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Abstract

By using a perturbation approach, we theoretically investigate nonlinear ac susceptibilities of dynamic electrorheological fluids under
a dc electric field. We consider the effect of a finite volume fraction. It is shown that the dynamic effect arising from a shear flow plays an
important role in the ac responses. Meanwhile, the effect of a finite volume fraction offers a correction. The collective relaxation time is
also derived by using our recently-established dielectric dispersion spectral representation, and it is shown to generally increase with the
volume fraction of particles. Some theoretical results are compared favorably with the experimental observations by others.
� 2006 Elsevier B.V. All rights reserved.
An electrorheological (ER) fluid [1,2] contains polariz-
able particles suspended in a liquid of low dielectric con-
stant. When an electric field is applied to such fluid, the
particles will form chains and enhance anisotropy largely.
In a realistic situation, the fluid flow exerts force and tor-
que on the suspended particles, setting the particles in both
translational and rotational motions. The torque puts on
the particles will lead to the rotation of particles about their
centers [3–10]. Experiments [7] showed that the induced
interparticle forces between rotating ER particles are quite
different from the values predicted by the existing theories
that have not included the motion of particles. Wan et al.
[8,9] theoretically investigated such kind of rotation and
pointed out that the interaction forces between the ER par-
ticles is reduced by a factor that depends on the angular
velocity of rotation. Most recently, this was partly demon-
strated in experiments [11].

It has been shown that when a suspension consisting of
(rotating) dielectric particles with angular frequency x1

having nonlinear characteristics is subjected to a dc field,
the electric response will generally consist of ac fields at
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various of frequencies like x1 and 3x1 [12–19]. In this
work, we shall use a perturbation approach [13,20] to
investigate the dynamic effect due to a shear flow on non-
linear ac responses in ER fluids under a dc electric field.
In so doing, we shall include the effect of a finite volume
fraction by investigating a dilute-limit system, which is
beyond a single particle model in which this effect disap-
pears naturally.

We first consider a particle in the ER fluids under an
applied dc electric field E0 ¼ E0

bZ. A particle suspended
in the host medium will have a rotational motion about
its center caused by a shear flow. We assume that the angu-
lar velocity caused by the shear flow is x1

bY. Then, if we
rotate with the particle, the particle will seem to be at rest,
and it feels an electric field written as

Ef ¼ e�itx1 E0: ð1Þ
In this equation i denotes the imaginary unit, i ¼

ffiffiffiffiffiffiffi
�1
p

, and
t the time.

It is known that the particles in real situation often pos-
sess nonlinear characteristics. And the nonlinear construc-
tive relation between the electric displacement D1 and the
local electric field E1 is defined as

D1 ¼ �1E1 þ vjE1j2E1 � ~�1E1; ð2Þ
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where �1 denotes the linear dielectric constant of a sus-
pended particle, and v is the nonlinear coefficient of the
particle. For convenience, we can adopt the definition
jE1j2 ¼ E1 � E1 � E2

1. Throughout the work, only weak
nonlinearity is considered. Next, solving the Maxwell equa-
tions yield the local electric field E1 inside a particle

E1 ¼
3�2

�1 þ vE2
1 þ 2�2

Ef : ð3Þ

Here �2 represents the (linear) dielectric constant of the
host medium (e.g., silicone oil). Next, we take into account
the effect of a finite volume fraction. For this purpose, we
will have to take place the dielectric constant �2 by the effec-
tive dielectric constant �e. For a small volume fraction q of
spherical particles embedded in the host medium, the effec-
tive dielectric constant �e is given by the dilute-limit expres-
sion (e.g., see Ref. [21])

�e ¼ �2 þ 3qb�2 ¼ �2 þ 3q
�1 þ vE2

1 � �2

�1 þ vE2
1 þ 2�2

�2; ð4Þ

where the dipole factor b for a single-shelled spherical par-
ticle is given by [22]

b ¼ �1 þ vE2
1 � �2

�1 þ vE2
1 þ 2�2

: ð5Þ

Therefore, the local electric field of a particle is given by

E1 ¼
3�e

�1 þ vE2
1 þ 2�e

Ef : ð6Þ

For the small nonlinear coefficient v, we can expand E1 by
taking

ffiffiffi
v
p

E1 as a small perturbation. Thus, we get

E1 ¼
3e�itx1�2½�1ð1þ 3qÞþ �2ð2� 3qÞ�
ð�1þ 2�2Þ½�1þ 2ð�2þ 3q �1��2

�1þ2�2
�2Þ�

E0

þ 3e�itx1�2½2�1�2ð�2þ 3qÞþ 2�2
2ð�2þ 3qÞ� �2

1ð1þ 3qÞ�
ð�1þ 2�2Þ2½�1þ 2ð�2þ 3q �1��2

�1þ2�2
�2Þ�2

vE2
1E0:

ð7Þ
In this perturbation expansion, we have ignored the higher-
order terms since they are much smaller.

