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A B S T R A C T   

Although the subject of thermal cloaking has attracted extensive academic attention, most pioneering studies 
have so far focused on thermal conduction systems or thermal convection in the porous media, which prevents 
the object from moving. Here, we have discovered that Stokes equations and the energy transport equation do 
abide by the coordinate-transformation invariant theory if the former is replaced with the pressure Laplace 
equation. This discovery enables us to rightfully take advantage of the merit of this theory and to analytically 
design metamaterial thermo-hydrodynamic cloaks. More importantly, since our designed cloaks depend on the 
viscosity and the thermal conductivity of background flows as well as geometries of cloaks only, but not on 
boundary conditions of background flows, they can be continuously utilized when objects travel in the media 
under realistic flow conditions. Besides, we also suggest experimental demonstrations to show the feasibility of 
our design. Finally, it is our hope that numerical data obtained in the proposed study can (1) facilitate the 
realization of lab experiments as well as help them identify characteristic flow and thermal parameters, and (2) 
serve as a stepping stone to further explore other thermo-hydrodynamic metamaterial devices.   

1. Introduction 

Design of metamaterials has been extensively proposed in various 
fields, such as optics [1–4], electromagnetics [5–9], acoustics [7,10,11], 
liquid waves [12–14], and quantum mechanical matter waves [15,16]. 

Particularly, thermal metamaterials have been theoretically 
designed or experimentally realized and have served as instrumental 
tools to manipulate heat transfer or to harness energy [17–21], such as 
thermal cloaks [22–32], thermal camouflages [33–35], thermal con-
centrators [24,25], thermal rotators [25], macroscopic thermal diodes 
[28,36], and thermal transparency [37,38], and so forth. More 
comprehensive investigations of thermal metamaterials can be found in 
reviews [39–41] and the book [42]. Up to today, most pioneering re-
searchers have primarily focused on controlling heat conduction. 
Although the convection in fluid flows often behaves dominantly in heat 
transfer, it has been rarely explored due to its nonlinearity that seems to 
complicate problems. 

Facing this challenge, numerous investigations [43–46] have been 
dedicated to hydrodynamic metamaterials by manipulating the perme-
ability, such as creeping flows in porous media based on Darcy’s law and 

coordinate-transformation invariant theory [45,46]. Based on these in-
vestigations, several thermal cloaks combining thermal conduction and 
thermal convection in porous media are fabricated [47–49]. Neverthe-
less, in their studies, the object remains motionless in the porous media, 
suggesting that applications of cloaks are still stationary. 

Beyond these creeping flows in porous media, recently, hydrody-
namic metamaterial cloaks by utilizing the hydrodynamic trans-
formation theory [50] and the scattering cancel method [51] in non- 
porous media for Stokes flows have been investigated. In these in-
vestigations [50,51], however, continuum equations that govern ther-
mal convection and conduction have not been solved. 

In the proposed study, to overcome drawbacks of previous in-
vestigations mentioned above, we have extended “transformation ther-
mal conduction” to “transformation heat transfer”, as well as 
theoretically and numerically demonstrated thermo-hydrodynamic 
cloaks based on the latter, which can manipulate the coupling of ther-
mal flows and convective flows for non-porous media creeping flows. 
Treating and controlling both dynamic viscosity and thermal conduc-
tivity of our cloaks as tensors, we can accomplish both process of ther-
mal cloaking and hydrodynamic cloaking simultaneously. 

E-mail addresses: bwang@ecust.edu.cn (B. Wang), tienmoshih@gmail.com (T.-M. Shih), jphuang@fudan.edu.cn (J. Huang).  

