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Controlling Chemical Waves by Transforming Transient

Mass Transfer

Zeren Zhang, Liujun Xu,* and Jiping Huang*

Manipulating transient mass transfer plays a crucial role in physics,
chemistry, biology, and other fields. One typical example is chemical waves,
whose concentration profiles have spatiotemporal variations. Based on a
general model associated with the advection-diffusion equation, an optimized
transformation-mass-transfer theory is proposed to flexibly control transient
mass transfer. As an example application, a class of separators is theoretically
designed to achieve the separation of chemical waves. Meanwhile, three
typical types of devices for cloaking, concentrating, and rotating chemical
waves are proposed successfully, thus offering more versatile control

different. A typical example of broad
concern is chemical waves.'>] In sim-
ple terms, chemical waves, driven far
from equilibrium, feature concentration
profiles with spatiotemporal variations,
which are completely transient problems.
Unfortunately, transient mass transfer
generally does not have the property of
form-invariance under coordinate trans-
formations, so the existing transformation
theory is not applicable. Although transient

methods. Such theoretical analysis is well confirmed by the computer
simulations. These results provide insights into novel manipulation of
chemical waves associated with biochemical reactions and promote potential

applications for transient mass diffusion.

1. Introduction

Precise manipulation of mass transfer is particularly important to
biochemical reactions, medicine deliveries, and separation mem-
branes, among others.[!! For example, some drug components
only work for a special target cell, but in most cases the medicine
particles are absorbed by irrelevant cells or react with other chem-
ical components during delivery in the blood, which always com-
promises therapeutic efficacy. Thus, a great deal of researches
aim to control drug mobility.23] For another example, particle
separation, focusing, and detection are common fundamental
operations in industry and biochemistry, including but not lim-
ited to manufacturing fossil fuels from crude oil, harvesting ura-
nium from seawater, and monitoring harmful solutes in gases or
liquids.[*7] From a physical point of view, mass transfer is essen-
tially governed by an advection-diffusion equation. Based on this
equation,®] many physical approaches, including the scattering-
cancellation method and transformation theory, were proposed to
control mass transfer.10-14]

However, when it comes to mass-transfer manipulation in
transient (or time-dependent) states, the case becomes very
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light transport and heat diffusion may
provide some insights,**?8 the related
approaches are restricted to certain geome-
tries or transformations. Therefore, the
relevant theories are still confronted with
big challenges to control chemical waves.

To solve the problem, we established
an optimized transformation-mass-transfer
theory that enabled us to flexibly manipulate chemical waves and
analyze their propagation properties. We further designed four
representative devices that were used for cloaking, concentrat-
ing, rotating, and separating chemical waves, respectively. See
Figure 1. Here, “cloaking” means a zero-concentration gradient
inside the device; “concentrating” indicates a larger concentra-
tion gradient inside the device; “rotating” refers to propagation
deflecting of waves inside the device, and “separating” represents
the separation of different particle-concentration waves. Most im-
portantly, all four devices did not disturb the wave profiles in the
background. Our results may broaden the horizon of manipulat-
ing transient mass transfer and may be helpful to trigger new
applications of chemical waves. The next section will introduce
the theory behind this.

2. Results and Discussion

2.1. Modeling Chemical Waves

Despite a chemical process, we disregarded specific chemical
components and instead assumed that concentration gradients
were the main driving forces. Therefore, we could apply an
advection-diffusion equation to describe chemical waves(2-31]

@zv-(D-Vc—vc> (1)
ot

where ¢, t, D, and v are concentration, time, tensorial diffusivity,
and advection velocity, respectively. The key physical meaning of
Equation (1) is mass conservation. Without loss of generality, we
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Figure 1. a-d) Schematic diagrams of cloaking, concentrating, rotating, and separating in two dimensions, respectively. In (a)—(c), the length and
height of the rectangle were u; = 0.2 m and u; = 0.1 m, respectively. In (d), we set length m; = 0.014 m, and height m, = 0.009 m. The initial particle

concentration for (a)—(d) was set as ¢, = 0 mol m~3.