And the first term of the right-hand side of Eq. (7) is the
linear contribution of the external applied electric field to
the local field. After taking it as E1 back to the second term
of the right-hand side of Eq. (7), we obtain E1 in the har-
monic terms of various of frequencies.

E1 ¼ Ex1
e�itx1 þ E3x1

e�3itx1 ; ð8Þ
where the coefficients of the first and third harmonic terms
are respectively

Ex1
¼ 3�2U
ð�1 þ 2�2Þ½�1 þ 2ð�2þ 3q �1��2

�1þ2�2
�2Þ�

E0;

E3x1

¼ 27�3
2U

2½2�1�2ð�2þ 3qÞ þ 2�2
2ð�2þ 3qÞ � �2

1ð1þ 3qÞ�
ð�1 þ 2�2Þ4½�1 þ 2ð�2þ 3q �1��2

�1þ2�2
�2Þ�4

vE3
0;

ð9Þ
with U = �1(1 + 3q) + �2(2 � 3q). From Eq. (8), it is evi-
dent to see that as x1 = 0 (namely, the suspended particles
are static) the third harmonic term disappears accordingly.

Similarly, the induced dipole moment

P ¼ �e

�1 þ vE2
1 � �e

�1 þ vE2
1 þ 2�e

a3Ef ð10Þ

can be calculated in the similar way. Let us expand P byffiffiffi
v
p

E1 as a perturbation and also ignore the higher-order
terms (which are much smaller). As a result, we obtain

P ¼ a3e�itx1�2ð�1 � �2Þ½�1ð1þ 3qÞ þ �2ð2� 3qÞ�½�1 þ �2ð2� 3qÞ�
ð�1 þ 2�2Þ2½�1 þ 2ð�2 þ 3q �1��2

�1þ2�2
�2Þ�

E0

þ 3e�itx1�2
2vE2

1E0

ð�1 þ 2�2Þ4½�1 þ 2ð�2 þ 3q �1��2
�1þ2�2

�2Þ�2
� ½2�4

2ð�2þ 3qÞ3

� 4�3
1�2ð2þ 9qÞ � �4

1ð1þ 9qþ 9q2Þ þ 3�2
1�

2
2ð�8� 6q

þ 27q2 þ 18q3Þ � 4�1�
3
2ð8� 18q� 9q2 þ 27q3Þ�:

ð11Þ
Now the linear term (namely, the first term) of E1 in the
right-hand side of Eq. (7) is introduced into the second
term in the right-hand side of Eq. (11). Then we achieve
the form

P ¼ Px1
e�itx1 þ P 3x1

e�3itx1 ; ð12Þ
where the coefficients of the first and third harmonic terms
are respectively given by

Px1
¼ a3�2ð�1 � �2Þ½�2

2ð2� 3qÞ2þ �2
1ð1þ 3qÞ þ �1�2ð4� 9q2Þ�

ð�1 þ 2�2Þ2½�1 þ 2ð�2 þ 3q �1��2
�1þ2�2

�2Þ�
E0;

P 3x1
¼� 27�4

2½�1ð1þ 3qÞ þ �2ð2� 3qÞ�2vE3
0

ð�1 þ 2�2Þ6½�1 þ 2ð�2 þ 3q �1��2
�1þ2�2

�2Þ�4
�

� ½2�4
2ð�2þ 3qÞ3 � 4�3

1�2ð2þ 9qÞ
� �4

1ð1þ 9qþ 9q2Þ þ 3�2
1�

2
2ð�8� 6qþ 27q2þ 18q3Þ

� 4�1�
3
2ð8� 18q� 9q2 þ 27q3Þ�:

ð13Þ
From Eq. (12), again we can find that x1 = 0 (namely, the
suspended particles are static) leads to the disappearance of
the third harmonic term.

Until now, the dielectric constants �1 which have been
used are both real numbers, that is, we have not taken into
account the relaxation process. To include the relaxation,
we shall see them as complex numbers [23,24], and they
can be described as

�1 ¼ ~��1 þ �r1=ix0;

�2 ¼ ��2 þ �r2=ix0;
ð14Þ

where both ��2 and �r2 are real numbers, and they represent
the real dielectric constant and the conductivity of the host
fluid, respectively. In Eq. (14), ~��1 ¼ ��1 þ vjE1j2 and �r1 de-
note the real dielectric constant and the conductivity of
the particle, respectively. Owing to �r2 � �r1 in real situa-
tion, we are allowed to see �r2 ¼ 0 (namely, �2 ¼ ��2) in the
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following derivation as well as numerical simulations. In
Eq. (14), x0 denotes the angular frequency. Here, in the
first-order harmonic terms, we have x0 = x1. And in the
third-order harmonic terms, according to the mixing the-
ory [25], the third-order harmonic output is combined with
one input frequency and two mixing frequencies, by using
of basic angular frequencies x1. As a result, when calculat-
ing the third harmonics of induced dipole moments (see
Fig. 3b), the angular velocity x0 in Eq. (14) is replaced
by x1 for three times and by 3x1 for one time.