Contents lists available at ScienceDirect 

Applied Thermal Engineering 

journal homepage: www.elsevier.com/locate/apthermeng 

https://doi.org/10.1016/j.applthermaleng.2021.116726 
Received 8 September 2020; Received in revised form 4 February 2021; Accepted 9 February 2021   

mailto:bwang@ecust.edu.cn
mailto:tienmoshih@gmail.com
mailto:jphuang@fudan.edu.cn
www.sciencedirect.com/science/journal/13594311
https://www.elsevier.com/locate/apthermeng
https://doi.org/10.1016/j.applthermaleng.2021.116726
https://doi.org/10.1016/j.applthermaleng.2021.116726
https://doi.org/10.1016/j.applthermaleng.2021.116726
http://crossmark.crossref.org/dialog/?doi=10.1016/j.applthermaleng.2021.116726&domain=pdf


Applied Thermal Engineering 190 (2021) 116726

2

2. Transformation heat-transfer equations and analytical cloak 
parameters 

Continuum equations that govern continuity, momentum transport, 
and energy transports for steady-state incompressible creeping flows 
without body forces are written as 

∇⋅u = 0, (1)  

∇p = μ∇2u, (2)  

ρcp∇⋅(uT) = ∇⋅(k∇T). (3)  

where u, p and T are velocity vector, pressure and temperature, respec-
tively. And symbols ρ,cp,μ, and k denote density, heat capacity, dynamic 
viscosity, and thermal conductivity, respectively. With aid of Eq. (1), Eq. 
(2) can be transformed into Appendix A.1 

∇⋅
(
μ− 1∇p

)
= 0. (4) 

We can prove that Eqs. (1, 4), (3) remain invariant under the coor-
dinate transformation Appendix A.1. Introducing a Jacobian- 
transformation matrix (J) such that Eqs. (1, 4, 3) from virtual space x(x,
y, z) to physical space x′

(x′

, y′

, z′

) leads to 

∇
′ ⋅u′

= 0, (5)  

∇
′ ⋅
(
μ′ − 1∇

′p′)
= 0, (6)  

ρcp∇
′ ⋅(u′

T
′

) = ∇
′ ⋅(k′

∇
′

T
′

), (7)  

where u′

= Ju/det(J), 

μ′

= det(J)⋅J− 1μJ− T, (8)  

and 

k′

= JkJT/det(J). (9)  

Forms of Eqs. (5)–(7) look the same as those of Eqs. (1, 4, 3), indicate 
that Eqs. (1, 4, 3) satisfy the coordinate-transformation invariant theory. 

Then, we can further introduce the specific coordinate trans-
formation: 

r′

=

(
R2 − R1

R2

)

r+R1, θ
′

= θ, z′

= z. (10) 

Namely, one point in the virtual space expands to a cylinder in the 
physical space (r⩽R1), while the area beyond the outer circumference of 
the annulus (r > R2) remains intact [Fig. 1(a)]. The key concept lies in 
that the thermal flow in a virtual space is compressed into a pre-
determined physical space by means of both an anisotropic viscosity 
tensor and an anisotropic thermal conductivity tensor. According to 
derivations in Appendix A.2, we can obtain two transformed parameters 
of the 2D ideal cloak as 

μ′

=

⎛

⎝
μ′

rr μ′

rθ

μ′

θr μ′

θθ

⎞

⎠ =

⎛

⎜
⎜
⎜
⎝

r′

r′

− R1
0

0
r′

− R1

r′

⎞

⎟
⎟
⎟
⎠

μ

k′

=

⎛

⎝
k
′

rr k
′

rθ

k
′

θr k
′

θθ

⎞

⎠ =

⎛

⎜
⎜
⎜
⎝

r
′

− R1

r
′ 0

0
r
′

r
′

− R1

⎞

⎟
⎟
⎟
⎠

k

,R1⩽r
′⩽R2. (11)  

It should be mentioned that μ′ and k′ denote the effective viscosity and 
the effective conductivity, respectively. According to effective medium 
theory [26,50,52], these effective values can be fabricated by 
metamaterials. 

However, because values of μ′ and k′ will equal infinity or zero 
(singularity) at r′ = R1 and vary sharply from R1 to R2, it is difficult for 
experimentalist to design and fabricate μ′ and k′ . Instead of parameters 
for ideal cloaks, a reduced set of material parameters has been consid-
ered to tackle this type of problems in the electromagnetics cloak [6], 
acoustic cloak [13], thermal-conductive cloak [26] and hydrodynamic 
cloak [50], respectively. Likewise, we can also calculate the mitigated 
transformed viscosity tensor (μ′′) and the mitigated transformed thermal 
conductivity tensor (k′′) as follows, respectively. 