considered a 1D case with a scalar diffusivity D and a constant ve-
locity v along the x-axis. Therefore, Equation (1) could be reduced
to

o _p d’c oc

% _plt_,% 2
ot 0x? 0x @)
For a chemical wave, its concentration varies spatiotemporally, so
it is reasonable to use a plane-wave solution

c=c, el 4 ¢ 3)

where c,, f, o, and ¢, are the concentration amplitude, wave
number, circular frequency, and reference concentration of the
chemical wave, respectively. Since the frequency of the concen-
tration source was preset, the concentration amplitude of the
chemical wave decreased along the propagation direction, which
caused a complex wave number f = k + ia with k and « being
two real numbers. Therefore, Equation (3) could also be written
as ¢ = c,e” e 4 ¢ Clearly, a represents the spatial dissi-
pation of the chemical wave and k is the real wave number. Its
substitution into Equation (2) yields

_ —w+¢
a= 1D (4a)
2,92 _ 1,2
k= Vvt + 16D2w? — v c (4b)
16D%w

with & = \/ 21?2 + 24/v* + 16 D?w?. Here we only concerned about
forward propagation. That was why we kept the positive solution.
The o — w and k — @ curves are shown in the inset of Figure 2.
Clearly, a larger w leads to a larger « or k. Such a concentration
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Figure 2. Particle concentration (c) distribution along x-axis. Blue dashed
line indicates the dissipation trend of chemical wave. Red arrow denotes
the direction of propagation. Inset shows the real and imaginary part of
wave number, k and a, as a function of w, respectively.

profile can be approximately regarded as a chemical wave. Nev-
ertheless, a rigorous model of chemical waves was more com-
plicated than the present one,'* but to some extent, our ef-
forts could provide different guidance to control chemical waves
with the following optimized-transformation theory for transient
mass transfer.

2.2. Optimized-Transformation Transient-Mass-Transfer Theory

To obtain the transformation rule, we wrote down the component
form of the advection-diffusion equation in a curvilinear space
with the corresponding coordinate x;

VGoc =0, (\/EDifajc - \/Ev,c) 5)
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where G is the determinant of G; - G;, with G; and G; being covari-

ant bases of the curvilinear space. We then expressed Equation (5)
in the physical space x| as

ox! ox!
VGoc=0,— | VGD'—La,c—VGvc (6)
ox; ox;

where 0dx/dx; and ax}f /0x; are just the components of the
Jacobian-transformation matrix J whose determinant det] is
equalto 1/ \/G. Therefore, Equation (6) could be reduced to

L ge=v [ g
det]atc_V det] Ve det]c @)

where ] is the transpose of J. Unfortunately, if we denoted the

transformed parameters J;Z—{; and (i_vg as D and V", the space

transformation could not be completely replaced by the mate-
rial transformation due to the lack of a physical quantity in front
of o,c. Therefore, transient mass transfer does not have form-
invariance under a coordinate transformation except for when
detJ=1.

To solve the problem, we took an approximation to remove the
1/det] in front of d,c and rewrote Equation (7) as

dc=V - <]ij Ve —]vc> 8)

We emphasized that Equation (8) is generally an approximate ver-

sion of Equation (7) because det | is a position-dependent quan-

tity. Fortunately, our following simulations showed that the ap-

proximation was completely feasible. Therefore, the transformed
!

«
parameters D and v' could be summarized as

D =JDJ° (9a)
V= (9b)

Then the Equation (8) could keep form invariant approxi-
mately under coordinate transformation. Since Equation (9) per-
formed well in simulations, it corresponded to the optimized
transformation-mass-transfer theory. Meanwhile, Equation (9)
was different from the reduced parameters derived by dividing
det] to remove infinite parameters.*2-3* Furthermore, the opti-
mization presented in Equation (9) was crucially different from
topology optimization.[3>=7]

2.3. Four Model Applications

As practical applications of our optimized transformation-mass-
transfer theory, we further designed four functional devices
to achieve cloaking, concentrating, rotating, and separating of
chemical waves, as shown in Figure 1. It can be seen from Fig-
ure la—c that the chemical waves propagated from left side to
right side and flowed through the devices without changing wave
profiles. Cloaking can protect the object in the core region, while
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concentrating can increase the particle-concentration gradient in
the core region. Rotating can flexibly control the propagation di-
rection of chemical waves. We will introduce the cloak first.

