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Transformation heat transfer for multiple functions
In a polar coordinate system, for the case of cloaking, the

transformation between original coordinates (r, θ) and trans-
formed ones (r′, θ′) is written as

r′ = r
R2 −R1

R2
+R1, θ

′ = θ. (S1)

The transformation formulas for concentrators in a polar co-
ordinate system are given by

r′ = r
R2 −R1

R2 −R3
+R2

R1 −R3

R2 −R3
, θ′ = θ. (S2)

A comparison between Eq. (S1) and Eq. (S2) reveals a fact:
replacing the R3 in Eq. (S2) with 0 yields exactly the trans-
formation described by Eq. (S1). The reason is that the o-
riginal configuration of the transformation is a circle, and it
can be regarded as a ring with interior radius 0. This resem-
blance between the principles of the cloak and concentrator
inspires us to combine the two functions together and design
a kind of intelligent thermal metamaterials. Such metamateri-
als will automatically switch from a concentrator to a cloak or
vice versa as environmental temperature changes. However,
the traditional transformation heat transfer does not serve as
a proper design tool because the temperature won’t affect the
behavior of the materials. Thus an extension of the traditional
theory is needed.

Since we can change a concentrator into a cloak by simply
replacing R3 in Eq. (S2) with 0, the cloak-concentrator can
be designed on the basis of a function R∗(T ) which switches
between R3 and 0 at different temperature T . Then the T -
dependent bi-transformation is

r′ = r
R2 −R1

R2 −R∗(T )
+R2

R1 −R∗(T )

R2 −R∗(T )
, θ′ = θ. (S3)

The thermal conductivity κ(T ) is calculated from the follow-
ing relation1,

κ(T ) =
J(T )κ0J

t(T )

det(J(T ))
, (S4)

where J(T ) is the Jacobian matrix corresponding to the trans-
formation in Eq. (S3) written in the Cartesian coordinate sys-
tem, κ0 is the thermal conductivity of the background, and
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det(J(T )) is the determinant of J(T ). Eq. (S4) indicates
that the temperature-dependent thermal conductivity can be
achieved by temperature-dependent geometrical deformation.
Then, we obtain the result expressed in the polar coordinate
system as

κr(T ) = κ0

[
1 +

R2(R
∗(T )−R1)

r′(R2 −R∗(T ))

]
,

κθ(T ) = κ0

[
1 +

R2(R
∗(T )−R1)

r′(R2 −R∗(T ))

]−1

,

(S5)

where κr(T ) and κθ(T ) are the radial and azimuthal compo-
nents of κ(T ), respectively.

The specific term of function R∗(T ) is determined accord-
ing to the desired behavior of cloak-concentrator. Intrinsical-
ly, the device implicates two forms. As the temperature of
heat source raised, our apparatus can switch from a cloak to
a concentrator or from a concentrator to a cloak. To achieve
this effect, we adopt the following form of R∗(T ),

R∗(T ) = R3/
[
1 + eβ(T−Tc)

]
, (S6)

where β is a scaling factor which determines the sensitivity of
the device to temperature T .

Effective medium theory
In order to design the experiment, we resort to the effective

medium theory2–6. Two types of sheets (width: dA and dB ;
conductivity: κA and κB) are arrayed alternatively along the
direction of heat conduction. For the polar coordinate system,
the effective parameters are determined by

1

κr
=

1

1 + β

(
1

κA
+

β

κB

)
,

κθ =
κA + βκB

1 + β
,

(S7)

where β = dB/dA. In this work, β = 1.
This method has been successful in experimental realiza-

tion of thermal cloaks5. For the compression transformation,
a concentric layered structure consisting of alternating layers
is adopted. Although the effective wavelength of heat current
diverges, the thickness of each layer needs to be sufficient-
ly small so that the composite effect dominates, ensuring that
the temperature variation across each layer remains small e-
nough. However, for the case of concentrator, the transfor-
mation is based on extensions. Therefore, the array orienta-
tion of the alternating layers should be rotated with an angle



2

of π/2 along the tangential direction. The effective conduc-
tivity of such a laminated structure in Region 3 follows the
approximation κ′

3 =
√
κAκB . In experiment, the concen-

trating effect is realized by choosing the following materials:
expanded polystyrene (κA = 0.03W/mK) and copper films
(κB = 394W/mK). As the result, κ′