μ′′ =

⎛

⎝
μ′′

rr μ′′
rθ

μ′′
θr μ′′

θθ

⎞

⎠ = n

⎛

⎜
⎜
⎜
⎜
⎜
⎝

(
R2 − R1

R2

)2( r′

r − R1

)2

0

0
(

R2 − R1

R2

)2

⎞

⎟
⎟
⎟
⎟
⎟
⎠

μ

k′′ =

⎛

⎝
k′′rr k′′rθ

k′′θr k′′θθ

⎞
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1
n

⎛

⎜
⎜
⎜
⎜
⎜
⎝

(
R2

R2 − R1

)2(r′

− R1

r′

)2

0

0
(

R2

R2 − R1

)2

⎞

⎟
⎟
⎟
⎟
⎟
⎠

k

,

(12)  

where R1⩽r′ ⩽R2, n denotes a compensation factor and equals 1.5. 
Herein, due to variations of μ′′ and k′′ exclusively in the radial axis, this 
approach may significantly reduce experimental difficulties. 

According to Eqs. (11,12), the proposed thermo-hydrodynamic cloak 
regresses to a thermal-conductive cloak [24,26] in the absence of the 
convection and to a hydrodynamic cloak [50] in the absence of the heat 
transfer, suggesting that the proposed study integrates both the thermal 
conductive cloak and the hydrodynamic counterpart. 

3. Computational simulations 

With Eqs. (1)–(3) and Eqs. 11,12, computational simulations are 
conducted to demonstrate the validity of the thermo-hydrodynamic 
cloak using user-defined Coefficient Form PDE (partial differential 
equations) interface in COMSOL Multiphysics, a commercial finite- 
element package. 

Consider a horizontally-situated cylindrical object impermeable to 
the fluid (regime III in Fig. 1(b)) surrounded by a concentric meta-
material shell (regime II). This system is immersed in a background fluid 
flow (regime I) subject to top and bottom Dirichlet boundary conditions, 
with △T = 20 K (T2 > T1) and an inlet velocity predetermined by 
△p = 3 Pa (p2 > p1) in the y direction, as well as subject to two insu-
lated nonslip sidewalls. H × W × D denotes height × width × depth of 
the computational domain, where D denotes the depth in z direction 
with D≪W and H. Because of D≪W and H, the proposed flow, known as 
Hele-Shaw flow [53,54], can be treated as a two-dimensional one (Fig. 1 

Fig. 1. Schematic models of (a) the coordinate transformation and (b) the 
thermo-hydrodynamic cloak, where three regimes (I, II, III) represent back-
ground, cloak, and object, respectively. 
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(b)). For clarity, thermal properties of the object and the background at 
room temperature 293.15 K and geometry scales are presented in 
Table A1 (See Appendix). 

Fig. 2(a, e) present velocity and temperature fields of the background 
case with no object perturbations in the domain. Due to the absence of 
perturbations in the system, streamlines (black color) and isobars (white 
color) perpendicularly intersect and remain uniform. Owing to the heat 
convection effect and the prescription of Dirichlet temperature bound-
ary condition at the top of the system, temperature contours show 
nonuniformity and aggregate near the top wall. However, when an ob-
ject is placed in the fluid, streamlines, isobars and isotherms near the 
surface tend to be distorted [Fig. 2(b, f)]. 

In Fig. 2(c, g), because both the incoming fluid flow and the 
incoming convective heat flux that are supposed to impinge on the ob-
ject cannot penetrate into the object nor can they enter the background, 
they are channeled into the cloak. These rapid detours remove the 
disturbance of velocity and temperature fields and create straight 

Fig. 2. Velocity and temperature distributions for uniform fields. (a - d) Velocity profiles superimposed with streamlines (black color) and isobars (white color). (e - 
h) Temperature profiles superimposed with isotherms (black color). 