The coordinate transformation of cloaking from a virtual space
(1, 0) to the physical space (1',6’) can be expressed asr’ = ar + b
and ¢’ = § witha = (r, — r;)/r, and b = r,. Here, r, and r, are the
radii of the inner and outer boundaries of the cloak, respectively
(Figure 1a). The Jacobian transformation matrix J can be calcu-
lated as J=diag[ar’, a/(r' — b)]. Therefore, according to Equation

!

(9), the transformed parameters D and v’ become

" [D,a? 0
=[ 0 D, (1’ a/(r/—b))z] (10a)

/ Vl'a
V= [Vtr/ a/ (r' — b)] (10b)

where D, and v, = [v,, ] are the diffusivity and advection veloc-
ity of the background, respectively. Indeed, there might be some
discontinuity for fluid in the medium. But this problem can be
solved by active control of flow on the boundary. According to
Equation (10), we could achieve cloaking of chemical waves.

For a concentrator, the coordinate transformation becomes
' =hr for r<r,, r=nr+m for r, <r<r, and 6' =0
for 0<r<r, where h=r/r,, n=(,—1)/(r,—"1,), m=
(r, —rm)ry/(r; — 1), and r,, is a radius between r; and r, (the
dashed line in Figure 1b). Therefore, the Jacobian-transformation
matrices of the concentrator are J,=diag[h, h] for the region r’ <
r, and J,=diag[n, r'n/(r' — m)] for theregionr, < r’ < r,. We then
expressed the transformed parameters in the region ' < r; (i.e.,
! )

J/ 3 3 / 3 J/
D, and v}) and those in the region r; < v’ <, (i.e., D, and /) as

B; = [D%hz D(())hz] (11a)
v = [‘;ﬁ] (11b)
.= %67 o it -] .
v = [Vtrf n - m)] (12b)

The reciprocal of h (i.e., r; /1,,) determines the concentrating ef-
fect. Thatis, a bigger r,,, leads to a higher concentrating effect, and
the maximum value is r, /r,. Here we set r, = 0.035 m, r,, = 0.03
m, 7, =0.025m, Dy =9Xx 10 ms~!, v, =[10", 0] ms~!, and
0, = = /6. The slow velocity v, was set to ensure creeping flow
and avoid turbulent flow and the value of D, was close to real
diffusion value (for example, diffusivity of O, in PDMS equals
3.4x10° ms71).

Note that the above coordinate transformations only stretch or
compress the radius without transforming the angle. Thus, we
applied the optimized theory to rotate the chemical waves. The
coordinate transformation of rotating obeys 1’ = r for the region
0<r<r,0 =0+0,fortheregionr <r,and 0’ =0 +g(r—r,)
for the region r; < r < r, (Figure 1c). Here, g = 0,/(r, — 1,), and
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0, is a rotation angle. We then derived the Jacobian transfor-

mation matrices: J; is a unit matrix for the region ' < r;, and

J,=I(1, 0), (r'g, 1)] for the region r; <’ <r,. Therefore, the
o/

transformed parameters in the region v’ < r, (i.e., D, and v}) and
o/

those in the region r; < v’ <, (i.e.,, D, and V) are

B; = [1())0 go] (13a)
V= [‘;t] (13b)
[t
V) = [Vrr/;f+ ", (14D)

Moreover, since det J; =det ], =1 for rotation, Equation (9)
became an accurate result instead of an approximate one. In
other words, when det J =1, the optimized transformation-
mass-transfer theory became the same as the transformation-
thermotics theory.[3%3°]

Finally, we introduced a chemical wave separator that was de-
signed by transforming the radius and the angle simultaneously.
As illustrated by Figure 1d, mixture chemical waves of particles
A and B flow in from the upper side and pass by the separator,
which is denoted by grids. Then they are separated into several
branches and flow out by the lower side. During this process, par-
ticles A and B are separated and converged to different regions.
The following are the detailed principles for the separation.

