Thus, for the multilayered colloidal
crystals with the gradation of volume fractions, we obtain

EðzÞ ¼ Ce
�2arctanh

�1þ2�2�4�1pðzÞþ4�2pðzÞ
�3�1�6�2

h i
: ð11Þ

And, for the multilayered colloidal crystals with the gradation of
dielectric constants of the host fluid, we admit

EðzÞ ¼ C 0

�2ðzÞ
e
�2arctanh

ð4þpþ4p2Þ�1�4ð�2þpþp2 Þ�2 ðzÞ
9p�1

h i
: ð12Þ

In the above two equations, C (or C0) is an arbitrary constant
arising from the integration, the detailed value of which is not
important to understand the results of local electric field distribu-
tions. Thus, without loss of generality, C0 will also be written as C.

Results. Fig. 2a shows the electric field distribution in multilay-
ered colloidal crystals as a function of position z of ith layer, for dif-
ferent incident frequencies x=xp. Here, the volume fraction of
nanoparticles changes with layers according to the gradation form
pðiÞ ¼ ði=NÞU0, where U0 ¼ p½ðq3 þ 2Þ=q�3=2=24 [13] denotes the
packing density for the case where the metallic cores are in con-
tact. The total layer-number N is set to be N ¼ 40. From Model I.
We find that by virtue of tuning the incident angular frequency,
the peak of the electric field can emerge at each layer. Thus, it be-
comes a promising way for one to adjust the electric field distribu-
tion by controlling the incident frequency. As shown in Fig. 2a, for
the 40-layer colloidal crystal with the graded volume fraction, the
peak of an electric field emerges respectively at 9th-layer, 15th-
layer, 20th-layer, 26th-layer, and 32th-layer, changing with
x=xp ¼ 0:5; 0:55;0:6;0:65, and 0.7. Thus, when one chooses inci-
dent frequencies appropriately, the peak of the electric field can
gradually emerge at any layer within the 40 layers. The results
are also shown in Fig. 3a, where a 3D plot showing jEðiÞ=E0j versus

Fig. 3. (a) and (b) 3D plot showing electric field distributions versus both position z
and frequency x=xp , corresponding to Fig. 2a and b, respectively.

Fig. 2. (a) For Model I with total number of layers N ¼ 40, and (b) for Model II. For
the bct lattice, the electric field distribution of multilayered colloidal crystals with
the gradation profile of volume fractions for (a) pðiÞ ¼ ði=NÞU0 and (b) pðzÞ ¼ zU0, as
a function of the position z of the layer for different normalized incident angular
frequencies x=xp ¼ 0:5ðOÞ; 0:55ð}Þ;0:6ðrÞ;0:65ðNÞ, and 0:7ð�Þ. Parameters:
c ¼ 0:02xp and �2 ¼ 2:25.
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both position z of ith layer and x=xp is more informative. Fig. 2b,
plotted according to Model II, displays the same behavior as Fig. 2a.
Similarly, the 3D plot corresponding to Fig. 2b is also shown in
Fig. 3b.

The comparison between Fig. 2a (Model I) and Fig. 2b (Model II)
yields the conclusion that the gradation of volume fractions can be
used to control the electric field distribution in multilayered colloi-
dal crystals by tuning the incident frequency. In other words, Mod-
el I and Model II are shown in agreement with each other, and they
predict the same qualitative results.

Now we investigate another kind of mutilayered colloidal crys-
tals, namely, the case in which the dielectric constant of the host
changes with layers gradually while the volume fraction keeps un-
changed. Fig. 4a shows the results obtained from Model I according
to the gradation profile �2ðiÞ ¼ 1:0þ 1:25i=N. In the mean time,
Fig. 4b displays the results predicted by Model II for
�2ðzÞ ¼ 1:0þ 1:25z. Both panels show that the peak of the electric
field distribution in layers can move gradually as the incident field
frequency x=xp increases from 0.5 to 0.65. It also exhibits that the
gradation of the host can be used to specifically control the electric
field distribution in multilayered colloidal crystals by tuning the
incident field frequency. Again, both Model I and Model II produce
the same qualitative results for the case of the gradation of the
host.

Here some comments are in order. Our formalism is well suit-
able for the quasi-static limit because the total thickness of crystals
can be smaller than the wavelength of an incident light. In fact, we

can use experimental data for dielectric constants of the metallic
core [28] to overcome the low-frequency limit. However, the qual-
itative results remain the same [22] as this work in which the
Drude model Eq. (3) has been adopted instead.

We have treated the crystal locally homogeneous due to moder-
ate gradient. Then the summation of a few slices (within the locally
homogeneous crystal) suffices for good convergence in the Ewald–
Kornfeld formulation Eq. (1) [29].

We have used a self-consistent approach to obtain the total
electric field. This is consistent with the Clausius–Mossotti equa-
tion [26]. In essence, Model I works for periodic structure due to
the introduction of the Ewald–Kornfeld formulation Eq. (1), and
Model II holds for both periodic and random structures due to
the virtue of Eq. (8). In this work, both Model I and Model II have
been shown to predict the same qualitative results. In other words,
one might also use a multilayered random composite (which is be-
yond the periodic crystalline structures considered herein) to real-
ize the gradation controllable electric field distributions. That is,
we may conclude that the feature of changeable electric field dis-
tributions by tuning incident frequencies arises from the existence
of gradation (multilayers), rather than the specific structure of
periodic lattices. Certainly, a periodic lattice can be specifically
adopted to obtain different magnitudes and locations of the peak
of local fields, as investigated above. We have used a self-consis-
tent approach to obtain the total field.

To sum up, we have investigated the electric field distribution
for graded multilayered colloidal crystals. By using both a numer-
ical method (Model I) and an analytical method (Model II), we have
convincingly explained the findings reported in the recent Letter,
Ref. [22], and further claimed that the electric field distribution
can be located in different layers by adjusting incident angular fre-
quencies appropriately.
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