Fig. 3. Velocity and temperature distributions for non-uniform fields. (a) Schematic model. (b - d) Velocity profiles superimposed with streamlines (black color) and 
isobars (white color). (e - g) Temperature profiles superimposed with isotherms (black color). 

Table A1 
Thermal properties of the object and the background at room temperature 
293.15 K and geometry scales.   

cp[J/(kg⋅K)] ρ[kg/m3] μ[Pa⋅s] k[W/(m⋅K) ]

Object (copper) 385 8933 N/A  401 
Background 

(water) 
4179 997.1  10− 3  0.613  

Geometry scales R1 = 2 mm  R2 = 4 mm  H = W =

1 cm  
D = 50 μm   
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streamlines and temperature contours outside the cloak, resulting in the 
equality of velocity and temperature fields outside the cloak to those in 
the background. Because an outside observer is unaware of the presence 
of the object, these phenomena imply that the object immersed in the 
flow can be hidden both thermally and hydrodynamically. 

Likewise, as the object is encircled with the mitigated thermo- 
hydrodynamic cloak, velocity and temperature fields appear similar to 
those of the ideal cloak with straight streamlines and temperature 
contours [Fig. 2(d, h)]. In addition, because the tangential component 
μ′′

θθ of the mitigated thermo-hydrodynamic cloak near the object surface 
surpasses that of the ideal thermo-hydrodynamic cloak, the hydrody-
namic boundary layer of the mitigated thermo-hydrodynamic cloak 
thickens in comparison with the ideal thermo-hydrodynamic cloak. 

To further quantitatively check the validity of the mitigated thermo- 
hydrodynamic cloak, we present velocity distributions versus x/R2 at 
y = 0, − H/4, and − 9H/20 [Fig. A1(a) in Appendix], as well as tem-
perature distributions versus y/R2 at x = 0,H/4, and 9H/20 [Fig. A1(b) 
in Appendix]. Then velocity and temperature distributions outside the 
cloak appear uniform in accordance with those in the background case 
(magenta dash line), confirming that they are unaffected by the presence 
of the object. 

Furthermore, to check the validity of our proposed cloak under 
arbitrary boundary conditions, we let the system [Fig. 3(a)] immerse in 
a background fluid flow subject to the bottom-left half and the top-right 
half Dirichlet boundary conditions, with △T = 20 K (T2 > T1) and an 
inlet velocity predetermined by △p = 3 Pa (p2 > p1) on the bottom-left 
half and the top-right half walls. On remaining walls of the system 
nonslip and insulated boundary conditions are imposed. 

Likewise, no perturbations due to the presence of the object in ve-
locity and temperature fields of the background case take place in Fig. 3 
(b, e). When an object is placed in the fluid, streamlines, isobars and 
isotherms near the surface tend to be disturbed [Fig. 3(c, f)]. As the 
object is encircled with the mitigated cloak [Fig. 3(d, g)], velocity and 
temperature distributions outside the cloak appear uniform in accor-
dance with those in the background case [Fig. 3(b, e)], confirming that 

they are unaffected by the presence of the object under non-uniform 
fields. 

To further quantitatively check the validity of the mitigated thermo- 
hydrodynamic cloak under non-uniform boundary conditions, we also 
present velocity distributions versus x/R2 at y = 0, − H/4, and − 9H/20 
[Fig. A2(a) in Appendix], as well as temperature distributions versus y/
R2 at x = 0,H/4, and 9H/20 [Fig. A2(b) in Appendix]. We can observe 
that velocity and temperature distributions outside the cloak at different 
positions differ from one another, but that they coincide with those in 
the background case (dashed line), confirming that they are unaffected 
by the presence of the object [Fig. A2]. 