For the sake of convenience, we divided the separator into two
areas. The right-hand rectangle was marked as area-1, and the
other was area-2. The length and width of area-1 were set as
x, and y,, respectively. Here, considering brevity and aesthetic,
we operated the transformation in Cartesian coordinates. Then
the coordinate transformation for A in area-1 could be expressed
as x’ = (y/(2y,) + 1) — %,¥/(2y,) and y = y. Similarly, for B it be-
came x’ — xy = (y/(2y,) + 1)+ %,¥/(2y,) and y’ = y. Thus, the Ja-
cobian matrices could be derived

= |0 ZY%) /(2) (% =) /1(Y' + ZYO)] (153)
Fo= |0 ZY%) /(@) ¥/ + 2Yo)] (15b)

where J,, represents the Jacobian-transformation matrix for A
in area-1, and J, represents that for B. Then accordmg to Equa

tion (9), we were able to determine the diffusivities D1 A and D1B
as well as the convection velocities v;, and v, in area-1. As for
the physical parameters in area-2, they could be naturally de-
rived based on symmetry. The concrete values of each parame-
ter were x, = 7.5 X 10 m, y, = 0.007 m, D, =8 x 107 m s7,
and v, = [0, 107°]" m s~'. Moreover, it could be concluded from
Equations (10)—(15) that the physical parameters were indepen-

Adv. Theory Simul. 2022, 5, 2100375

2100375 (4 of 8)

www.advtheorysimul.com
(d)
||“||I||II ] 4
linih )
240s “““II'I | l 240s

(c)
240s i i
Shell Core Shell
||III|I E1 2 {
0 46"’1’0 -0.05 0.00 0.05 0. 10
x (m)
OO a4
c(mol/m?)

Figure 3. Simulation results of cloaking. a,b) Concentration profiles at 170
and 240 s, respectively. ¢) Concentration profiles in a pure background
at 240 s. d,e) Concentration profiles with an obstacle at 170 and 240 s,
respectively. f) Comparison between reference (c) and cloaking (b) at
240 s.

dent of frequencies of incident waves, which reflects one of ad-
vantages of our theory.

2.4. Results for Cloaking, Concentrating, and Rotating

To confirm the present theory, we utilized COMSOL
Multiphysics!*! to perform finite element simulations. The
boundary conditions for cloaking, concentrating, and rotating
are schematically shown in Figure la—c, respectively. A periodic
concentration source, denoted as ¢, = c,cos(wyt) +c, where
c,=0.5 mol m™3, w,=7/10 s7!, and ¢, =1 mol m~3, was
applied to the left boundary (the red one). According to Equation
(4), the decay rate is dependent on . Thus we set w, as z/10
s7! to make a relatively low dissipation. The right boundary was
set as an open boundary (the blue one). We also set isolated
and no-flow conditions on the upper and lower boundaries. In
Figure 1a, the inner boundary was also set with isolated and
no-flow conditions. We set the diffusivity and advection velocity
of the background as D, and v,, respectively. All parameters were
designed according to Equations (10)—(14), and the simulations
of cloaking, concentrating, and rotating are exhibited in Figures
3-5, respectively.

In Figure 3a,b, we coated an obstacle with our designed cloak.
Comparing it with Figure 3c, the concentration profiles in the
background were the same, so the chemical wave was not dis-
turbed despite the obstacle. Moreover, according to Equation (10),
the tangential component of diffusivity is far larger than the ra-
dial component when 1’ ~ r;, leading to the chemical waves by-
passing the core region, which was in good agreement with the
simulation results. Meanwhile, the concentration amplitude de-
cayed as the chemical wave traveled forward, which was also
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Figure 4. Simulation results of concentrating. a—c) Concentration profiles
at 40, 170, and 240 s, respectively. d) Comparison between reference (Fig-
ure 3c) and concentrating (c) at 240 s.

consistent with our theory. However, in the absence of cloaking,
the concentration wave was scattered severely when passing by
the obstacle (Figure 3d,e). To discuss the cloaking effect quanti-
tatively, we extracted the concentration values along a horizontal
line in the center (the dashed line in Figure 3c). As shown in
Figure 3f, the dashed line represented the concentration distri-
bution in a pure background, and the solid line represented that
with a cloak. These lines were well overlapped in the background,
confirming our theory again. Moreover, the data showed that the
concentration difference [¢ gy — € reference] it background was
less than 0.01 mol m~3, reflecting a good cloaking performance
with an error of less than 1%.