In the case of dispersion, the induced dipole moment
should be [26]

P ¼ Re½�e�
�1 þ vE2

1 � �e

�1 þ vE2
1 þ 2�e

a3Ef ; ð15Þ

where Re[� � �] means the real part of � � �. From this equa-
tion, the harmonic terms of P can be calculated in the same
way of Eqs. (10)–(13). In addition, it is worth noting that in
the actual use, only the real parts of the harmonic terms of
induced dipole moments [Eqs. (15)] can be detected in
experiments.

Now we are in a position to do numerical simulations.
We investigate the cases without dispersion in Figs. 1 and
2. In Figs. 1 and 2, it is showed that the harmonic responses
(absolute value) of induced electric fields Ex1

, E3x1
and

dipole moments Px1
, P 3x1

increase with the increasing vol-
ume fraction q. Thus, it can be concluded that once the
nonlinear characteristic of particles is given, higher volume
fraction of particles yield stronger magnitude of harmonic
responses. Figs. 1 and 2 also display that higher nonlinear
characteristics lead to stronger harmonic responses. In
other words, the magnitude of harmonic responses reflects
the strength of nonlinear characteristics, as already experi-
mentally reported in Ref. [12], where Klingenberg mea-
sured the third harmonic signal of the electric current
passing through an ER fluid. Based on such analysis, it
seems possible to detect the nonlinear characteristic of
(a)

Fig. 1. Without dispersion, the harmonic responses of the local electric field E

denotes the dielectric constant of free space.
the particles suspended in the system, by measuring the
nonlinear ac responses.

In Fig. 3a, we investigate the real part of the fundamen-
tal harmonic term of dipole moment Px1

as a function of
x1, for various volume fraction q. It is apparent to see that
either increasing q or decreasing x1 can lead to increasing
fundamental harmonics. And we investigate the real part of
the third-order harmonic term of dipole moment P 3x1

, see
Fig. 3b. It is shown that increasing q yields a red-shift of
the x�1 (namely, x�1 is located at lower frequencies, as q
increases). Here x�1 denotes the frequency at which the
peak appears.

For an isolated particle, the Maxwell–Wagner relaxa-
tion time sMW is

sMW �
��1 þ 2��2

�r1 þ 2�r2

¼ ��1 þ 2��2

�r1

; ð16Þ

which is based on the Maxwell–Wagner theory of leaky
dielectrics since the relaxation process is originated from
a finite conductivity of the particle and host medium [27].
For the system under our consideration, we should add
the effect of a finite volume fraction of particles, and obtain
the effective collective relaxation time se.

The dilute-limit expression [Eq. (4)] is just for conve-
nience. It was actually derived from the well-known Max-
well–Garnett expression

�e � �2

�e þ 2�2

¼ q
~�1 � �2

~�1 þ 2�2

ð17Þ

by expanding it to first-order in q. In Eq. (17), �1 and �2 are
replaced by ~��1 þ �r1=ix0 and ��2 þ �r2=ix0 accordingly. For
completeness and self-consistence, we might as well keep
the terms with higher powers of q for all other equations
in this work. As a matter of fact, in the calculation, these
terms play a negligible role. To represent Eq. (17) in the
Bergman spectral representation [28], we define
s = (1 � �1/�2)�1, and obtain
(b)

1 versus volume fraction q. Parameters: �1 = 20�0 and �2 = 2.5�0. Here �0



(a) (b)

Fig. 2. Without dispersion, the harmonic terms of dipole moment inside P correspond to volume fraction q. Parameters: �1 = 20�0 and �2 = 2.5�0.

(a) (b)

Fig. 3. With dispersion, the real part of local dipole moment P correspond to the angular velocity x1 of suspended particles with the change of volume
fraction q. Parameters: �1 = 20�0, �2 = 2.5�0, r1 = 2 · 10�8 S/m, and vE2

0 ¼ 0:7�0.
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�e ¼ �2 1� q
s� s1

� �
; ð18Þ

where s1 = (1 � q)/3 is the pole. To describe the (collective)
relaxation correctly, we have to include infinite number of
terms in the expansion. It is because near the pole, all terms
in the expansion are equally important. It is just the infinite
number of terms that shifts the pole from s1 = 1/3 to
(1 � q)/3, for nonzero volume fraction. Thus the relaxation
time se can change accordingly.