Because the viscosity and the thermal conductivity must behave as 
tensors, they cannot be naturally obtained from traditional materials. To 
fabricate the thermo-hydrodynamic cloak realistically, researchers can 
use multilayered fluid-micropillar alternating structure [Fig. 4(a)] based 
on the effective medium theory [6,24,26,50,55,56]. In the proposed 
study, the cloak (R1⩽r⩽R2) are divided into ten annular layers. Then 
averaged viscosity components of the viscosity tensor [Fig. 4(b-c)] and 
averaged thermal conductivity components of the thermal conductivity 
tensor [Fig. 4(d-e)] can be designated to each layer Appendix A.3. Radial 
viscosity distributions and radial thermal conductivity distributions in 
the cloak become discretized in a step-like manner (Values also shown in 
Table A2 of Appendix). According to the report on hydrodynamic met-
amaterials [50,52], the viscous flow can be manipulated by designing 
anisotropic micropillars. Expectedly, micropillars can produce different 
flow velocities in each axis on layers, and this manipulation will 
equivalently lead to the spatially changing anisotropic viscosity. Namely 

μeff =
(
〈u0〉s/

〈
upillar

〉

s

)
⋅μ, where upillar and u0 denote the velocity fields 

with and without a micropillar, respectively, 〈⋅〉s stands for the super-
ficially averaged quantity, and μ denotes the intrinsic viscosity of the 
fluid. Detailed methods to obtain viscosity tensors fabricated by the 
fluid-micropillar structure can be found in Ref. [50]. Similarly, because 
the thermal conductivity tensor consists of the thermal conductivity of 
fluid and that of micropillars, the anisotropic thermal conductivity can 

Fig. 4. Experimental fabrications of the thermo-hydrodynamic metamaterial cloak. (a) Schematic diagram of ten-layered fluid-micropillar alternating structure of 
the multilayered cloak. (b - c) Discretized viscosity tensor in each layer along radial (upside) and azimuthal (downside) axes. (d - e) Discretized thermal conductivity 
tensor in each layer along radial (upside) and azimuthal (downside) axes. (f) Velocity profiles superimposed with streamlines (black color) and isobars (white color) 
for the multilayered cloak. (g) Temperature profiles superimposed with isotherms (black color) for the multilayered cloak. 

Table A2 
Ten-layered viscosity values and thermal conductivity values along the radial axis in Fig. 4(b, d).  

Layer numbers 1 2 3 4 5 6 7 8 9 10 

μ′′
rr/μ  735.32 24.32 9.67 5.66 3.92 2.99 2.42 2.05 1.78 1.58 

k′′rr/k  0.0077 0.046 0.107 0.179 0.257 0.336 0.414 0.490 0.563 0.633  
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be fabricated by manipulating the latter. Namely keff = kpillar(1 − ϕ) +
ϕkf , subscripts “pillar” and “f” denote solid pillar and fluid, as well as 
“ϕ” stands for the volume fraction of fluid. Velocity and temperature 
distributions outside the multilayered cloak [Fig. 4(f, g)] appear uniform 
in agreement with those outside the analytical cloak [Fig. 2(d) and (h)] 
although a slight non-uniformity of isobars is observed at the interface of 
layers. 

As explained above, Figs. 1–3 have demonstrated that the validity of 
our proposed cloak is unaffected by boundary conditions. Experimental 
suggestions also have been proposed to show the feasibility of our design 
in Fig. 4. 

4. Conclusions 

Coupling hydrodynamics and the energy transport, we have estab-
lished transformation heat transfer for fabricating thermal meta-
materials. This establishment has lifted previous limitations imposed in 
problems of thermal conduction, porous media, and pure hydrody-
namics. Based on transformation heat transfer, we have analytically and 
numerically demonstrated that thermo-hydrodynamic cloaks can 
manipulate heat fluxes and convective flows simultaneously for creep-
ing flows. Our investigation may lay the foundation for future research 
in areas of thermo-hydrodynamic metamaterials, such as thermo- 
hydrodynamic concentrators, thermo-hydrodynamic rotators, and 
thermo-hydrodynamic illusions/camouflages among others. Besides, it 
also facilitates the realization of experiments as well as helps researchers 
identify characteristic flow and thermal parameters. 
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Appendix A 

A.1. Transformation heat-transfer equations 

For incompressible flows at steady state, the governing equations can be written as 

∇⋅u = 0 (A1)  

∇p = μ∇2u (A2)  

ρcp∇⋅(uT) = ∇⋅(k∇T) (A3) 

Since ∇× (∇ × u) = ∇(∇⋅u) − ∇2u and Eq. (A1), we can obtain 

∇2u = − ∇ × (∇ × u).