The simulation results of concentrating are presented in Fig-
ure 4a—c. The concentration gradient was indeed increased in
Figure 4c, which was also reflected in Figure 4d with the solid
line being denser than the dashed line in the core. These re-
sults were consistent with the theoretical expectation where the
coordinate transformation essentially compresses the space sur-
rounded by the dashed circle into that by the inner circle [Fig-
ure 1b]. In addition, the concentrator also did not affect the
concentration profile in the background, and the concentra-
tion difference [¢ goax — € seference] 11 background was still less
than 0.01 mol m~3, confirming the feasibility of the optimized
theory.

Similarly, Figure 5a,c shows the rotating effect of a chemical
wave at 40, 170, and 240 s, respectively. Obviously, the chemi-
cal wave inside the core was deflected counterclockwise by z /6
without distorting the background concentration profile. This ro-
tation function was achieved by linearly deflecting concentric cir-
cles inside the shell, which could be reflected from the gradual
deflection of the concentration profiles. Moreover, as mentioned
above, the disturbance of rotating should theoretically be zero
due to det | = 1. For comparison, Figure 5d shows the concentra-
tion distributions of a pure background and that with a rotator.
Their difference was even less than 0.001 mol m~3, which was
ten times smaller than that of cloaking and concentrating. As a
result, the proposed theory worked well in the case of transform-
ing only the radius or only the angle.
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Figure 5. Simulation results of rotating. a—c) Concentration profiles at 40,
170, and 240 s, respectively. d) Comparison between reference (Figure 3c)
and rotating (c) at 240 's.

2.5. Results for Separating

We set the diffusivity and convection velocity of the background
material as D, and v, respectively. The geometric parameters
were set as m, and m,. Next, we added c,, = c ,cos(wgt) + ¢, to
the top boundary, where ¢, = 0.5 mol m=, w, = 7 s}, and ¢,
=1 mol m~3. The bottom boundary was set as open boundary.
Finally, isolated and no-flow conditions were applied to the re-
maining sides.

Simulation results are given in Figure 6. The first column of
figures exhibited propagation of chemical waves in a pure back-
ground medium at 6, 12, and 18 s. The second column of figures
showed the propagation of particle A in a background medium
with a separator. The third column of figures displayed separa-
tion results for particle B. As observed in Figure 6b1-b3,c1—c3,
the chemical waves were separated into different regions with-
out being obviously disturbed from the background wave pro-
files, which indicated that the phase feature was protected after
the chemical waves were split by the separator. Although the sep-
arated particles would immerse into the cloaking region as time
goes by, for example, particle A from both sides will gradually dif-
fuse into the middle region, the immersion was slow when com-
pared to the convection velocity. As reflected by the deletion of
det Jin Equations (9) and (15), here det Jequaled (y + 2y,)/(2y,),

which ranged from 1/2 to 1, and induced error for D,, and D, as
well as v;, and v,5, which may account for the slow immersion.

To further reveal the separation effect, we compared the par-
ticle concentration data with and without the separator. The
results are presented in Figure 6, where 6(d1), 6(d2), and 6(d3)
display the relation between coordinate x and concentration dif-
ferential Ac at 6, 12, and 18 s, successively. The detailed val-
ues were extracted along the green dashed line (y = —0.0027 m)
in Figure 6. Here, the blue dots and red dots referred to ¢ , —
C reference AN € — € references TESPeCtively. As reflected from the
scatter diagrams, the differential values Ac in the convergence
region for each particle were ~0 mol m~3, which was in good
agreement with the previous results. Moreover, the sharp de-
cay of the particle concentration between the convergence and
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Figure 6. Simulation results of separating chemical waves composed of particles A and B, respectively. al-a3) Propagation results of chemical waves in
a pure background medium at 6, 12, and 18 s, respectively. b1-b3) Results of particle-A chemical waves in a background medium with separator at 6, 12,
and 18 s, respectively. c1-c3) Results of particle-B chemical waves in a background medium with separator at 6, 12, and 18 s, respectively. d1) Particle
A’s [or Particle B’s] concentration difference Ac between (b1) and (aT) [or between (c1) and (a1)] along x axis at 6 s, according to the data extracted from

the x-directed green dashed lines in

o

cloaking regions provided a demonstration of well-performed
particle separation. Hence, the optimized transformation theory
still performed well when transforming both the radius and an-
gle.