3 = 3.46W/mK.
Another effective conductivity approximation utilized is to

match the parameter of host material. Referring to the rela-
tionship of bilayer cloak given by κ2 = (c2+b2)/(c2−b2)κ1

7

and considering the dimensions a = 2.6 cm, b = 3.7 cm,
and c = 4.9 cm, we obtain the conductivity of the host as
κh = 117W/mK. To match the κh in a copper plate, more
than one thousand holes have been chemically etched off and
filled with polydimethylsiloxane (κPDMS = 0.15W/mK)
by applying the formula κh = Pκcu+(1−P )κPDMS , where
P is volume fraction of metals.

Bilayer concentrator
Without loss of generality, for a polar coordinate system

(r,θ), we only consider the two-dimensional thermal conduc-
tion equation for a steady state without heat sources. Assume
that all the materials involved are homogenous and isotropic,
and obtain the dominant equation satisfying Laplace’s equa-
tion,

1

r

∂

∂r

(
r
∂T

∂r

)
+

1

r2
∂2T

∂θ2
= 0. (S8)

Owing to the symmetry between the upper and lower parts of
our device, the general solution is

Ti =
∞∑

n=1

[
Ai

2n−1r
2n−1 +Bi

2n−1r
−(2n−1)

]
cos(2n− 1)θ,

(S9)
where Ai

2n−1 and Bi
2n−1 are constants determined by the as-

sociated boundary conditions, and Ti is the temperature in Re-
gion i (i =1, 2, 3, and 4).

The temperature difference between the heat and cold
sources is T0, and the length of the device is L. When r → ∞,
T1 should tend to (T0/L)r cos θ. Namely, only the first-
order factors in Eq. (S9) should be considered: n = 1 and
A1

1 = T0/L. Consider that T4 should not diverge as r tends
to zero, thus yielding B4

1 = 0. Taking account of the conti-
nuities of both temperature and heat flux across the different
interfaces, the corresponding boundary conditions are given
by

Ti|r=a, b, c = Ti+1|r=a, b, c,

κi
∂Ti

∂r
|r=a, b, c = κi+1

∂Ti+1

∂r
|r=a, b, c.

(S10)

In order to cancel the distortion to Region 1 caused by Regions
2-4, we must ensure B1

1 = 0. Finally, we obtain the required
thermal conductivity of Region 4 as

κ′
4 = κ′

3

−b2(b2l1 + c2l2)− a2κ′
3(c

2 + b2l1l2)

ab(b2l1 + c2l2)− a2(c2 + b2l1l2)
, (S11)

where l1 = (κ′
1 + κ′

2)/(κ
′
1 − κ′

2) and l2 = (κ′
2 + κ′

3)/(κ
′
2 −

κ′
3). The substitution of κ1 = κh, κ2 = κcu, and κ3 =

√
κAκB into this equation leads to κ4 = 17.8W/mK. In our

experiment, a stainless steel film, whose thermal conductivity
is 16.7W/mK, is placed in Region 4.

Two experimental samples, Form I and Form II
We prepare a movie, which shows the real-time deforma-

tion procedure of the two samples (Form I and Form II)
switching between the two states; see the video file, “tran-
sition.mp4”. In the video, the right sample is Form I, and
the left sample Form II. The digital thermometer shows that
the room temperature is 301.8 K (28.6 ◦C) which is stable and
controlled by air-conditioner. At the beginning of the video,
the two samples are taken out of a refrigerator, whose interior
temperature is 274.2 K (1.0 ◦C). In this case, Form I (right)
behaves as a concentrator and Form II (left) as a cloak; see
also Fig. S1. When the temperature of the two samples (Form
I and Form II) reaches 297.2 K (24.0 ◦C), their shapes start to
change rapidly. As a result, Form I (right) and Form II (left)
become a cloak and a concentrator, respectively; please refer
to Fig. S2 as well.
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FIG. S1 Photograph of our experimental samples stored in a refrigerator: Form I (right) and Form II (left). As shown in the
digital thermometer, the environmental temperature is 1.0 ◦C (or 274.2 K).
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FIG. S2 Photograph of our experimental samples: Form I (right) and Form II (left). As shown in the digital thermometer, the
environmental temperature is 28.5 ◦C (or 301.7 K).