To obtain the effective collective relaxation time se, we
start from Eq. (17). By using our recently-established
dielectric dispersion spectral representation [21], the �e
can be rewritten as

�e ¼ �H þ
4�

1þ ix0se

þ rL

ix0

; ð19Þ

where �H is the effective dielectric constant of the system at
high frequencies, and rL denotes the effective conductivity
at low frequencies. Then, we obtain
se ¼
ð1� qÞ~��1 þ ð2þ qÞ��2

ð1� qÞ�r1 þ ð2þ qÞ�r2

: ð20Þ

This equation shows that se is dependent on the volume
fraction of particles. The substitution of q = 0 into this
equation reduces to se = sMW. Fig. 4 shows that se gener-
ally increases with q.

According to the Maxwell–Wagner theory [27], there
exists a relation between relaxation time s and x�1
sx�1 ¼ 1: ð21Þ
In particular, according to the result of Eq. (15) when
q = 0, we obtain the relaxation time s = sjq=0 as

sjq¼0 ¼
sejq¼0

1:124
¼ sMW

1:124
; ð22Þ

which satisfy sjq¼0x
�
1 ¼ 1. In Eq. (21), the relaxation time s

is determined by the details of the relaxation process. And s
is related with se and hence volume fraction q. Specially, if
q = 0, we obtain a relation from Eq. (15). But if q 6¼ 0, the



Table 1
The value of se and x�1

se x�1

q = 0 0.011372 124.4
q = 0.02 0.011440 120.8
q = 0.04 0.011511 117.5
q = 0.06 0.011584 114.4

Here se was calculated according to Eq. (20) and x�1, which was extracted
from the curves of Fig. 3b, is the frequency at which ReðP 3x1

Þ reaches a
maximum.
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relation between se and s becomes so complex (not shown
in this Letter). In Table 1 the se was calculated according to
Eq. (20), and x�1, which was extracted from the curves of
Fig. 3, is the frequency at which ReðPx3

Þ reaches a
maximum.

It turns out generally difficult to give a full account of all
the numerical results in simple physical terms. However, we
already explained the behaviors of the harmonic responses
(at least partly) by the local field effects, aided by the spec-
tral representation with considering the effect of a volume
fraction of particles, see Ref. [29]. This is due to the fact
that the spectral representation can reveal the dominant
contribution through the self-consistent approach.

In this work, all particles are assumed to be rotating at
the same angular velocity with the same axes of rotation.
At the same time, the volume fraction q of particles is small
enough so that the dilute-limit expression for the effective
dielectric function can be used. Moreover, the applied dc
fields are sufficiently weak so that the particles are assumed
to be randomly distributed without significant anisotropy
(or aggregation). Thus the theory is valid to first-order in
the volume fraction q.

This Letter deals with the dilute-limit in which the inter-
actions among rotating particles are ignored totally. Thus,
we can sum up the single rotating particles’ responses by
using the dilute-limit expression. We have ignored the local
field effects completely, but we considered the effects of a
finite volume fraction in a dilute suspension of rotating
particles in the present work. However, if we really want
to include many-body (local field) effects, we have to adopt
the dynamic effective medium theories, which have to be
developed in the future.

The ER particles of our interest are so large that the
Brownian translational motions can be ignored. Regarding
the Brownian rotational motions for the rotating particles,
while the inertia may be sufficiently large, the moment of
inertia of microparticles may be small. That is, the particles
Fig. 4. The effective relaxation time se versus volume fraction q.
Parameters are the same as those used in Fig. 3.
can be susceptible to Brownian rotation (or rotational dif-
fusion) which will introduce a random angular velocity in
addition to the systematic angular velocity due to the shear
flow. The angular average can be performed in standard
way. In this work, we neglect the small moment of inertia
of microparticles.

Throughout this work, only lower-order harmonics have
been discussed. In fact, higher-order harmonics can also be
studied as long as we keep more terms in Eqs. (7) and (11).
However, the strength of the higher-order harmonics (e.g.,
fifth-order) is often several orders of magnitude smaller
than the lower-order. To some extent, it is more attractive
to detect the lower-order harmonics.

Even though we have only focused on ER fluids, the
results we have achieved can be directly extended to com-
mon colloidal suspensions in which the particles suspended
in them are rotating under certain conditions like shear,
etc.

To sum up, we have performed a perturbation approach
to investigate the nonlinear ac responses of dynamic ER
fluids under a dc electric field. It is shown that the dynamic
effect arising from a shear flow plays an important role in
the ac responses. In the mean time, the effect of a finite vol-
ume fraction offers a correction. We have also derived the
collective relaxation time by using our recently-established
dielectric dispersion spectral representation, and it has been
shown to generally increase with the volume fraction of
particles. Some theoretical results obtained by us are com-
pared favorably with the experimental observations by
others.
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