3. Conclusion

We have demonstrated a good performance of four functional
devices for controlling dynamic concentration profiles based on
the optimized transformation-mass-transfer theory. These re-
sults have potential applications in some practical fields, such
as tracing biochemical-particle concentrations where a detector
might receive pulse-like or wave-like signals, cloaking an area to
block chemical leaks that are harmful to the environment and
creatures, and separating toxic gases (such as CO) and O, when
gas leaks happen. Particularly, in spite of various existing sepa-
ration methods,[*!] the preservation of the phase feature was ig-
nored. Different from the past studies,[''*?] we considered the
diffusion together with convection so that the harmonic concen-
tration source could be applied. And thus the proposed separator
could separate wave-form chemical diffusion without changing
the phase feature. As a result, the proposed theory is of practical
value for controlling chemical waves.

For experimental demonstration, these devices could be fab-
ricated with a porous media to control diffusivity.****] Here we
provided a brief suggestion for experimental fabrication. Accord-
ing to the effective medium theory, the complicated diffusivi-
ties and convection velocity could be possibly achieved by several
common materials.[3] Taking the separator as an example, in Ref.
(13), the diffusivity is independent on spatial position, so only
one constant rotating angle is needed. However, in our work, the

Adv. Theory Simul. 2022, 5, 2100375

2100375 (6 of 8)

b1) and (al) [orin (c1) and (a1)]. Similarly, (d2) and (d3) show Ac at 12 and 18 s, respectively.

Separator

Figure 7. Experimental suggestion. Schematic diagram of separator de-
signed by using the effective medium theory.

diffusivity varied with different position. Thus the distribution
of rotating angle was more complicated. In spite of anisotropy
and inhomogeneity, the transformed physical parameters could
be reproduced by multilayer structures rotated by different an-
gles with respect to x-axis. As shown in Figure 7, the separator
was divided into many rectangular pieces. We set the diffusivity
of the piece center as that of the whole piece, which could be ob-
tained by Equations (9) and (15) in this paper. Then every small
rectangle could be further divided into different isotropic mate-
rials. Each of pieces consists of four different materials with a
special rotating angle which could refer to Equations (6) and (7)
in Ref. (13). Let us focus on one of the pieces enlarged by dashed
box in the inset of Figure 7. Four materials were denoted as ma-
terial M;, M,, N, and N,, respectively. And their diffusivities for
particle A and B were set as: D, = Dy, and Dy= D, for material
M,, D, = Dy, and Dy= D, for material M,, D, = D and D= D,
for material N;, and D, = Dy and Dy= D, for material N,. The
values of Dy, Dy, D;, and D, were determined according to the
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effective medium theory and Equation (9). It should be noted that
the rotating angles and diffusivities vary with different species.
Thus, the control of diffusivities became possible. In addition,
with recent efforts to control hydrodynamic fields,[>*#¢-*8] advec-
tion velocity could also be manipulated in principle, such as using
electro-osmosis.l*8] We assumed the same chemical species sol-
ubilities for brevity and ignored chemical potentials that might
be the major driving forces in concentrated solutions. These as-
sumptions were also reasonable because the transformation the-
ory still revealed promising performance when species solubili-
ties and chemical potentials were considered.[!?]

In summary, we have established a model to describe chem-
ical waves and discuss their propagation properties. Compared
with steady state, the governing equation of transient mass
transfer is not form-invariant under the coordinate transfor-
mation, which makes it distinctly different. To solve the prob-
lem, we proposed an optimized transformation transient-mass-
transfer theory and further designed four functional devices
to flexibly control chemical waves. These results have poten-
tial applications to control transient mass transfer in various
biochemical systems, such as tracing medicine particles and
preventing chemical leaks. It was also promising for reveal-
ing more physical properties based on the model of chem-
ical waves like geometric phases,[*°% diffusion behavior in
nanoscale,’°2] and symmetry breaking.[>*!
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