We take divergence (∇⋅) on two sides of above equation. 

∇⋅∇2u = − ∇⋅[∇ × (∇ × u)] = 0.

Therefore, Eq. (A2) can be transformed into Pressure-Laplace equation 
∇⋅(μ− 1∇p) = 0. (A4) 

Fig. A1. (a) Velocity distributions versus x/R2 for the mitigated-cloak case at 
y = 0, − H/4, and − 9H/20. (b) Temperature distributions versus y/R2 for the 
mitigated-cloak case at x = 0,H/4, and 9H/20. Velocity and temperature dis-
tributions for the background case with the magenta dashed line are chosen as 
the reference. (For interpretation of the references to color in this figure legend, 
the reader is referred to the web version of this article.) 

Fig. A2. (a) Velocity distributions versus x/R2 for the mitigated-cloak case 
under non-uniform boundary conditions at y = 0, − H/4, and − 9H/20. (b) 
Temperature distributions versus y/R2 for the mitigated cloak case at x = 0,
H/4, and 9H/20. The velocity distribution and the temperature distribution for 
the background case with dashed lines are chosen as the reference. 

B. Wang et al.                                                                                                                                                                                                                                   



Applied Thermal Engineering 190 (2021) 116726

6

According to the previous work [24], the heat conduction equation can maintain invariant under coordinate transformation. Therefore, we can 
introduce a Jacobian transformation matrix (J), the equation from virtual space x(x, y, z) to physical space x′

(x′

, y′

, z′

) would keep invariant: 

∇
′ ⋅
(

Jμ− 1JT

det(J)
∇

′p′

)

= 0. (A5)  

Then we can introduce μ′ − 1 = Jμ− 1JT/det(J). Namely, 

μ′

= det(J)⋅J− 1μJ− T. (A6)  

Hence, Eq. (A5) can be written as 

∇
′ ⋅
(
μ′ − 1∇

′p′)
= 0, (A7)  

Eq. (A7) maintains the same form with Eq. (A4). 
Meanwhile, for Eq. (A3), we also have 

ρcp∇
′ ⋅
(

Ju
det(J)

T ′

)

= ∇
′ ⋅
(

JkJT

det(J)
∇

′ T ′

)

, (A8)  

we can obtain 

ρcp∇
′ ⋅(u′T ′

) = ∇
′ ⋅(k′

∇
′T ′

), (A9)  

where u′

= Ju/det(J) and 

k
′

= JkJT/det(J). (A10)  

Equation. (A9) remains the same form as Eq. (A3). In conclusion, we have proven that Eqs. (A1, A3, A4) remain invariant under coordinate trans-
formation. 

A.2. Parameters of thermo-hydrodynamic cloaks 

To obtain parameters of thermo-hydrodynamic cloaks, we should obtain the Jacobian transformation matrix (J) first. The Jacobian transformation 
matrix from virtual space x(x, y, z) to physical space x′

(x′

, y′

, z′

) is shown as 

Jx′ x =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

∂x
′

∂x
∂x

′

∂y
∂x

′

∂z

∂y′

∂x
∂y′

∂y
∂y′

∂z

∂z′

∂x
∂z′

∂y
∂z′

∂z

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (A11) 

The relation of Jacobian transformation matrix between Cartesian and cylindrical coordinate is expressed by Jx′ x = Jx′ r′ Jr′ rJrx, namely the 
transformation process: x(x,y,z)→r(r, θ, z)→r′

(r′ ,θ′

,z′

)→x′

(x′

,y′

, z′

), where 
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Jx′ r′ =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝
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∂z′

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

Jr′ r =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝
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∂r′

r∂θ
∂r′
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′
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r′∂θ

′
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r′ ∂θ

′
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∂z′

∂z
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⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,
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⎜
⎜
⎜
⎜
⎝

∂r
∂x

∂r
∂y

∂r
∂z

r∂θ
∂x

r∂θ
∂y

r∂θ
∂z

∂z
∂x

∂z
∂y

∂z
∂z

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

(A12) 

For the coordinate transformation, 

r′

=

(
R2 − R1

R2

)

r + R1, θ
′

= θ, z′

= z, (A13)  

we can obtain the Jacobian transformation matrix (Jx′ x is simplified as J) as 

J = R(θ
′

)

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

R2 − R1

R2
0 0

0
r′

r
0

0 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

R− 1(θ)

= R(θ
′

)

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

R2 − R1

R2
0 0

0
(

r′

r′

− R1

)(
R2 − R1

R2

)

0

0 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

R− 1(θ
′

),

(A14)  

where 

R(θ
′

) =

⎛

⎝
cosθ

′

− sinθ
′

0
sinθ

′ cosθ
′ 0

0 0 1

⎞

⎠. (A15)  

Hence, we can achieve 

det(J) =
(

R2 − R1

R2

)2( r′

r′
− R1

)

. (A16) 

According to Eqs. (A6, A10), we can obtain the transformed dynamic viscosity tensor and the transformed thermal conductivity tensor for the 
cylindrical cloak under cylindrical coordinate system: 
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μ′

=

⎛

⎜
⎜
⎜
⎜
⎜
⎝

μ′

rr μ′

rθ μ′

rz

μ′

θr μ′

θθ μ′

θz

μ′

zr μ′

zθ μ′

zz

⎞

⎟
⎟
⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

r′

r′

− R1
0 0

0
r′

− R1

r′ 0

0 0
(

R2 − R1

R2

)2( r′

r′

− R1

)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

μ,

(A17)  

k
′

=

⎛

⎜
⎜
⎜
⎜
⎜
⎝

k
′

rr k
′

rθ k
′

rz

k
′

θr k
′

θθ k
′

θz

k
′

zr k
′

zθ k
′

zz

⎞

⎟
⎟
⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

r
′

− R1

r
′ 0 0

0
r′

r′

− R1
0

0 0
(

R2

R2 − R1

)2(r′

− R1

r′

)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

k.

(A18) 

Similarly to the treatment that reduces 3D flows into 2D ones [50], the dynamic viscosity tensor and the thermal conductivity tensor can be 
reduced as 

μ′

=

⎛

⎝
μ′

rr μ′

rθ

μ′

θr μ′

θθ

⎞

⎠ =

⎛

⎜
⎜
⎜
⎝

r′

r′

− R1
0

0
r′

− R1

r′

⎞

⎟
⎟
⎟
⎠

μ

k′

=

⎛

⎝
k
′

rr k
′

rθ

k
′

θr k
′

θθ

⎞

⎠ =

⎛

⎜
⎜
⎜
⎝

r′

− R1

r′ 0

0
r
′

r
′

− R1

⎞

⎟
⎟
⎟
⎠

k

,R1⩽r
′ ⩽R2. (A19)  

A.3. Ten-layered viscosity values and thermal conductivity values along the radial axis 

Averaged values of viscosity and thermal conductivity, shown in Fig. 4(b-e) in black, are obtained by mean-value theorems for definite integrals 
based on red lines in Fig. 4(b-e). Due to the narrowness of each layer, we can calculate each layer by mean-value theorems for definite integrals below: 

μn =
10

(R2 − R1)

∫ R1+rn+1

R1+rn

μ′′
rr

μ dr, (A20)  

kn =
10

(R2 − R1)

∫ R1+rn+1

R1+rn

k′′rr

k
dr, (A21)  

where rn = n− 1
10 (R2 − R1),n = 1,2,3,…,8,9,10. 

Therefore, we can obtain ten-layered viscosity values and thermal conductivity values in Table A2. 
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